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New Additional Mathematics is written for students preparing for the GCE ‘O’ Level Additional

Mathematics examination paper.

This book closely follows the revised syllabus and includes five new chapters on Sets, Matrices,
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places for more able students. Suggestions on the use of IT and open tools to promote dynamic
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learning have been added where relevant (indicated by @g}b). These open tools include

spreadsheets and graph plotters.

All basic concepts are explained and developed clearly through comprehensive illustrations
and worked examples. Important concepts applied for problem solving in some examples are
highlighted by short notes. Simple questions for direct application of basic concepts and formulae

are given at the beginning of each graded exercise-students are encouraged to attempt these.

The main text contains clear presentation of basic concepts with simple illustrations, the
derivation and application of useful formulae, important facts and the process of problem solving
through examples.

At the end of each chapter, all basic concepts, formulise and problem-solving methods are
summarised in the Important Notes. This is followed by harder examples and more questions

in the Miscellaneous Exercise.

To assist students in their revision and examination preparation, five sets of graded revision
exercises are placed at various appropriate stages of learning, in addition to two assessment

papers at the end of the book.
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1 .1 Introduction to Sets

Introduction

In the word ‘mathematics’, the collection of distinct letters «, ¢, e, I, i, m, 5, t is called
a set, Each of the letters is called a member or an element of the set. We denote the set
by the capital letter M and list its members, separated by commas and enclosed within
braces as shown below.

M= {a,c e h i ms,t)

The letter a is a member of M and we write ¢« € M, where ‘€’ denotes ‘belongs to’, ‘is
a member ol or ‘is an element of”. On the other hand, the letter & is not a member of

M, so we writc b ¢ M.

The set M is said to be well-defined. Why? This is because we can determine if any
letter is a member of M.

Similarly, D denotes the set of days in a week and it is well-defined. We write

D = {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday}.

A set is a collection of well-defined elements (objects).

Other examples of well-defined sets are:

(a) M denotes the set of months in a year, and so
M = {January, February, March, April, May, June, July, August, September, October,
November, December}.

(b) F denotes the set of first ten positive integers, and so
F=1{1,273456717289, 10}

(¢) C denotes the set of countries in South-East Asia, and so
C = {Myanmar, Cambodia, Laos, Indonesia, Malaysia. Singapore, Thailand, Vietnam,
Philippines }.
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The set of all public housing estates in Singapore as at 1 Jan 2000, E, is
E = {Ang Mo Kio, Bishan, Bedok. ..., Woodlands, Yishun).

1

Instead of listing all the elements, we use *
elements.

to indicate the presence of the other

Finite and Infinite Sets

The set of all positive integers less than 50 is A = {1, 2, 3, ..., 49}. The number of
elements in A is 49 and we write n(A) = 49. The set A is called a finite set. Why?

On the other hand, the set of all positive even integers consists of an infinite number of
clements and is called an infinite set. Note that it is impossible to list all the elements
of the set, thus, it is written as E = {2, 4, 6, ...} and we also use ‘... to indicate the
remaining numbers. Can we write down the value of n(E)?

1 List all the elements, if possible, of each of the following sets:
(a) A, the set of positive integers less than 12.
(b) B, the set of prime numbers less than 15.
(¢) C, the set of positive integers which are also multiples of 3.
(d) D, the set of integers.x defined by -3 < x < 6.
Write down the number of elements for each finite set.

m () A= 6,7, 8, 9, 10, 11}

{1;2,3,4; 5;
by B=1{2,3, 5 7, 11, 13}
() C=13,6,9 ...}

d) D= (-2, ——1 0 1,:2,3,4, 5)

We have n(A) = 11, n(B) = 6, C is an infinite set and (D) = 8.

Set-builder Notation

Using x as a member of the set A in Example 1, we write

A = {x: xis a positive integer and x < 12}
which is called a set-builder notation.
Similarly,

{x : xis a prime number and x < 15}.
{ x is a positive integer .md x is a multiple of 3}.
{x: xis an integer and -3 < x < 6}.

B
C
D

The following commonly used notation for sets on the real line will be used subsequently:

R is the set of real numbers

R* is the set of positive real numbers, {x: x> 0, xe R}
N is the set of natural numbers, {l, ik

Z is the set of integers, {..., -3, -2, -1,0, 1,2, 3, ...}
Z" is the set of positive inle‘gt_rs {1203, e
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The set of 10 smallest prime numbers is {2, 3, 5, 7, 11, 13, 17, 19, 23, 29}.

With the above notation, some of the sets in Example 1 can be simply written as
A={n:n<12,ne 7%}
B={p:p <15, pisa prime number}
C={3n:ne "}
D={x:-3<x<6,xe Z)}

Note that in the set notation of A, 1 is a ‘dummy variable’; we can use m instead of n. So
min<12Z,neZY={m:m<12,me 7)

Similarly, in the set notation of B, p is a dummy variable.

The set of positive real numbers less than 2 is written as
[x:x<2,xe R} or {x:0<x<2 xe R}

List the 5 smallest numbers of the following sets:
(0) C={6n:ne 2%,
(b) D= {x:x¥ =20 xe NJ

() C={6x1,6%x2,6x%x3,6x4,6x5,..)
= {6, 12, 18, 24, 30, ...)
() D=1{5,6,7,8,9 ...}

Use the commonly used set notation to represent the following
sets:

A = {x: x is an even positive integer and x is less than 7} and
B = {x: xis a positive integer and 4x < 19},

(a) List the elements of the sets A and B.

(b) Find the integer x such that x € A and x ¢ B.

(¢) Find an integer x such that x € A and x € B.

A=(2n:2n<T.ne Z'},B={m:4m < 19, me Z'}

(a) Since2x3<7and2x4 L7, A={2 4,06
Since 4 x4 <19and4 x5 <« 19, B= {1, 2, 3, 4}).

(b) Next, we identify the common elements in the sets A and B as
shown:
A= {2, 4,6}
B=1{l,23, 4}
Sincebe Aand 6 ¢ B, x

(¢) Sincelg Aand 1 € B, x

6.

1. (another integer is 3)

Empty or Null Set

Exa ed List the members of each of the following sets:
(a) P =The set of days in a week which starts with the letter A.
(b) Q =The set of positive integers which are both even and odd.

Sets 3




E,ﬁ (a) The set of days in a week is

W

Il

{Monday, Tuesday, Wednesday, Thursday, Friday,
Saturday, Sunday}. None of the days starts with A.

P = { } and is known as an empty set or a null set.

(b) Any positive integer is either even or odd.
Therelore, O = { ).

It

In the above, any set without a single element is written as { }, We also use the symbol
‘¢ to denote an empty set and write ¢ = { }. Some examples are

A={x:x=0,¥<0}=¢
B={x:+<x< %,_re Z}y=¢

)

C = The set of months with 32 days = ¢.

[ 7e]

6.

7.

List the elements of the following sets:

(a) The set of days in a week which starts with the letter S’.
(b) The set of months in a year which starts with the letter *A’.
(c) The set of first five prime numbers.

For each of the following sets, represent the set by commonly used set notation and
list all its elements.

(a) A, the set of odd positive integers less than 12,

(b) B, the set of first five natural numbers.

(¢) C, the set of multiples of 5 which are less than 19,

(d) D, the set of multiples of 3 between 12 and 20.

(e¢) E, the set of real numbers between -2 and 3.

List the elements of each of the following sets:

(a) A = {x:xisa natural number and 2x < 15},

(b) B = {x: xisa multiple of 3 and 2x > 9},

(¢) C = {x:xisaprime number and x is a factor of 42}.
(d) D= {x:xisan even number and x* < 8).

List the elements of the following sets:

(a) A={x:2<x<3 xe 4}

(b) B={x:3x=35 xe N}

() C=02n:n*=8, ne Z).

d) D={Tn:Tn<30,ne Z7'}.

List the elements of the sets F = {x: x is a positive integer and x is a factor of 30}
and G = {x: xis an even integer and x is a multiple of 3}. Find an element x such
that xe Fand x € G.

List the elements of the sets C = {x: xis-a positive integer, 3x << 5.0r 5 << x = 8]}
and T = {x : x is a positive integer, 4 < 3x = 24}. Find an element x such that
xe Candxe T

List the elements of the set S = {x : x is a perfect square and 7 < x = 48).
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8. List the elements of the following sets:
(a) A = {x:.xisa factor of 36, x € N},
(b) B = {x:xisaninteger and 9 < 4y = 33, x € Z).
(¢) C={x:xe dandxe B).

9. List the elements of the sets D = {x : x is a multiple of 3 and ¥ < 15} and
E = {x: xis a multiple of 6 and x < 15}. Find the set C = {x : x € D and
xe E}.

10. List the elements of the set A = {x : x is an odd positive integer and 3x - 2 < 17},

11. List the elements of the sets S= {x:x* < 15, xe Z'} and
T={x:xisafactorof 45, x e Z'}.
(n) Find an element x such that x e Sand x € T.
(b) FindthesetU={x:xe Sorxe T}

Equal Sets

Consider the following sets:

{x : x is a positive integer and '? e 9} ={l, 2, 3,4}.
{x : xis a positive integer and x* < )} ={l, 2, 3, 4}.
= {x : x is a positive integer and 5 < 3x < 16} = (_, 3, 4, 5}.

(')"C::.-—
il

The sets A and B have the same list of elements. They are said to be equal, so we write
A=1R
Obviously, the sets A and C are not equal, so we write A # C.

List the elements of the following sets:

(a) P = {x:xisa positive integer and 5y < 16}.
(b) Q= {x: xisa positive integer and x* < 20}.
(e) R = {x:.xis a positive integer and \[\' = 2}.

Show that P # Q and @ = R.

@ @ P=1{1,2,3)
by @=1{1, 2, 3 4}
(¢) R={1,2,3,4)
Obviously, P# @ and @ = R.

Subsets

Consider again the sets P = {1, 2, 3}, @ = {1, 2, 3, 4} and R = {1, 2, 3, 4} from
Example 5. Do you notice the relationship between P and R?

Every element of P is an element of R, that is, x€ P = xe& R.

The set P is a subset of R and we write P C R.

Similarly, every element of Q is an element of R, thatis,x e Q = x & R.

So O is also a subset of R and we write O C R.
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Although both P and O are subsets of R, there is a difference between them. Note that
n(P) =3 and n(R) = 4. P is called a proper subset of R and we write P C R.

For any set A,
(i) ACA,
(fi) ¢ C A. (The empty set, ¢, is a subset of any set.)

If A is a subset of a linite set B, i.e. A C B, then

nA) = n(B).

If A is a proper subset of a finite set B, i.e. A C B, then
mA) < n(B).

We use the symbol @ to mean ‘is not a subset of” and the symbol & to mean ‘is not a
proper subset of”.

Universal Set

In Example 5, the sets
P = {x:xis a positive integer and 5x = 16},
Q = {x: x is a positive integer and ¥* < 20)

and R = {x: xis a positive integer and x <= 2}
consist of only positive integers. If we define
e = {x: xis a positive integer},
then the set P, O and R are subsets of £ and £ is called the universal set.

A universal set is a set which consists of all elements under consideration.

With & = {x: x is a positive integer} as the universal set, we can write the set notation
of P, O and R as

P = {x:5x < 16},
0 = {x:x <20}

and R = {x:+Jx =2).

Complement of a Set

With € = {x : x is a positive integer} and P = {l, 2, 3}, we define the set
P’ = {x: 5x > 16} which consists of all the elements not in P, so P’ = {4, 5,6, ...} and
is called the complement of P.

Similarly, for the set O = {1, 2, 3, 4}, the complement of Q is Q" = {5, 6, 7, ...}.

If £ is the universal set, the complement of P is the set
P'={x:ix¢eP, xe &}
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o=, Given that € = {x : x is an integer, 0 < x = 10},
A={x:2¢>17}
and B = {x:3x < 20},
list the elements of
(a) the sets A and A”,
(b) the sets B and B’.
State whether each of the following is true or false:
AACBBEZTAACSE

e=1{1,234,56, 789, 10)

(@) A={x:2x>7}=1{4,5,6,7,8,9,10)
& ={1,2,3)

(b) B={v:3x<20}=(1,23,4,5,6)
B =1{7,8,9, 10}

A’ C Bis true, B’ @ A is false, A @ B is true.

Giventhate = {1, 2, 3,4, 5, 6,7, 8, 9, 10}, list the elements of the following sets.
(a) A= {x:5¢ > 37} (b)) B={x:x+5< 12}
(€) C={x:6<2x <17} (d) D= (x:x <37}

Giventhat e = {x: | = x = 20, x e Z'}, list the elements of the following sets.
() A= {x:xisamultiple of 2}

(b) B = {x:xis a multiple of 5}

(¢) C = {x:xisa multiple of 10}

State whether each of the following is true or false: C C A, B C A, C C B.

Given that £ = {5, 6, 7, 8,9, 10, 11, 12}, list the elements of the following sets.
(a) A= {x:xis a factor of 60} (b)y B = {x:xisaprime number}
(¢) C = {x: xis divisible by 3}

Giventhat e = {x: 1 < x = 20, x € Z}, list the elements of the following sets.
(1) A= {x:xisamultiple of 3} (b) B = {x:xisanota multiple of 3}
Show that n(A) + n(B) = n(e).

Given that & = {8, 9, 10, 11, 12}, list the elements of the sets A = {2n :n e Z} and
B={3n:ne Z). :
(a) Find the element x such that x € A and x & B.

(b) Describe the sets A and B.

Given that € = {x : 3 = v = 8, x € Z)}, list the elements of the sets
A={x:10<x =25} and B = {x: 8 -9 > 30).

(a) Find an element x such that x € A and x ¢ B.

h IsACR?

Given that € = {a, b, ¢, d, e, [, g, i}, A = {a, ¢, ¢} and B = {b, d, f, h}, list the
elements of the sets A" and B'.
Hence find an element x such that x ¢ A and x ¢ B. Is A a proper subset of B?
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8. Given that £ = {x: x is an integer and | = x = 20},
A = {x: xis a multiple of 6}
and B = {x: xis a multiple of 2},
List the elements of A and B. Is A C B?

¥, Giventhate={x:3=x=20,ve Z},A={x:xisodd}and B = {x: xis prime},
list the elements of
(a) A and B.
b) C={x:xeAdAumdxe Bland D= {x:xe Aorxe B}
Describe the sets C and D.

1.2 Intersection and Union of Sets

Venn Diagram

The pictorial representation of the relationship P C Q
between the sets P = {1, 2,3} and Q = (1, 2, 3, 4} is
cilled 4 Venn diagram,

The following Venn diagram Fig. (a) shows the universal set € = {x : x is an integer,
0<x= 10}, theset A= {x:2x > 7}and A" = {x: 2x = 7}, the complement of A.

Ty 2 3 A’ A

&
nA) =3 .H

Fig. (a) Fig. (b)

Instead of listing the numbers in each set, we can write down the number of elements
of each set as shown in Fig. (b). In the following, when we quote n(A), we assume that
A is a finite set.

If £ is a universal set and A is any set, then
mA) + n(Ad’) = n(e).

Itis giventhate = {x: 2= x = 30,x e Z'}
and
= {x :xis a factor 30}, -
(a) List the elements of P,
(b) Describe the set P’
(¢) Find n(P’).

8 Sets




I ol - e e N el N e |
m @ P = (2 3,56, 10, 15, 30)

(b) P'= {x : x is not a factor of 30}
(¢} n(P’) = ne) - n(P)

=290-7

=22

Intersection of Sets

m{ The universal set e is the set of all letters in the English alphabet

and the two subsets are £ = (e, n, g, I, i, s, h} and
H={h1is 1t o0,r ¥y}

(a) Illustrate, with a Venn diagram, the sets &, £ and H.

(b) List the elements of the set {v: v e Eand x € H}.

“\ e
M @) H

G edod

abedfjkmpaguewvwaxz

(b} From the Venn diagram, {x: x € Eand x € H} = {i, s, h}.

In Example 8, the set {x: x e Eund x € H} = {i, s, I} is the set of common elements
of the sets £ and H. The set is known as the intersection of E and H and is denoted by
ENH.

ENH=[x:xe Fand x € H}

Similarly, we have:
ENH ={x:xe Eandxe H}={e,n g I}
FNH={x:xe Eandxe H}y=1{t, 0, r, y}
ENH={x:xe FFandxe H')
={a, b, e, d f j.k omp,q,uv,wx z}

The above sets are shown in the following Venn diagram.
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It is given that 5,6,7, 8,9},

12,3
2¢|L

4, 8},

and 1, 3, 5, 6}.

By drawing a Venn diagram, list the elements of the sets
(@) ANBandA N A,

(b)y BN Cand BN C'.

m (a) Since BC A, AN B=8={4,38)

ANB =2 6)

{
{
{
{

AT >o

(b) BNC=1{} ¢
FNcC={2179

From Example 9, B N C = { }, therefore the sets B and C are said to be disjoint.

Two sets A and B are disjoint < A N B = ¢

10 J le:.n that e = {3, 4,5,6,7, 8,9}, A= {x:xis prime} and
= = {x : x is even), list the elements of the sets A and
A ﬂ B. With the aid of a Venn diagram, show that
(@) A" N B = {9},
(b) AC B and B C A"

A =1{3,57} A ang |
B = {4, 6, 8}
(a) From the Venn diagram, B o
we have
A'N B ={9}.

(h) A’ = {4, 6, ,9} nd B = {3, 5, 7, 9).
(3,57} C {3,5,7,9},ie. A C B
{4,6.8) C {4, 6,8, 9),ie. B C A’

10 Sets




ce={p.gq s, Ly, wh A= {p q r s}, B={r st} and
C={s,t,u v, wh
(a) List the elements of A N B, BN Cand C N A and draw a
Venn diagram.
() List the elements of A N BN C.

BNC={st]
CNA ={s}

/)

M ANBNC={rs}NC
={r,s} N {5t u v, w}

{s)

In order to identify a set in a Venn diagram, we shade the region representing a set A as
shown:

L

Given that & is the universal set and A N B # ¢, in separate Venn
diagrams, shade the sets

(a) ANBAB, (by A’ N B,

(¢ ANPH, dy ANy,

Show that (A N B) + n(A’ N B) + n(A N B + n(A" N B') = n(e).

-- @ ANGB h) AN B

& &

(©)
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From the Venn diagram showing the number of [
elements in each subset of £, we have
nANB +nA" NB)+n(ANBY+ (A" N B'Y = nle).

A’ N i)

For any two subsets A and B of a universal set g,
A N B) + (A" N By + A N B +nA” N B =ne)

_
r’
I

&

* Refer to Example 12 and study the case where A and B are disjoint.

A and B are two sets and the number of elements in each set is
shown in the Venn diagram.

Given that n(A) = n(A” N B), calculate
(a) the value of x,

(b} n(A) and n(8B).

(a) nmA)=nlA"NB)

X+3=2x=6
x=9
b) n(A)=x+3=12
nBy=3+2x-6=15

.
=]

Union of Sets

In Example 8, we define the universal set & of all
letters in the English alphabet and two subsets
E={e,n g, Li,s, h}yand H={h i, 5,1, 0, r, v}

R

Theset {x:xe Eorxe H}={e, g I i 1 n, o0,r s t v} which includes elements of
E or elements of H (or both) is known as the unien of £ and H and is denoted by
EUH

EUH={x:xe€ E orx € H}

12 Sets




. Given that
e=1{234,56,7, 8,9},
A = {x : x is a prime number}
and B = {x: xis an odd number}.
(a) List the elements of the sets A, B and A N B.
(b) Draw a Venn diagram and shade the set A U B.
(¢) List the elements of the sets A U B and (A U B)".

[ Solution ) A={23,57),8=(35709 wmdA N B=13,57)
thy: # 4 6 8
A
B
Aul
(©) AUB=({r:xe Aorxe B)

Note:  As shown in the above example, it is advisable to list the
elements of the set A N B before we draw the Venn diagram
involving the sets A and B.

Itis giventhate = {1,2,3,4,5,6,7,8,9}and A = {x: xisa
multiple of 3}, show that

(@) AUA =g,

by ANA =g

[ Solutiok A={3,6,9) and A’ =1, 2, 4, 5, 7, 8)
5, 6,7, 8

@) AUA ={1,2,3 4,
b ANA={}=¢

L
:-J [

£ A!

12
wn

In general, for any set A and the universal set &,
AUA'=gandANA"=¢.

Sets 13




It is given that & = {1, 2, 3. 4,5, 6,7, 8, 9},
A = {x:xis a multiple of 2},
B = {x : x is a multiple of 3}

and C = {x:xis odd}.
By drawing a Venn diagram, list the elements of the following
sets:

(a) AUBandAUBUC
(b) BUCand (BU CY

on A=1{24,68),B={3069)and C={l,3,57 09}

&

B

01}

(@ AUB=1{234,6,89)
(b) BUC=
(BUCY

Note:  When drawing the Venn diagram, we note that
ANB={(6},BNC=(3,9andANC=4¢.

Examgﬂé 5 e= p.a.ros, t,u, v, wh, A= {p, q, r s}, B={r, st} and
- C={st u v, wh
(a) Find n(A U B).

(b) List the elements of (A U BY and A U B U C.

(a) AUB={p,q, r s t}and son(A U B) =5,
(b) (AU B) ={u, v, w)
AUBUC
pog, r,s, 1} UC
p.g. st} U {s, t,u, v, w)
{p,q, ros tou, v, wh
€
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Given that & is the universal set and A N B # ¢, shade the sets
(n) AUB (b) AUB

(¢) A”UB (d) (AU By

in separate Venn diagrams,

(@) AUB (by AUB

& &

In the Venn diagram (a), shade the set A N (B U O).
In the Venn diagram (b), shade the set A U (B N O).

e e

(a) {h)

 Solutiol

AN@uUC) AU@BNC)
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e=1{2,3,4,5,6,7,8,9, 10}, A = {x: xis an even number} and
B={x:7< 3x<25).

() List the elements of A, B, AN B, AU Band AN B.

(b) Find an element x such that x € A and x ¢ B.

(¢) Find the element x such that x ¢ A and x ¢ B.

 SolutioNiC

s

—
£
P

-

LRSS

-

&

—
I da
A=
=w«-
— e OO

.
] et
—

th

, 6,7, 8, 10}

-

*

N S
SCc o
SRR RS
(s
[

(b) re Aandx g B &
& yxeAdadrxe B
& xe ANB B
v x=2o0rx=10

(¢) xgAandxe B
& veAandxe B 9
< xe A N B =({9)

% ,{‘:9

A, B and C are such that g

ge=A U B U C. The Venn : B <
diagram shows the number

of elements in each subset

of &.

(a) Find x, given that
n(B) = n(C).

(b) Find y, given that n(B N C) = n(A U B)".

(¢) Find n(e).

m (1) w(B) = n(C)

xX+3+yv=yv+8

¥ =5
(b) (BN C) =n(A U BY
y=8

(c) u(a)=6'+x+3+y+8=3(}

Sets of Real Numbers on the Real Line

The sets A= {x: <=3, ve Rpand B ={xr:2=x <5 xe R)ecanberepresented
graphically on the real line as shown below. With the aid of the graphical presentation,
the sets A N B and A U B can be obtained as shown on the next page.
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1

Q

= reul line

|
—
-
=

L QS N
12+

AN 3 4 5
Q

Aun
ThenANB={x:2=sx=3,xeRlandAUB={x:1<x<5 re R}

Note that the solid dot indicates that the end number is a member of the set and an
empty dot indicates that the end number is not a member of the set.

¥ L
Sets of Points in a Plane
The set L denotes the set of points on the line y = 2x + | L3
in the Cartesian plane. So, L = {(x, ¥) : y=2x + I, x € R). « B(22
Since A(l, 3) is a point on the line, (1, 3) € L.
Since B (2, 2) is not a point on the line, (2, 4) ¢ L. /
/ O =X
Exercise 1.7 ——=
1. A and B are two sets and the number of elements in 4 8
each set is shown in the Venn diagram. Given that
n(A) = n(B), calculate
(a) the value of x, (b) n(A U B) and n(A N B).
2. A and B are two sets and the number of elements in A 4

each set is shown in the Venn diagram. Given that
A" N B) = n(A N B, calculate
(a) the value of x, () n(A) and n(B).

3. &= {x:xis a positive integer}, A = {x : x = 5} and B = {x: x < 12}.
Find n(A N B) and n(A").

4. &= {x:xisaneven integer), A = {x: 3x = 25} and B = {x : 5x < 12}.
Find n(A N B) and n{A’ N B").

5. A, Band Care such that e =A U B U C. The Venn diagram represents the number
of elements in each subset.
(a) Given that (A N B) = (B N C), find the value of .
(b) Given that n(B N C") = n(A” N C), find the value of y.

(¢} Find n(e).
A B C
Sets 17
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6.

10.

11,

12.

A, Band Care such that e = A U B U C. The ¥
Venn diagram represents the number of elements
in each subset.

() Given that n(e) = 50, find the value of x. v
(b) Find n(B N ) and (A" N B).

A i

(¢) Find n(A N BN C).

C

e={x:2=x= 10}, P={x:xisafactorof 24} and Q = {x: x is a factor of 15}.
(a) List the elements of P, Q and P' N Q.
(b) Find (P N Q) and n(#’ N Q).

e={x:1=sx<=18,xe Z),P={2n:ne Z'Yand Q= (3n:ne Z'}.
(a) List the elements of P, Q and P N Q.
(b) Find a(P N Q) and n(P’ N Q).

(n) In the Venn diagram, shade (P N Q) N R’ @
R
(b) In the Venn diagram, shade A U (B N C). A
C
B
(¢) In the Venn diagram, shade (4 N B8") U C. AT
C
bij

Three sets A, Band C are such that A N B# ¢, AN C=¢and C C B. Draw a Venn
diagram to illustrate the sets.

‘GiventhatA = {x:2<x<5,xe R}and B={x: 1 =x <3, xe R}, express

in similar set notation each of the following sets: 4 N B, A U B, A" N B’ and
A’ LLB. :

It is given that € = {x : x < 10, x € R*}, A = {x : 1 < x = 4} and
B = {x:3 = x < 6}. Represent the sets A N B, A" N B, AN B and A" N B’ on
the real line and express each of the sets in similar set notation.

18 Sers




1 3 Applications

Now, we shall use Venn diagrams to depict the number of elements in each set for
certain practical situations and apply the basic ideas on sets to solve practical problems.
It is important to remember that only the number of elements in each set is written in the
Venn diagram.

2 (a)

(b)

(a)

(b)

G and H are sets of students who study Geography and History

respectively. Using the letters G, H, set notation and x to

represent set members, write down an expression for the

following statements:

(i) “x is a member of the set of students who study both
Geography and History”,

(i)) “x is a member of the set of students who study only
History”.

[llustrate, by shading on a Venn diagram, the region that x

could lie in.

There are 32 students in a class and each studies at least one
of the subjects: Geography or History.

Of these, 22 study Geography and 15 study History. By
drawing a Venn diagram, find the number of students who
study both History and Geography.

(i) xe Hundxe G (ii) xe Handx e G
ie. xe HNG ie. xe HNG

Let H
and G
Then HN G

{students who study History}
{students who study Geography}.
{students who study both History and
Geography}.
Let n(HN G) =x
Since each studies at least one of the subjects,
HUQG =&, e
n(H U G) =n(e) G i

ie.
(22 —x)+ x4+ (15-x)=132 éﬂ' m 15-x

M-2=® | N N S

r=5 L —_

]

There are 5 students who study both History and Geography.
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L) a=) iach of the 35 girls in a class takes part in at least one of the
“ following three activities: Jogging, Swimming and Dancing
Of the 15 girls who choose Jogging,
4 also choose Swimming and Dancing,
2 choose Jogging only,
7 choose Swimming but not Dancing.
Of the 20 girls who do not choose Jogging,
x choose both Swimming and Dancing,
2x choose only Dancing,
2 choose only Swimming.
(a) Draw a Venn diagram to illustrate this information.
(b) Find the value of x.
(c) Express in set notation {girls who choose Jogging and Dancing
but not Swimming}.
(d) How many girls choose Jogging and Dancing but not
Swimming?

(a) Let J = {girls who choose Jogging},
§ = {girls who choose Swimming},
D = {girls who choose Dancing}.

Jogging _ . Swimming

) \
( ( N\ ©®

\ 1\' /
. Dancing
(D)

(b) J' = {girls who do not choose Jogging]}.
n(Jy =20

2x+x+2=20 d =W
3x =18 =
x=6 y ,_\}\\
...f’:' X : __/f;f
25

(¢} {Girls who choose Jogging and Dancing but not Swimming }
= F D My

e

(d) Let n(J N D N S =y Given that n(J) = LS.
yv+4+7+2=15

Only 2 girls choose Jogging and Dancing but not Swimming.
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Of the 24 students in a class, 18 like to play basketball and 12 like
to play volleyball. It is given that

e = {students in the class},

B = {students who like to play basketball} and

V = {students who like to play volleyball }.

Let n(B M V) = x and draw a Venn diagram to illustrate this
information.

(a) Describe the set B U V and express n(B U V) in terms of x.
{b) Find the smallest possible value of x.

(¢) Find the largest possible value of x.

(a) B U Vis the set of students who like to play basketball or
volleyball.
nBUV) =8 -x)+x+(12-x)=30-x

(b) n(B N Vyis smallest when B U V = ¢
Then mB U V)= n(e)
30 -x=24
x=26
The smallest possible value of x is 6.

(¢) n(B N V)is largest when V C B
Then n(B N V)= n(V)
x=12
The largest possible value of x is 12,

In a secondary school, 150 secondary four students are in the

Express Stream. Of these, 85 take Additional Mathematics and 40

take Physics,

e is the set of secondary four students in the Express Stream,

A is the set of students taking Additional Mathematics, and

P is the set of students taking Physics.

Given that n(A" N P’) = x and n(A N P) =y, find, by drawing a

Venn diagram,

(a) xin terms of v,

(b) the largest possible number of people taking neither Additional
Mathematics nor Physics.
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(a)

n(e) = 150
B5 —v)+y+ (40 ~y) + x =150
£= 28 +y

(b) xis largest <> vy is largest

< PCA
& y=40
< x=65

the largest possible value of x is 65, i.e. the largest possible
number of students taking neither Additional Mathematics
nor Physics.

1. The findings of a survey involving 100 undergraduates on the use of pagers and
handphones are as follows: 86 use pagers, 52 use handphones and 10 do not use
any of the products.

(a) P and H are two sets of undergraduates who use pagers and handphones
respectively. Express in set notation,
{Undergraduates who use both products}.
(b) Given that x undergraduates use both products, illustrate the results by drawing
a Venn diagram and then find x.

I

In a certain class, 30 pupils took an examination paper in English and an examination
paper in Chinese. The results are shown below:

Subject Pass Fail |
English 22 8
Chinese 18 : 12

Given that x pupils passed both papers and 3 failed both papers, illustrate the
results by drawing a Venn diagram and then find x.

3. (a) F, Pand C are sets of students who like fish, pork and chicken respectively.
Using the letters F, P, C, set notation and x to represent set members, write
down an expression for each of the following statements:

(iy “xis a member of the set of students who like fish and pork or fish and
chicken”,

(i) “x is a member of the set of students who like fish and pork only”.

[llustrate, by shading on a Venn diagram, the region that x could lie in.
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9,

(b) There are 32 pupils in a class. Of these, 22 study History, 19 study Geography
and 5 study neither History nor Geography. By drawing a Venn diagram, find
the number of students who study both History and Geography.

In a supermarket of 36 employees, 24 speak Chinese, 20 speak Malay, 7 speak
Tamil, 8 speak both Chinese and Malay, 6 speak both Malay and Tamil, 3 speak
both Chinese and Tamil, and everyone speaks at least one of the three languages.
By using a Venn diagram, find the number of employees who speak

(a) all the three languages, (b) Tamil only.

In a community club, a group of 40 women takes part in at least one of the three
activities: Cooking, Singing and Dancing.

Of the 25 women who choose Cooking, 8 also choose Singing and Dancing,
3 choose Cooking only, 6 choose Dancing but not Singing.

Of the 15 women who do not choose Cooking, x choose both Singing and Dancing,
2x — 2 choose only Dancing, 5 choose only Singing.

(a) Draw a Venn diagram to illustrate this information.

(b) Find the value of .

(¢) How many women choose Cooking and Singing but not Dancing?

(a) On the Venn diagram in the answer space shade # 7N N 0
PU(Q N R). ( ( i )
N NN
R

(b) There are 30 boys in a class.
Of these 22 play football, 17 play cricket and 3 play neither football nor cricket.
It is given that
& = {boys in the class},
F = {boys who play football },
C = {boys who play cricket}.
(i) Find n(F N C).
(if) Express in set notation
{Boys who play cricket but not football }. (C)

Each of a group of 20 students studies at least one of the three subjects Chemistry,
Physics and Biology. All those who study Physics also study Chemistry.
3 students study all three subjects.
4 students study only Chemistry.
8 students study Physics.
14 students study Chemistry.
(a) Draw a Venn diagram to illustrate this information.
(b) How many students study only Biology?
(¢) How many students study Chemistry and Biology but not Physics? (C)

Given that n(g) = 50, n(A) = 25, n(B) = 30 and n(A N B) = x, find (a) the least
possible value of x, (b) the greatest possible value of x.

Given that n(e) = 55, n(A) = 28, n(8) = x and n(A N B) = 5, express, in terms of
x, (A U B) and n(A” N B’). Hence, find the greatest and the smallest possible
values of x.
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11.

:!:13.

#14,

1.

Of the 30 students in a class, 20 like Mathematics and 15 like Physics. It is given that
e = {students in the class},
M = {students who like Mathematics}

and P = {students who like Physics}.

Express in set notation {students who like Mathematics but not Physics}.

Let n(M N P) = x.

(n) Express n(M U P) in terms of x.

(b) Find the smallest possible value of x.

There are 25 children in a class. Of these, 12 are in the School Play and I8 are in
the School Choir. It is given that
e = {children in the class},
P = {children in the School Play}
and C = {children in the School Choir}.
(a) Find n(P).
(b) Find the smallest possible value of n(P N C).
(¢) Express in set notation {children who are neither in the School Play nor the
School Choir}. (C)

By drawing a Venn diagram, or otherwise, answer the following questions:

(n) Given that n(e) = 60, n(S) = 33 and n(F) = 36, find the least possible value
of n(§ N F),

(b) In a group of 60 people, 33 can speak Spanish and 36 can speak French.
Find the greatest possible number of people who can speak Spanish, but not
French. (C)

Of the 32 students in a class, 26 own desktop computers and 9 own notebook
computers. It is given that
e = {students in the class},
A = {students who own a desktop computer}
and B = {students who own a notebook computer}.
Let m{A N B) = x.
(n) Express n(A"” N B) in terms of v,
(b) Find the smallest and largest possible values of x.

Given that n(g) = 50, n(P) = 28, n(Q) = 35 and n(P" N Q') = x, express
(P’ N O), n(PN Q) and n(P N Q) in terms of x. Find the greatest and the smallest
possible values of x.

(a) A well-defined collection of objects is called a set and each object is
called a member or an element of the set.
(b) A set is denoted by a capital letter and is expressed by
(i) listing its elements, e.g. V= {a. ¢ i, 0. u},
(ii) a set-builder notation, _
e.g. {x : x is a prime number and x < 30}.
(¢) For any finite set P, n(P) denotes the number of elements in P.
(d) A null or empty set is denoted by { } or ¢.
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Fzg raJ Fig. (b)
‘With reference to Flg (a), we have :
(i) Pan;PandPﬁQgQ
= n(P N Q)= n(P)and n(P Nno = n(Q)
() nPN O +nP NO+nPNOY+nP N Q) =ne)

With reference to Fig. (a) and Fig. (b),
(iii) n(P N Q") + n(P N Q)+ n(P’ N Q)=nP U Q)
and P’ N Q) =nPUQ)

With reference to Fig. (b), we have
(iv) PUQCe::-n(PUQ)‘:n(s)

(b) ForPCe, QCeandRC ¢

£

PNONR
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It is given that

€ = (x:.xis a positive integer},
A = {x :xis a multiple of 2},
B = {x: xis a multiple of 3}
and C = {x: xis a multiple of 6}.
Show that
(1) CCAund CC B,
by ANB=C.
(1) Foranyxe C,x=6m=23m)e A whereme 7
= CC A
Similarly, for any element x € C, x = 6m = 3(2m) e B
= C C B.
b)) CCAmdCCB=CCANBSB (1

Next, forany x € A N B
=ve Aandxe B

= x=2nandye B where n € 7
= y=2nand 2ne B
= x=2nand n = 3k where ke 7
= x =203k =6k
= xe C

Hence ANBCC (2)

From (1) and (2): ANB=C

In the above example, we apply the following result for the equality

of two sets:
P=0PCOammdoCP

Miscellaneous Exercise 1=
1. List the elements of the following sets:
() A= [x:xisa positive integer and x is multiple of 3)

(b) B ={x:.xisan integer and 8§ < 3x = 23}
() C = {x:xisamultiple of 3 and x < 15} _
(dy AU@BNC)and (A U B) N C. Are these two sets equal?

2. Given the universal set € = [x : x is a positive integer and x <= 8},
P = {x:xisaprime)
and Q = {x: xis a factor of 90},
find an element x such that v € P and x ¢ Q.

3. Giventht e=(x: 1 =x=<30.xe Z},
A=1{Zn.ne 7),
B={3n:.ne 7)
and C=1{6n:ne 7).
List the elements of A M B and (A U B) N C.
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5.

0.

A, B and C are three sets such that e = A U B U C. The Venn diagram represents
the number of elements in each subset.
Given that n(A) = n(B" N C) and n(A") = n(A U B’), find the value of x and of y.

A B c

I \ %i

¥
/) 7

Vi

T

Given that n(e) = 23, n(A N B) = x, n(A) =y, n(B) = 2y and n(A” N B) =7, find
the least possible value of y.

People staying at a holiday hotel are able to take part ®[ sailing  Swimming |
in Sailing, Swimming and Gollf. 7 N

4 people take part in all three activities. | ( ( \

[7 people take part in Sailing and Swimming but not Golf. '3 }‘\

21 people take part in Swimming and Golf but not Sailing. ( N )/

12 people take part in Golf and Sailing but not Swimming. \ /

42 people take part in Sailing only. ﬁ“ﬁ/’

X people take part in Swimming only. e
(x — 2} people take part in Golf only.
16 people do not take part in any of these activities,

(a) Copy the Venn diagram and on your copy show the number of people in each
subset.

(b) Given that 250 people are staying at the hotel, calculate
(i) «x
(ii) the number of people who do not take part in Swimming. (C)

(a) In a survey carried out for a television company, the viewing choices of 100
fumilies on a particular evening were recorded.
46 families said they had watched “The Syndicate”, 62 families said they had
watched “Casualty Ward” and 13 families said they had not watched either
programme.
By drawing a Venn diagram, or otherwise, calculate
(i) the number of families who had watched both programmes,
(ii) the number of families who had watched “The Syndicate” only.

(b) It is given that
e = {x:xisan integer, | = x = 16},
A = {x : x is a perfect square},
B = [x:xis a multiple of 3],
C = [x: xis aprime number},

(i} List the elements of A.
(ii) Findn(A N BN C).
(iii) List the elements of (A U B U CY. (C)
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(a) On the Venn diagram in the answer space, shade the set A U (B N C").

(b) There are 28 girls in a class. Of these, 17 sing in the choir and 15 play the
piano. It is given that

e = {girls in the class),

S = {girls who sing in the choir],

P = {girls who play the piano}.

Find the smallest possible value of #(S N P).

(i) Express in set notation [Girls who neither sing in the choir nor play the
piano ). (C)

9. Some people were interviewed to find out whether they spoke French, Spanish,

10. In a school, some of the subjects that it is Physics
5

French and Spanish, or neither French nor Spanish.
In the Venn diagram below

* F_— - g J
oD

e is the set of people who were interviewed, F is the set of people who spoke
French, and S is the set of people who spoke Spanish.

The letter w, x, y and z represent the number of people in each of the subsets
shown.

Given that n(g) = 250, n(F) = 80 and n(S) = 220, find

() the maximum possible value of w,

(b) the maximum possible value of =,

(¢) the maximum possible number of people who spoke both French and Spanish.

possible to take are Mathematics, Additional

Mathematics and Physics. The Venn diagram

shows the combinations of these subjects that

are possible and the numbers and letters

represent the numbers of students in each subset.

(n) Given that the number of students taking Physics is 123, calculate the value
of .

(b) Given that one-sixth of those taking Mathematics also take Additional
Mathematics, calculate the value of y and hence find the total number of
students taking Mathematics. (C)
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12,

In a school, 120 boys play cricket.

e is the set of all the boys who play cricket, X is the set of batsmen and Y is the set

of bowlers.

The letter @, b and ¢ in the Venn diagram represent the number of boys in each

subset of X and Y.

The letter d represents the number of boys who are neither batsmen nor bowlers,

Given that n(e) = 120, n(X) = 80 and n(Y) = 48, find

(a) the value of bif d =0,

(b) the value of d if b = ¢,

(e) the largest possible number of boys who are neither batsmen nor bowlers.
(C)

Given that n/m means ‘n is a factor of m’ and that

A={x:xe 7% 2x},

B={x:xe Z° 3x},
and C={x:xeL,5k)
where Z' is the set of positive numbers, list the five smallest members in each of
thesets AN C A NRBand BN C.
Find the smallest number which belongs to (A" N B) U C and does not belong to
A'NB UCO).

(C)
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2.1 Simultaneous Linear Equations in
Two Unknowns

As you already know, simultaneous linear equations may be solved either by substitution
or by elimination.

Solve the simultaneous equations:

E\amp1e_ =

Dh 4 39 = T orooreesresreeseeesessseeeeon (1)
Jx—-dy =2 i rrrerrberesarra e aaaes (2)

Solutiq N Method A (By substitution)
Bront(l)e & = 220 wocnnummsasis (3)

Substitute (3) into (2):

3{I52] - dy = 2 o )
2x(4): 3(7-3y)-8y=4
= Yy = 1

Substitute y = 1 into (3):
x'=2

Method B (By elimination)
To eliminate, say, y:

4x (1 Br+12y=28 e, . (3)
IX ) W= [2Y 20 sveamenennanii )
(3) + (4 17x =34

=2

Substitute x =2 into (1) or (2), y =1

Note: We may check our answer by verifying that x =2, y = 1
satisfy both equations (1) and (2).
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Solve the simultaneous linear equations in questions 1-3.
L 2x+v=5x+2y=7

e 2x=3y=12;3x+4y=1

2
3o dv+3y=8;2vy-3x=11
4

-

When given the simultaneous equations

5S¢+ 2v =09,
v +4v =28,
1 ] 3 i 3 . - = 3 =L 3
a particular student gave the answer x = Znd = g

Without actually solving the equations, check whether his answer is correct.

5. If (x, v) = (2, 3) is a solution of the equations
av+ by =1,
ay — bx = 8§,
find the value of @ and of b.

6. If (x, v) = (p, 3) is a solution of the equations
3x+ 2v =6,
x—qy=2,
find the value of p and of g.

&. Use a graph plotter to plot the simultaneous equations in Example 1.
(a) What are the shapes of their graphs?
(b} How is the solution of these simultaneous equations represented geometrically?
(¢) Clear away the above graphs. Graph y + 2x = 3 and 2y + 4x = 5. Do these
simultaneous equations have a solution? Give your reason.
(d) What about the simultaneous equations 3y — 2x = 4 and 4x — 6y = -8? How
many solutions are there?

2.2 Simultaneous Linear and Non-Linear
Equations in Two Unknowns

A pair of simultaneous equations, one linear and the other non-linear, can generally be
solved by substitution. Firstly, obtain an equation in one unknown by substitution and
solve it for this unknown. Next. use the linear equation to find the other unknown. The
following examples should make the process clear.

Solve the simultaneous equations:
A 7 T ol L A — (1)
24y =1 i (2)
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Substitute (3) into (1):
YHll-»+3F=10
V+@d-y=10
2y - 8v+ 16 = 10
Y—dy+3=0
- Dy-3)=0
= y=1 or y=3

Substitute these values into (3):
x=0 or x=-1

s x=0y=1 or x==-1l,v=3

|Zicile 1 Solve the simultaneous equations:
B y—x =3

Solutigs

Now y—x = 3
=X+ 3 e (2)

Substitute (2) into (1):
2+ 3 —x =x(x +3)
2 +x-6=0
(x+2)2x-3y=0

y=1 or v=
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Fig. (a) shows the graphs whose equations are given in Example 2. Notice that the
solutions of these simultaneous equations appear as (0, 1) and (1. 3), the points of
intersection of the two graphs.

(0, 1)

Fig. (a)

Similarly, Fig. (b) illustrates the solutions of the simultaneous equations in Example 3.

Fig. (b)
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Exercise 2.2 =

Solve the pairs of simultaneous equations in questions [-12.

L v¥—4x=0 2. x+y=2
e+ y=4 2+ v+ 1=0

3. 3%x+y=1 4. 3 +2r =11
Y +y=5 Is+2t=1

5. x+y=35 6. 3x-2y=1
(x+ 1)y +(y+ 1) =25 (x=2Y+(2v+3)7=26

7. P-29+y = 8. 2v+3v=5
x—2y=2 Faay-27 =10

9. 3y-x=3 10, 3x+2y=10
2ok 242z3
3y v X oy

1. 2x+y+2=0 12, x-5y=8
l+3=;l 4+ 9y 4 35 =30 + vy
X ¥ 2

13. Find the coordinates of the points of intersection of the line 2x + 3y + 2 = 0 with
the curve 2xy = —1. (C)

14. The line 2x + 3y = | intersects the curve x(x + v) = 10 at A and B. Calculate the
coordinates of A and of B, (C)

15. The line y = 2x + 3 intersects the curve xv + 20 = 5y at A and B. Calculate the
coordinates of A and of B. (C)

E’. On a graph plotter, plot the graphs whose equations are
20x 4+ 6y =10 and (7x — 20) + (6y + 10)* = 200.
Estimate, to 1 decimal place, the solutions of these simultaneous equations from
the coordinates of their points of intersection. Solve these equations algebraically
and obtain their exact solutions.

3. The points of intersection of two graphs are given by the solutions of their
simultaneous equations.
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Misealbintaons B

ML Solve the simultancous equations:

S5x+3y=3C -y =2v+y+ 1

m We Bive.  Jx =¥ = 584 Puumasanaennsmiaisei (hH

and Sv 43y =2+ v+ L (2)
From (2): 2y = l1 —;x
y = 'Tr .............................................. (3)

Substitute (3) into (1)

3 - [1:-?1’-‘-] = 5¢ 4+ 3(‘ —3J‘)

2 2
3¢ - (LBt | =54 3(L52) )
4% (4): 126 — (1 - 6x + 9%) = 20x + 6(1 — 3x)
3¢ +4r-7=0

(x—D@Bx+7) =0
= x =1 or—%
and vy =—lord From (3)
wx=1,v=~1 or x=—%,y=4

Miscellaneous Exercise 2-

Solve the simultaneous equations in questions 1-3.

I.

MR W

*8.

x+2y=5 2v+v=2xy

4¢ -9y + 1)’ =36, 2x+3y=-5

24 |
2ol Jpeyp=l
v X 1

Solve for v and v, % - ﬁ =lLx+y=5 (C}
Find the coordinates of the points of intersection of the line x + 2y = 10 and the
curve 2y” — Ty + x = . (C)

Calculate the coordinates of the points of intersection of the curve v* + v* = 8 and
the straight line 2x — v = 2. (C)

If (2, 1) is a solution of the simultaneous equations
X4 xy+ay = b,
2ax + 3v = b,
find the value of a and of b. Find also the other solution.

I (1, p) is a solution of the simultaneous equations
12 -5 T
o x=Sv=T,
find the value of p and the other solution.
Find the dimensions of the rectangle whose perimeter is 36 m and which is such
that the square of the length of the diagonal is 170 m’. (C)
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3.1 Indices (Exponents) and Surds

When 2 is a positive integer, a" is defined as:

ad'=axaxax...xa

n factors
where a is called the base, and #n, the index or exponent or power,

For example, _
5 <8 w8 %8 %A

We shall restrict ourselves to positive bases (i.e. @ = 0). Extending the definition to zero,
negative and fractional indices, we have the following results:

For a > 0 and positive integers p and g:

1 4
a'=1 a’= i, a’ = Ya, a” = (Ya )’
i

L 3
For example, 2" = 1, 27 = L = 1 57 = /5 und 47 = (J4)’ = 32,

With these extended definitions, the following rules of indices hold for positive bases,
a and b, and any rational indices, m and n.

atxat =qd
¢ rules for same base

aﬂl
a"

(am)n =da min

" x b" = (ab)"|
¢ _ (af - rules for same index
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Simplify the following:

| 1 3

(a1) 0ix Qo () 4_9
! 44
(el 829 2 @ 12"+ 6
1 : ! ! l Iy
(@) 99x 9% =937 by & =453
=9 =47
=% = (2%
=2_3
-1
T8
I | r | :
(¢) 82 x2 (8?<._) ) 12 6 (6)
=16° =7}
= '\{T_é- =8
=4

E}xamplje— } If 3" =y, express 3 “and 9° " in terms of v,

m Fr=3xe 9t =9 x 9
- 81 L] = 93y
34' = 9(3I)
= l:,—] = 9}’2

In the rules for same power, namely «" x b = (ab)"
£ (g
b bl
if n=

. we get va x b = Yab

Ja _ [a
:7?; b

1
2

These two results are useful in simplifying expressions with the square root sign.

S_i-mplify the i‘oﬁowing:

@ V12 (b) “%‘) © G+ )+ )
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Y T Eeoe oy T TR - -
m @ 12 = JAx3 \[-5(](} flj((l)

Vi x V3

2/3 \125><.
=25 x 43
:5\-'r3

(© G+ V2)(1+ ¥2) =301 + {2) + {2(1 + {2)

=34+32 +424+ 242

=3+442 42

=5+4,2

The answers in Example 3 involved the roots ¥3 and +2. Unlike 4, V81 and Y27

which have exact roots 2, 9 and 3 respectively, these roots cannot be evaluated exactly.

They are called surds. They are irrational numbers as they cannot be expressed as
4

fractions of the form 7 where a and b are integers.

Observe that the product of two surds need not be a surd:

V343 =3
and (5-3y2)5+342)=5-3+2)
=25 - 9(2)
=7

More generally, the product of vl + bk and a~'h — bk is a rational number and we
call these surds conjugate surds. Conjugate surds may be used to rationalise the
denominator, that is, to change the denominator, which contains surd, to a rational number,

m{. By rationalising the denuminulor% simplify
(©) H3-32

@ 75 ) «f 33 - 32"

([g_] (b) 8 _ 8 [3+J§]
A2 3-45  3-45|34+45
_ 83+4%

3 —(+f5)°
_ B3 +45
9 -5

6+2/5

|J|

(a)

Sl
il
5]

1]
%y

b [l

|

() H3-3 _ 445-345[2 3+3J§]
2W3-32 7 23-32 23432
8(3) + 124/6 — 64/6 — 9(2)
() (s ‘
= B 66
3 -9
=-1-/6
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Without using a calculator, evaluate the following:

i I

(@) (2'x3) (b) 82 x 8¢ (€) (243)

1 1 1 1
@ 237 (@ 257 x5 x 54 ( $x3 kD

B 2?§
3

Given y = 2x?, find
() ywhenx=09, (b) x when y = 16.
If 2" =y, express the following in terms of y.
(ﬂ] 21. +3 (h) 22.: -1 (C) 3(23 - _y)
() 42H' " () 84 9 n 8 -4
If 3" = y and 2* = z, express the following in terms of y and/or z.
(@) 209°"") (b 6 ' (€) 9% 12"

Show that (8+%)° (3];}? = g -6 - 3y

Simplify the following:
() 18 () 6 x 8 o L0

(d) 23 +5¥3 343 () 42 -8 +50 O 2+ 5)2-45)
(@ (1+453)2-43) @) (-2477

By rationalising the denominators, simplify the following:
6 3 9
R by —2 .
W % oy © 253
1245 8 W2 -4
d s f
) 245 - 4 ® (Vo +2) i WN2+4
( ,) '\fj‘_ + 21/5: (Il) 3'\[_ = 2‘\[5
Sl ENEREINE

3.2 Exponential Equations

An equation that contains a variable in an index (or exponent) is called an indicial or
exponential equation. The simplest form is ¢’ = b. If b can be expressed as ", then:

— ————, ——— ——— - =

a=a = x=n, wherea # -1, 0, 1
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Solve the following exponential equations:

() 4° = Iiﬁ () 57 =1 © 9%\ .27 =0
E e _ L
18 (u) 4 — 6
- |
42
4.1.' 2 4—2
v =2
(b) 590 =
51"—] - 5[!
= r-1=0
¥=1
Sox=1or-1
© 9 -27'=0
92.t+1 o 2?‘

(31)214-] = (33)X
= 2(2v+ 1) = 3x
sox=-2

M Given that y = ax” + 10, and that y = 26 when v = 2 and vy = 64

when x = 3, find the value of @ and of b.

v=260whenx =2 = 26 = a(2")y + 10
a(2h) = 10 smnsannnmny (1
v=064whenx=3 = 64 = a3 + 10
A(3") = 54, (2)
. 3’ 54
(2) + (1): 7 =T
b7

~—
S e
|

s tafus

1l
T —
tajus ©
~—

S e ]

b =
Substitute » = 3 into (1);  8a = 16
o =2

Examp]e__ﬂ E Solve the following simultaneous equations:
- #(2) = 16
Fo_i
F T3
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 Soluti@ A =16

(2H'(2Y) = 2" (change to the same base)

Al +y = 04
= 20+ ¥ = Fuamenaenanansiiennig (1)
A |
27 3
3" -l
= =3
3
£"I -).'it - 3—!
5 P = 30 2 =] e reniesssenn (2)

By solving (1) and (2), we get v =1 and y = 2.

E\ampl By using the substitution y = 2%, find the value of x such that
2 == 4.! + 1 — 2 _ ?(21:).

Since 4" = d(4') = 42°)’
4(21)2

nn

4(2')*, the equation becomes
2

7(2)

Substitute 2" = y into the equation:
4y’ =2~ Ty
4},’2 +7y-2=0

@Gy-Diyv+2)=0
N =0
y=g or y=-2
2= 4l or 2'=-2 (no solution)
2.r - 2-3
ok ==2

Note:  a > 0= " > 0 and hence there is no solution for which
20 < 0,

Exercise 3.2

1. Solve the following equations:

(a) 3" =27 by 4'=32
i x=2

o o) = l i =
© (V2 =1 (d) [9] 3
(e) 43 =10 ) 5-25=0
(g) ?.\'3—4 . ] = 0 (h) 8.\‘ e 4r + |

. G ..gr:,_f_‘/;)f” - G ‘;—_r—':'gg"_ v B
(k) 21: — 43!’1 - b ([) 7)_2 — 496 - 2
. 5 ¥+

m) 47 ¢ - 16" =0 (n) 3° = 3,)?—
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Ex.i

i

£

=

Given that y = ax" — 23, and that y = 4 when x = 3 and y = 220 when v = 9, find
the value of a and of n.

Solve the following simultancous equations:

() 55" =1 and 3"©) =} () 2(4) =32 and 12 = 625
i i o % i myliy a J_ -
(¢) o 27 and 472" 3

2m+ |

e Zutl ) . . i ¢

Show that ﬁ x 4™ =72 * | Hence find the value of m and of n which satisfy the
. S l?m
equations V2 x4 =8and =

— = 81 simultaneously.
()J
By using the substitution y = 2', find the value of v such that 32" ') = 2" + 4,

By using the substitution y = 3", find the values of x such that

(n) 3'=4-33", (b) 3 -F*?=3-09,

By using appropriate substitution or otherwise, solve the following equations:
(a) 5%-6(5+5=0 (b) 2 - 102 + 16 =10

(¢) 2(16)-54Y)+2=0 (@ 7*'-2=2(7)+3

(€) 9" +1=1003" (n 63 H=3-3

Show that the equation 2** * ' = 3(2") + 2 is satisfied by only one value of x.

Solve the following equations:

8

@ 81 +2=2 () 4 =2

(© 3@ =1 @ 47 -2 =84 72)
' 5‘.“| - .20 — - VemNy _|_ - 144

© Toas =° 0 26G) = 7o)

LER

- "] r 2 . e z . -
If 'T{J.\r} [I;_"“] can be simplified to —"T, find the values of the constants r and £,
X° X

Solve the simultaneous equations 64(4") = 16" and 3" = 4(3' N
]

By using an appropriate substitution, find the value of x for which x? - 8x = 7.

3.3 Logarithms

We know that 10 = 10" and 100 = 10°; so if 40 = 10", then 10" < 10" < 10" and hence
1 < x << 2. The value of x may be found using a scientific calculator as follows:

40 = 10" = v = log,, 40 = 1.602 06

For any positive number a, except 1, y =a' < log, y =x
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For example, 9 = 3° < 2 = log, 9.

Observe that the logarithm log, 9(= 2) is the power, 2, in 9 = 3°,

Thus log, 9 = the power to which we raise 3 to get 9.

Note:  We read log, v as “the logarithm of y to base a” or simply ‘log, base a, of y’.

The relationship between the two forms is illustrated as follows:

Index

(index ) y=at - log, v =x ( logarithmic )

form form

Observe that the bases in both forms are the same and that the logarithm is the power.

m) Convert the following to logarithmic form:

(a) 4 =16 (h) 2°=32
() 10° = 1000 @ 2'=1
w (n) 4 =16 < 2 =log, L6 (The logaritihm iy the power.)
(h)y 2°=32 & 5=log, 32
(e} 107 = 1000 < 3 =log, 1000
- 1 I
@2'=> o -l=log
Convert the following to index form: |
(a) 3 =log, 8 (b) 2 =logs 25 (¢) 5 =log, 2
(@) 3=1log, 8 & 2'=8
(b) 2=1log;25 < 521 = 25
(c) L - log,v2 & 27=42

z
Observe that x = log, v = v=da". Soa >0 = y=a"> (.

Ifa=1,then P=1 = log | =2,

But I’=1 = log, 1=3.

Hence, log, 1 does not have a definite value and we say that log, v is not defined when
the base a = 1.

For log, v to he defined:

ety >0
(b) a>0,a#1

For example. log, 2, log ; 4 and log, (~1) are not defined.
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Equations of the form x = log, y can be solved (for any of the three variables y, a or x)
by first writing them in index form. Care must be taken to check the answer(s) to see
whether the logarithm is defined.

-

X
2or-2

For example, log, 4 =2 = 4
X

Since x is the base, x > 0 and x # |; so v = -2 is rejected and the only solution is

Solve the following equations:
(a) log, x=2 (b) x= logli6 (c) log, dx-3)=2

(@) logyx=2 & 3F=x

Sox=9
v
() x=log, 16 H - 16
- (2"!).’( - 24
-x =4
wox =-4
(©) log, (4r-3)=2 & x' =4x-3
¥-4x+3=0
(x—-1Ix-3)=0
. x=1lor3

For the logarithm to be defined, x = 3.

Check: Since x is the base, x = | is rejected as log, (4x — 3) is
not defined for this value.

Prove that, where the logarithms are defined,
(a) log, a=1 (b) log, 1 =0

(©) log, x" = rlog, x, where r e R

(a) Converting to logarithmic form,
a=da = log, a=1

(b) Similarly, 1=¢" = log, 1=0
(¢) Let m =log, x. Then x = a",
xr = (am)r — arm
= log,x'=rn
log, x" =rlog, x

With these results, we have log; 1 =0
and log, 8 =log, 2'=31log, 2=3x1=3.
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]
H

9.
#10,

. Convert the following to logarithmic form:

(@) 2'=16 (b) 3%= 4 (¢) 100 = 10

(dy @’ =y () 2'=p 0 x*=2-k%

Convert the following to index form:

(a) 3 =logs 125 (b) -2 =log, (LJ () log,64=3

(d) log, 3 =4 (e) logyy=n'* () p+1=log, 4y

Check whether the logarithm log, (5 — 2x) is defined for each of the following:

(n) x=2 (b) x=05 (c) x=3

d) x =25 () x =1 M x=+2

Solve the following equations:

(a) log,x=3 (b) log,9=2

(¢) x=log,8 (d) log, (x—2)=1

(€) log, 2x+ 1) =-3 (M log, Y27 = x

(g) log, (6x—8) =2 (h) log, 8= 3

Evaluate the following:

(a) log, 4 - log, 2’ (b) log, 1 + 2 log, 5° () (3 - log, 3y
Jlog, x + 2 > IR P ,

(d) [WJ (e) log, (6 —log, 77) () log, 4 + log, 81

Given that log, x = 2 and log, y = 3, evaluate =.
7

Given that log, x = a and log; y = b, express xy* as a power of 3.

Solve the following simultaneous equations:
(a) log, 16 =4 and log, y = x (b) log,x=2and xy=8

If log, (log, x) = logs 3, find x.
Given that log, y = a and log, (2y) = b, show that 2a = 3b — 1.

34 Common and Natural Logarithms

Common Logarithms

Logarithms to base 10 are called common logarithms, We often write ‘log,,” as ‘lg’.
For example log,, 5 and log,, (x + 1) are abbreviated as Ig 5 and lg (x + 1) respectively.
Common logarithms can be evaluated using a scientific calculator.

Recall that by the definition of logarithm, lgVY=X & Y=10"
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Natural Logarithms

Besides base 10, another important buseﬂis e. e
In the given table, observe that (1 + %) approaches n (l . ;)
a certain value as n becomes very large (i.e. as n
tends to infinity, =), This limiting value is denoted
by e and e = 2.718 28 (to 5 decimal places).

10 25937425
107 2.704 813 8
10’ 2716923 9

Logarithms to base e are called natural (or Naperian) 1{‘}4 2.718 _145 9

logarithms. ‘log.’ is often abbreviated as ‘In’, so

log, 6 and log, x are written as In 6 and In x IU: 2.718 2817
respectively. Natural Jogarithms may also be evaluated 10 2.718 281 8
using a scientific calculator. 1 d

© e

By definition, mY=X & Y=¢\

Using a calculator, we can use common and natural logarithms to solve equations of the
form a' = b, especially when b cannot be expressed as a”.

We shall be using the result in Example 12(c): log, x" = r log, x.

Solve the following equations:

(@ 6" =2l (b) ¢"=9
() 6" 3 =21 (h) e =9 convert to
lg 6" = lg 21 Ine"=1In9 log form
(x+2)lg6=Ilg 2l 3xIne=1In9 J gireetly
49 122 3x=In9
lg 6 e
w2, .t—gln‘)
lg 6 = 0.732
= —0.301

Express 3'(2%) = 7(5") in the form a* = b. Hence find x.

Since 3'(2™") =32 =3 xH' =12
the equation becomes: 12" = 7(5%)

(5 -

Taking lg of each side:  x Ig —E‘l =lg 7
= g7
| 12
g5

~2.22

X =
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Solve the equations in questions 1 to 15.

1

16.

17,

18.

19.

20,

21.
22,

23,

5 = 2. (1.6)' =21 3. 23Y)=5
I e | 5 e'=7 6. e'=14
de™ =21 8, e"-125=0 9, 3'=12

L
477 =20 11. ¢ "*=19 12. e* =0.7
@1y =n 4. 6 =4 15, e =312
Solve the following equations giving your answers correct to 3 significant figures.
() 23'=10 (b) 4" =9(5Y) (©) 27*'=3"
Given 3'*', 2' % = 21, show that 6' = 28. Hence or otherwise, find x.
Find x, correct to 3 significant figures, in each of the following:
{a) 5!.' 1'3.rf2= l() (b) 2?_&.5;+| =? )
(¢) 43" =¢ d) 3'.10%=4,20"°
Using the substitution y = e, solve the following equations:
(a) 2e¥-3e"=2 (b) ee=7-12e" {c) e +2¢" = 3e™
Using suitable substitutions, solve for x. _
(@) 9°—4=3"" (b) 2e'=7/e" -3

Solve the simultaneous equations 4°** = 32(2**?), 9* + 3’ = 10,
Given y = 5¢"* find

(a) y when x = 3, (b) x when y = 12,

For each of the following, find y in terms of x.

() 10°=x+1 (b) e ¥ =3x (¢) n(y+D=x

d) 2lgy=x-2 (e e’=x-4 M Inx+y-4x=0
Solve for x,

(a) lgx=0.06l1 (b) (In .\r)2 =3 (¢) nx=1g?2

(d) lg3x=9 () n2.In4r=3 () Ig (x-2)=(g3)

(g) Indr=1g3.1g5 () lgQ@c+ 1 =log,3 @) lg(x-D=In-1)

35 Laws of Logarithms

We shall now familiarise ourselves with the basic laws of logarithms. The proofs of
some of these laws are given in Example 23.

(1) Change-of-Base Law

it a, p and ¢ are positive numbers and @ # 1, ¢ # 1, then

F= log b
log, a”

log,
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Proof: Letx=log, b, then a" = b.
Taking logarithms, base ¢, of both sides.
log, a" =log b
xlog, a=1log b
log, b

log, a

" log, b = o4
4 log, a

log, b _ |

In particular, when ¢ = b, log, b = —.,
i E log, a log, a

Using the change-of-base law, an alternative solution to Example 13 found on page 46
is as follows:

6" =21 = x+2=log 2l
1o 21
g6
1= —0.301

mj Evaluate log; 5 . log; 9 . log, 7.
g9 g7

lg 5
log, 5. log. 9. log, 7= 52, =22, -5~
27 s Eoy 67 " g5 " 1g9

=1

(2) Product Law

The logarithm of a product is the sum of the logarithms of the factors.

If a, x, y are positive numbers and a # 1, then
log, xy = log, x + log, y.

Hence log, 3 x35) =log, 3 +log, 5
- - logy Ty =logy T+ Togy v
log, x{(x + 3) = log, x + log, (x + 3)

Note: The expression log, (x + 3) is not equal to log, x + log, 3.
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Exan-lg: Simplify the following:
——— (a) log, 3 + log, 2 (b} log, 40 + log, 0.1 + log, 0.25

(@) log, 3 + log, 2 = log, (3 x 2) = log, 6 = 1

(1) log, 40 + log, 0.1 + log, 0.25 = log, (40 x 0.1 x 0.25)
= log, 1
=10

(3) Quotient Law

The logarithm of a quotient is the logarithm of the numerator minus the logarithm of
the denominator:
If @, x, y are positive numbers and a # 1, then

log, [i] = log, x — log, y.

Hence log, ( ) = log, 7 - log, 2
+

7
2
log, (.r 1

J = log, (x + 1) - log, x

X

Note:  The expression :”g-‘z is not equal to log, (
ogy 2

1~

)

Exag} Simplify the following:

() log, 8 — log, 2 () log, x' - log, x’
= log, 4
=1

(b) log, v* - log. ¥’ = log, [‘_j]

= log, x

(4) Power Law

As seen in Example 12(c):

If @ and x are positive numbers and a # 1, then
log, x" = r log, x for any real number r.
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Hence, log, 2' =4 log, 2
log, x* =-3 log, x

e
5

log; Vx = logs v+

=1 logs x

2

Note:  log, x" means log, (x"). It is not the same as (log, x)', so (log, v)" # r log, x.

Evaluate the following:

log, 8

log, 242 —=—

(a). log, J_ (b) log, 4

! log, 2°
(@) log, 242 =log, (2 x27) (by log, 8 - OB -
Ty log, 4 log, 2

= log, 2° _ 3log,2
. l- 5 2log, 2
=3 R _3
_ 3 =8
-3

Note: For (a), we may let x = log, 242.
Then 2" =242

Given that log, 2 = 0.301 and log, 3 = 0.477, find

. 3 log, 2a
(a) log, 7, ) e,

(@) log, 3 = log, 3 - log, 4
log, 3 - log, 2’
log, 3 -2 log, 2

0.477 — 2(0.301)

-0.125
log, 2a log, 2 + log, «
b i - Fis u
—— (-,:-_._)-_, ing; 3 iﬂg“ 43 — —_— -
_ 0301 +1
0477
=-2.727
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mgtj Given that g x = m and g y = n, express lg (IO\E] in terms of

m and n.

17 ":.— T y |
Ol lg [IO\/;] =g 10 + IL\{:’
| + ]o .-5.]

+E(y

| X
1 —lo | =
+ 3 (1)

I
P+ Sz -lgy)

b=

1+ %(m - 11)

m_j_l Given that 2 Ig xy =2 + lg (I + x) + g y where x and y are both

positive, express y in terms of x.

" Solution 2lgxy=2+lg(l+x) +1gy

lg (ov) =2 + g (1 + )y
lg vy =g (1 +x)y =2

XY g
le (T+xy 7
&y - 10
(1+.x)
101 + x)
y = __.__x_

2
X

Express 3 + log, 5 as a single logarithm.

S()lutid Since log, 2 =1, 3 +log, 5

3log, 2 + log, 5
log, 2° + log, 5
log, (8 x 5)

log, 40

For any number n, n = n log, a = log, a".

If a, x, ¥ are positive numbers and a # 1, prove that
() log, xv =log, x + log, v,
(b) log, = = log, x - log, ¥,

Let m = log, x and n = log, y. Then x = a" and y = d".
(u) .x}' - aﬂ] x aﬂ _ am +n
= log,xy=m+n
log, xy =log, x + log, ¥
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=m-n

= log, x - log, y

1. Evaluate the following by converting them to common or natural logarithms using
the change-of-base law:
() logs 7 (b) log, 11 (c) log, (5.3)
(d) log, 9 (e) log, ™ (N log,s (6.7)

2, Evaluate the following:
(b) logs 4.log, 10

(a) log; 5. logs 27
log.s 410

3. If a, b and c are positive numbers other than 1, show that
log, a .log. b.log, c=1.

4. Evaluate the following logarithms without using a calculator;

‘ : sofl L ) log

(@) log, 4 (b) lg (m) (¢) log, 8

(d) log, 27 (e) log, GJ M log,\3
5. Evaluate the following expressions without using a calculator:

(a) log, 2 +log, 4 (b) log, 36 - log, 12

(c) log, 60 — log, 15 (d) log, 4 +log, 2 - log; 72

() log, 54 — 2 log, 3 () logs4+2logs3-2logs 6

6. Simplify and express each of the following as a single logarithm:
(a) log,8-2log, 4
(b) 2log,5-31log, 2+ log, 4

& 1 (3)-21 ()43 (3

@y 2lgxc+2)+1lg(x+1)-1Ig (" + 3x+ 2)

7. Evaluate the following:

‘ . y ol _Jog. 9 'y a
() log,Va (b) log, — © T (d) log a
8. Given that log, 3 = 0.477 and log, 5 = 0.699, evaluate the following:
(a) log, 15 (b) log, 345 (¢) log, 0.6
r 9 " .
@ L2 &) log, (50 O tog, (2)
og., 3a Sa
9. Given that log, 3 = @ and log, 5 = b, express the following in terms of @ and b:
(a) log, 45 (b) log, 20 (c) log, 75
(d) log, (0.6) (e) log, (0.75) (M log, (1.8)
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10. Given that Ig x = p and lg y = g, express the following in terms of p and g:

@ lg () b) lg [%) © lgJ10%y
@ 1l {%@J @ x 0 g o)

11. Find y in terms of x when

@ lgy=1+31gx ® lgo+D=2-1lgx

(€) 2log,y-4=31log, (x+2), (d) 3+]log, (x+y) = log, (x — 2y).
12, Iflog, (v + 1) =2 log, x + ¢ and y = 3 when x = 2, find y in terms of x.

13. Express each of the following as a single logarithm:

() 2+log,5 b)) 3-21g5 (¢) 3log,2-4+log, a
14. Express the following in the form In x = ax + » and find a and b.
() x=e" ! (b) xe" =246 (€) (xe")’ =30

3.6 Logarithmic Equations

An equation that contains a logarithm of a variable quantity is called a logarithmic
equation. Logarithmic equations can generally be solved using the following property.

For two logarithms of the same base,
log, M =log, N & M=N.

For example, log; (x+ 1) =log; 4 = x+1=4and so x = 3.

d‘? Solve the equation log, (x — 1) + log, (x — 4) = log, (2x — 6).

Solutions: log, (x — 1) + log, (x — 4) = log, (2x — 6)
log, (x — 1)(x — 4) = log, (2x — 6)
= (x-Dx-4=2x-6

X -35x+4=2x-6

X-Tx+10=0
(x -2)x-5)=0
x=2or5

We need to check whether each logarithm is defined for these
values of x.

When x =2, log, (x - 1) =log, |
log, (x — 4) = log, (-2), undefined
log, (2x — 6) = log, (-2), undefined
So x = 2 is rejected.
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When x =5, log, (x - 1) = log, 4
log, (x — 4) =log, |
log, (2v - 6) = log, 4
All the logarithms are defined.
for the logarithms to be defined, x = 5.

Solve the equation log, (x — 1) + log; (x + 3) — log; (x + 1) = 1.

log, (x = 1) + logy (x + 3) — log, (x + 1) = |

log, W =log, 3
(x = D(x+3) =3
X+ 1 -

(x—Dx+3)=3x+ 1)
C+2r-3=3x+3

X -x-6=0
(x=3)x+2)=0
x=3or-2

When x = 3, log, (x — 1) = log, 2
log, (x + 3) = log; 6
log, (x + 1) = log, 4
All the logarithms are defined.
When x = -2, log, (x — 1) = log, (-3), undefined
logy (x + 3) = log, |
logy (x + 1) = log, (1), undefined
So x = -2 is rejected.
for the logarithms to be defined, x = 3.

Solve the following equations:
(a) log; 2 + log, (x +4) =2 log, x
(b) 2 log, 8 —log,4=2

Solutiomn (a) log 2 + log, (x +4) = 2 log, x
logy 2(x + 4) = log, x~
= 2x+4)=x

Xr-2x-8=0
x-4)x+2)=0
x=4or -2

For the logarithms to be defined, x = 4.
Note: (1) x=-21s discarded as it causes fog, 4 1o be undefined.
(2) Had the original equation been
log, 2 + log, (x + 4) = log, x°,
then both x = 4 and x = -2 would be acceptable.
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(b) 2log, 8 —log, 4 =2
=7

log, 83~]og;,4— logpp
2 ,
log, 8 = log, p’
g 3 g p
p=16
p=4or-4

For the logarithms to be defined, p = 4.
Solve the equation logs x = 4 log, 5.

logs x =4 log, 5 (The bases are different.)
|

logs x =4 e
logs x . logs x =4
(log; ¥)" = 4
logsx=20r-2
r=50r5"
“ x=250r &

25

Exercise 3.6

For questions 1-10, solve for .
1. log:(x—1)=log: (dx - 7)

2. logs (x+2) +loga (x—2)=log; (2v - 1)

3 Ig 18+ lg(%x) g+ 1) =0

4. logix+logy(x+2)=1

5. 21g5-lgx+2)=1-1g(2x~ 1)

6. log:(x—2)+log: (8 ~x)—log: (x—5)=3
7. logy(x— 17 =2+ log: (x + 2)

8 loga(x+2)+log: (10-x)-3=0

9. 3log,2+log, 18=2

10. log,2 +log, (x—1)=0

11. Solve the equation
(@ 3lgx-1)=1g8, (b) Ig (20y) - lg (y-8)=2. (C)
12. Solve the simultaneous equations In (3x — ) =2 1n 6 - In 9 and ﬂ =g
-

13, Solve the simultaneous equations 3" = 927y, log: 7 — log: (11g - 2py = 1. (C)

14. By using the substitution v = log; x or otherwise, solve the equation
(a) log, x +2 =3 log, 3. (b) log, x' = (log, v)".
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15. Solve the following equations:
(1) log;x=9log 3 h) 4log,v-9log, 4=0
(¢) log,x=log, (x +6) (d) log; (5 -4x) =log z(2-x)

*16. If 2 log, x = 1 + log, (7x — 10a), find x in terms of a.
#17, Find x for which 27 x 3'# = ' * el

Y=g y=dcv >y
(index form) (logarithmic form)

(b) For log, y to be defined,

B y>0 and (i) a>0,a# 1
(c) Where the logarithms are defined,

log, 1 =0 log, xy = log, x + log, y

log, a = 1 log, [?] = log, x — log, y

log, b = S5 log, X' = r log, x

log, a

(d) When solving logarithmic equations, check the solution(s) with the original
equation and discard any solution that causes a logarithm to be undefined.

3. Solution of @' = b where ¢ # -1, 0, 1
- —[f-hecan-be-easily written-as-a"then-at=-a"—=>x =-n —
Otherwise, take logarithms on both sides, i.e. Ig ¢' = lg b and so x = lg—z

56 Indices, Sunds and Logarithms




3

Given that log, (x'v) = 8 and log, [ ) = 0, evaluate

(@) log, (xv), (b) log, [%]

It {: = 0, find the value of p, of ¥ and of y.

S()lut Lr log, (_rl.\:) =8 = log, o+ log, v =8

2 log, x +:108, ¥ =8 wunipnaisie L)

log, ()_rJ =6 = log, e log, x =6
' 2log, vy —10g, ¥ =0 i, (2)

Eliminate log, x by (1) + 2 x (2):
log, vy +4 1015;, vy =8+ 2(6)
5log, y =20
log, vy =4 ... rreeeeraeeeres (3)

Substitute (3) into (1):
2log, x+4 =28
108, % =2 Guisssomissiseisinss (4)

(a) log, (xy) = log, v + log, v

=2+4
=06
¥
(b) log, (?) = log, v — log, x
= 4
=2
If (i;] = 9, using the result of (Iy), we get:
log, 9 =
=] p = 9
p=3or-3

For the logarithms to be defined, p = 3.
Substitute p = 3 into (3) and (4);

log,y =4 = y=3"=81
and log, x =2 = x=3"=9

Miscellaneous Exercise 3= =

1. Given that y = 3(4)”' find, without using a calculator, the value of
(n) y when x = —0.5, (b) x when v = 6.

2. Given that v = ax” + 2 and that y = 5 when x = 2 and y = 29 when x = 4, find the
value of « and of 5.
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10.

Given that log, 2 = 0.631, use the substitution y = 3" to solve the following equations:
() 3+10=23""H h 9" +23H=3""_12

Find x such that
(a) 2e'=3-¢"' () ¢'Re"+1)=15

(n) Given that log; (x — 1) = 2, evaluate g x.
(b) Solve the equation Ig By +2) + 6 1g 2 =2 + lg (2v +1).
(c) Find the value of x which satisfies the equation e™ —e' - 6 = 0. (C)

(n) Given that 2'4" = 128 and that In (4x — y) = In 2 + In 5, calculate the value of
x and of y.

(b) Solve the equation
(i) Ilg(l-29)-2lgx=1-Ig(2- 5%,
(i) 3 =4\ (C)

(n) Iflog, & =2log, 6 + log, 10 - 3, find k.
(b) Solve the simultaneous equations 8 x 4' = 27!, 343 = 81,

Without using a calculator, solve the following equations:

@ (5°7Y) =025 (b) log, 27 = 1.5

(©) log, (3" =ux (d) log, (log, 9) =1

(®) log, xlog, x =12 n e *=e. g”

@ log, (x—2)=3-log, x+4) (h) 4"+ log, [;] =5

(i) log, ¥ —log, Qx+5)=2 (j) log, x=4log,?2

Solve the following equations: ;

(@) 3"'=8 (b) e =4 (©) log 5=3

(d) lg (Inx)=0.1 () 5'=¢""! (N InE*-5=2

Given that log, x = a and log, y = b, express 1’y and = as powers of 2. Given
¥

32 and £ = 0.5, find the value of « and of b.
7

further that x’y

i

Given that log; 2 = 0.631, evaluate log; 6, log, (2.25) and logﬁ 6.
Given that log, a = p, express log, (4a’) and log, Ja in terms of .

Given that log, v = p and log, v = ¢, express the following in terms of p and ¢:

(a) log, xy (b) !ng_l-'-r-
(©) log, 4y (dy »v 7

"'_ - - an
Given that In 2 = ¢ and In 5 = b, express In +10e in terms of ¢ and b. Find also
b2
the number x such that In x = 2—=2£_

. I, 3 5 Lol
Given that log, (xv°) = m and log, (v'y) = n, express log, 2 and log, |/xy in terms
of m and n. 2

(a) Solve the equation 2 lg 5 +1g (x+ ) =1+ g 2x + 7).

(b) A liquid cools from its original temperature of 90°C to a temperature 7' °C in
x minutes. Given that 7 = 90(0.98)", find the value of
(i) T when x = 10, (ii) v when T =27

(¢) Thecurves v=¢"""and v=¢' " meet at P. Find the coordinates of P.(C)
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17.

19.

(a)

(b)

(c)

(a)

(b)
(v)

(d)
(e)

(a)

(b)

The mass, m grams, of a radiouactive substance, present at time f days after
first being observed, is given by the formula m = 24¢™"™. Find
(i) the value of m where 1 = 30,
(ii) the value of 1 when the mass is hall of its value at ¢ = 0.
Solve the equation Ig (20 + 5x) — g (10 — x) = L.
Given that x = lg a is a solution of the equation 107 *" —7(10%) = 26, find the
value of a. (C)
Use a spreadsheet program such as Microsoft Excel to complete the following
table:

| =

x y=3+e

20

What is the value that y approaches as .x becomes very large? Does v approach
any value when x is very small?

Repeat (a) withy =35+ 2eand y =4 + ™.

If v=13 + 2e", does y approach any value as x becomes very large? Does y
approach any value as v becomes very small?

State the value that v = 5 — e’ approaches as x becomes very small.

If v=a+ be™, how do the values of ¢, b and ¢ affect the value of y as x becomes
(i) very large? (i) very small?

An object is heated in an oven until it reaches a temperature of X degrees
Celsius. It is then allowed to cool. Its temperature, 8 degrees Celsius, when rit
has been cooling for time 7 minutes, is given by the equation 8= 18 + 62e *.
Find

(i) the value of X,

(ii) the value of @ when r = 16,

(iii) the value of + when 8 = 48,

State the value which 6 approaches as f becomes very large.

Solve the equation

B lgx+lg[5x+ 1)]=2, (ii) 3"*'=045. (C)
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P

20. The equation 277" — 277" = 9(2") — 2 has a solution v = 1. Find

(a2)

21. (a)
(b)

22, (a)
(b)

#23. (a)
(b)
24, (a)

(b)

*25. (a)

(b)

*26. (a)
(b)

7. (n)

o

(b)

== (a)
(d)

the value of p, (b) the other solution of the equation.

Solve the following equations:
(i) log, - (2" = 10x + 13) = I (i) 2 log, 5 - log, 10 + log, 40 = 4
Given that lg (xy) =2 =3 lg vy — lg x + lg 4, express v in terms of x,

Find the positive values of x for which 9x* + 4x ' = 37,
If'lg 2 = m, express log, 5 in terms of m.
Solve the equation lg (3* - 2" ") =2 + -: lg 8 - -ll"‘ lg 16.
Without using a calculator, evaluate (Ig 5)° + lg 2 lg 50.
Given that p" = 16p, express log, p in terms of n.
I I

. . ¥ bibar A 2x

Without using a calculator, solve 4' — 3 2 =3 2 2% 1

Given thatIn y = 2 In (x — 1) + ¢ and that y = 20 when x = 3, lind the value
of x when v = 45,

Giventhata > b > | and 2 log, b + 4 log, ¢ = 9, find b in terms of a.
Solve for x in terms of a given that log, 5 + 2 = log, (x + a) + log, (x — 3a).
Find the exact value of x if (3x)® " = (dx)**.

The result “lg xy = Ig x + lg ¥ is not always true! Give a pair of values of

x and y such that the result will not hold. (Hins: Notice that, under 2(c¢) in the

‘Important Notes’, we state the result with a certain qualification!)
Similarly, give values of x, y and r such that the following results fail:
» X e 3
(i 1g [—]= lgx—lIgy (i) lgx=rlgx

S

Are the following results true for any real value of a, m and n? If not, give a
counter example (i.e. give values of a, m and n which cause the result to fail).
i m'=n" = m=n (ii) a"=da" = m=n

l}.ES. Use a graph plotter to plot the graph of
: y = 10, by v=c¢, () y=2,
v=lgu, (e} v=1Inux, (I v=log, x

Note the shapes of the graphs in (a) to (¢) and (d) to (I). Do you notice any
relationship between the graphs of (a) and (d), (b) and (e)?

(We shall examine the graphs of exponential and logarithmic functions and their
relationship more closely in Chapter 19.)
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ic Expressions

uations

4.1 Maximum/Minimmum Value of a
Quadratic Expression

A quadratic expression such as 2v* — 8v + 11 or —4x” + 12x — 9 has either a minimum
or 4 maximum value. In this section, we shall learn how to find this extreme value for

any quadratic expression.
y = _‘[:\ 4

1 -

¥

First, let us consider the simplest case y = x". t

a2 =

Observe that the graph is symmetrical about the y-uxis and that the least value, 0, of ¥
occurs when x = (. Hence:

y =x* = 0 for all real values of x

That is, the square of a real number is non-negative.

State the minimum value of x* + 3 and the corresponding value of
x. Hence sketch the graph of v = x* + 3.

m For all real x, X =0 y=x+3

= Yr+3=3
» the minimum value is 3 when x = (.
So, the graph of v = ¥ + 3 has
minimum point (0, 3) as shown in

I —_— L L G —————————————

Note: Do you know why we need
to give the coordinates of
another point (I, 4)?

Example 1=
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Let us now consider the completed square form, a(x - )’ + k. The cxpression
2(x - ") + 3 is of the form a(x — h}' + k, where a = 2, h =2 and £ = 3. Since
2x = 2) + 3 =2~ 8x + 11, 2(x — 2y + 3 is a quadratic expression.

Consider the curve v = 2(x — 2)* + 3 as shown below.

Note that

0 a=0w@=2)

() y-3=2x-2=0 = y=3undso the minimum value of v is 3 and this
minimum value occurs when the squared term (v — 2)° = 0, i.e. when x = 2. _
Hence the curve has a minimum turning point at (2, 3).

(¢) the curve is a parabola symmetrical about the vertical line through the turning
point, i.e. x = 2.

y=2x-2y +3

a>{)

O 1 2 3 4
Next, consider the curve y = 6 — 2(x + 1), where a = -2, h = -1 and k = 6, as shown
below.,
Note that
(@) a<0 (a=-2)
M) vy-6=-2+ 1)Y= = = 6 and so the maximum value of y is 6. This

maximum value occurs whcn lhc squared term (x + 1)* = 0, i.e. when x = —1.
Hence the curve has a maximum turning point at (-1, 6).
(¢) the curve is symmetrical about the line x = —1.

a<()
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In general, the curve y = a(x - &)’ + k is a parabola of one of the
following types.

¥ v
3

(fi, k)

4
al’+ k\

y=a(x—h¥ +k v=a(x—h)y +k

1> 0 3 a<()
= ah + k

x=h
(h, k) /

0 lo

Nate that the squared term (x - h)’ =0 = x = h and y = k. Hence the turning
point is at (&, k).

(2) When a > 0, (i, k) is a minimum point and & is the minimum value of y.
(b) Whena < 0, (1, k) is a maximum peint and & is the maximum value of y.
(£) The curve is symmetrical about the line x = A

State the minimum value of 2(x — 1) + 5 and the corresponding
value of x. Hence sketch the curve y = 2(x - 1)* + 5, indicating the
coordinates of the turning point and the y-intercept.

w For 2(x — 1)" + 5, the minimum value is 5 and it occurs when
x=1
Since @ = 2 > (), the turning point (1, 5) is & minimum point.
The curve cuts the y-axis at x =0, v = 7.
The curve is sketched as shown in the diagram.

Note: (1) The y-intercept (when v = 0) is used in sketching a

curve.
(2) The parabola is symmetrical bl
about the vertical line 1 = PAES
through the turning point, 7\ Sl
ie x= 1,
| : 1. 5)
- 24 xr=1
Lt g
of 1
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Recall that (,r + %J =X +nx+ (fi) Hence:

2

halve  square
== — /2’”“\
x‘+ux=:[x+'—2’} =1

2

)

=

We may use the above result to complete the square and express ax’ + bx + ¢ in the
form a(x — hy + k.

halve square
20 + 120 + 8 = 2[x% + 6x] + 8=2[(x + 3>~ 3°] + 8

=2x+3 - 18+ 8
=2(v+3)Y - 10

For example,

Express v = —4x" + 12 — 9 as v = a(x — )’ + k. Hence state the
maximum value of y and the corresponding value of x. Sketch the
curve v = —4v + 12¢ - 9,

_ |
= 4fx-3

I
I
1
-
[
o | Ll

i.e. when x = %
¥
the curve has a maximum point (2, 0l
it !
3 = &=\
at (;, 0) o .z.\
- 2 &\
At the y-axis, v =0 = y=-9, \
i i o
The curve is sketched as shown in g x
" R — - | N— ol
E— - ihe diagram, T=y 1%
- }
=1
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By completing the square, sketch the graph of y = 2" + 4x - 16,
indicating the coordinates of the turning point and the x-intercepts.

-; V=R 42 - 16 =2+ 1P = 1} = 16 = 2(x + 1) = 18

Since a = 2 > 0, the curve has a minimum point at (-1, —=18).
At the y-axis, y =0 = y=-16.
At the x-axis, y =0 = 2+ 1) -~ 18=0

(x4 1) = 2
x4+ 1 =23
x =-4,2

The curve is sketched as shown.

s

\ e /)’=1r1+4.r—lﬁ
i

-4 -1 10 2

-16
{—l.—18)=

In Example 4, we could have factorised the quadratic expression as follows:
yv=2¢ + 4y - 16
=2(x* + 2v - 8)
=2(x + 4)x - 2)

This readily yields the x-intercepts —4 and 2, and the line of symmetry

P

X

Hence in the case when ax’ + bx + ¢ can be easily factorised to
a(x — o )(x — f3), the graph of y = a(x — a)(x - ) can be sketched using the
x-intercepts « and 3 as follows: :

Bz ¥
et 4 a<l)

ol [
al”
flis= <-—-——-

=

.QE PN
D
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Sketch, on separate diagrams, the curve
(@) y=2x(x - 2), (b) y = (x+ 2)(6 — x).

(a) Forthecurve y =2x(x - 2),y=0 = x=0o0rx=2,
So, the x-intercepts are 0 and 2.
The coefficient of x* is 2 (positive)

0+2

= the curve has a minimum point at x = == =1,
y=-2
the minimum point is (1, -2).
The curve is sketched as follows:
¥
=] y=2x(x-2)
=
0 I 2
=
= (1,-2)

(b) Similarly fory =(x+ 2)(6 -1}, v=0 = x=-2o0rx=6.
So, the x-intercepts are -2 and 6.
The coefficient of x* is —1 (negative)

= the curve has a maximum point at x = £2L88 = o
y = 16.
the maximum point is (2, 16).

The curve is sketched as follows:

(2, 16)

y={+2)6-x)
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9.

10.
11.

Use a graph plotter to explore how the graph of y = a(x — )’ + k is affected by
varying the value of

() a, (b) 5n, (¢) £

In each of the following, state the minimum or maximum value of y and the
corresponding value of x. Hence sketch the curve, indicating the y-intercept.

(@) v=20r-37+1 (b) y=4-(x-2)
(€) y=4x"+2 d) y=@+17-5
(€) y=1-(@+3) M y=9-(2x— Iy

State the minimum value of 3(x + 2)” and the corresponding value of x. Sketch the
curve v = 3(x + 2) for -3 = x =0,

LY - T
Express 3 + 9x — & in the form ¢ — (x + r)", where ¢ and r are constants. Hence
(a) state its extreme value and the value of x when this occurs,
(b) sketch the curve vy =3 + 9x — x~.

Given that 4x* — 16x + 15 = a(x — p)* + ¢ for all values of x, find the values of the
constants a, p and ¢. Hence state the coordinates of the minimum point of the curve
y =4y — 16y + 15.

Find the least value of 2¢" — 4v + 3 and the corresponding value of x.

Given that the greatest value of k + 8x — 2¢* is 9, find the value of the constant &
and sketch the curve vy = &k + By — v,

By finding the minimum value of 26" ~ 3x + 2, show that 2v" — 3x + 2 is always
positive.

Find the equation of the quadratic curve with a turning point at (-2, 3) and which
passes through (-1, 5).

By completing the square, prove that 12x - 8 — 3x? can never be greater than 4.

Find the x- and y-intercepts and hence sketch, on separate diagrams, the following
curves. State also the coordinates of the maximum or minimum point.

(1) y=x(x+4) (b) v=(x+4)3-x)
(¢c) yv=(x+ D=7 (d) v=06x- X
(¢) y= 2 —x =3 rn v= X —5v-6

(a) For each of the curves in question 11, without any further calculation, write
down its equation in completed-square form.

(b) Prove that a(x — o)(x — B) can always be expressed as a(x — i1)” + &, stating
I and & in terms of a and f.

(¢) Cana(x — )" + k be expressed as a(x — a)(x — f3)?

Sketch v = (x - a)(x + 3a) for a = 0. Hence sketch the graph of v =x" + 2ax - 3a” + 1
and state the coordinates of its turning point in terms of a.

A quadratic curve cuts the v-axis at —10 and the x-axis at 1 and &, where k& > 1. Its
maximum point occurs at x = 3. State the value of & and find the equation of the
curve,
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B2

15, At a food cum fun fair, Lester plays a game in which he has to throw a marble into

= a hole of diameter (.14 m and whose centre is at a distance of 2 m away. Taking
into consideration his height and that the marble’s path is a parabola, we can model
the situation as shown in the diagram.

.\‘
4
‘T a possible
N path ol the
0.4 % marhle
\\‘F)
OoF—— N e |
1.93 207

Use a graph plotter to find a possible equation for the parabola which starts at
(0, 0.4) and passes through the hole on the x-axis. Can you find one such equation
for Lester within 3 tries?

In the above model we had assumed that the diameter of the marble was
inconsequential. What if Lester has to throw a ball of diameter 0.08 m instead?
Would your earlier answer still hold good? If not, find a possible equation of the
parabola in this case.

16. Someone challenged Jack to show that:

if ax* + by + ¢ =0, then x =
i

() Jack knew he had to complete the square but he could not get the desired
result. The first four lines of his attempt are:

av’ +bx+c =0

Xt =X =
a 1t

—_—

-

+
2|z
\-_-{)

I
Pt 3

| =
| S—

e

€l il

Can you spot his mistake? Correct it and complete the proof for Jack.

(b)  Actually, the result in (1) was not stated correctly and a condition was missing.
Had Jack known what it was, he would have a triumphant victory over his
challenger! Can you figure out what was missing?

*17. Given that y = kv* — 4x + 3k, express v in the form a(x -p) + ¢, where a, p and
g are in terms of k. Hence find the value of £ if the maximum value of y is 4.
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4.2 Roots of a Quadratic Equation

In Example 5, we saw that the x-intercepts of the curves are found by solving their
respective quadratic equations

29x = 2) =0 and (x4 2)(6 - x) = (.

For the curve v = ¥ — 2v — 1, the roots or solutions of the quadratic equation can be
found using the quadratic formula (see Exercise 4.1 Question 16).

e .
b+ b dac a D

ax* +bx+c=0 = x= - .
a

Notice that the formula involves the expression vb® — 4ac . This expression may or
may not give a real value. In the next two examples, take note of the expression

Vb* — dac and observe the relationship between the value of b* ~ 4ac and the nature of
the roots of the quadratic equation.

Solve the equation x* — 2v — | = (. Hence sketch the curve
y =" — 2x¢ — |, indicating the x-intercepts clearly.

When we compare ¥° — 2x — 1 = 0 with ax* + bx + ¢ = 0,
we havea =1, b=-2 and ¢ = 1.
So, I — dac = (-2)" — 4(1)-1) = 8.

By the quadratic formula,

—b+ b — dac

2a

_ 2448
= 224

F-2x—-1=0 = x=

=12

Hence the x-intercepts are 1 — V2 and 1442,
a =1 > (0 and so the curve has a minimum point at

1) (1)

— e e e —
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. the minimum point is (I, =2) and the curve is sketched as
follows:

1-02 0 1 143

(1,-2)

Note: b* —4ac =8 > 0 and the equation ¥’ = 2x — 1 = 0 has 2
distinct real roots.

Find the roots of the following equations:
(@) ¥ +dr+4=0 () 26 —x+1=0

(a) Herea=1,b=4 and ¢ = 4,

Then, b= dac =4 — 1))
=10
% 5 -'4:: 0
W *4: - ~41- 0

The two roots are equal to -2,

(h) Herea =2.b=-1and ¢ = 1. Then, b" — dac = 7.

But the value 1,“;2 —dae = /=7 is not a real number. In this

case, the equation has no real root.

Note: Recall that ¥° = 0 for real x.
Hence [\/j)“ =-7#0 = -7 is not real.

Examples 6 and 7 show that there are three possible cases for the solution of the
equation ax’ + bx + ¢ = 0, (a = 0).

(a) b* —dac >0 < the roots are real and distinct
(b) b* —dac =0 < the roots are real and equal
il ) b —dac < ) . the roots are not real .
From (a) and (b), we conclude that
b* —4dac = 0 < the roots are real.
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The value »° - 4ac is called the discriminant of the quadratic expression ax + by + ¢,
(a #0), as it allows us to discriminate among the possible types of roots. It also tells us
the position of the curve y = ax™ + bx + ¢ relative to the x-axis as summarised in the following:

(n) bz ~ dac > 0: ¥ v
Two distinet real roots 4 r a0
= two x-intercepts \ / \
\u B = o ===
0 a>10 = /0 \ =
(b) b - dac = 0: y y

Equal real roots

“ a<0 :
= only one x-intercept 0 =
and the r-axis is a e ﬂ =\
tangent to the =

0

parabola

(c) b* —dac < O: y v
No real roots
= no x-intercept and 0| a<0
y=ax’ + bx + ¢ is 2
either always positive a>0
or always negative 0

Find the values of p for which px’ = 2x — p, where p # 0, has equal
real roots.

pi=2x-p = p-2x+p=0
Here a = p, b= -2 and ¢ = p.
For equal real roots, b* — dac = 0

8. (=2)" = 4(p)(p) = 0
p =1
swp=1lor-1

The quadratic equation x° + 2kx + (k — 1)(k — 3) = 0 has no real
roots. Find the range of values of .

Herea=1,b =2k and ¢ = (k - 1)(k - 3).
Since the roots are not real, b° — dac <0

i.c. 2k — Dk - Dk - 3) <O
A -4k -4k +3) <0

16k < 12

k < %
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M.U Show that the roots of the equation x* — 2x + 2 = p are real and

distinet it p = 1.

w -2t +2=p = F¥-2+2-p=0

Herea=1,b=-2and c =2 - p.
Now b ~ dac = (-2)" = 4(1)(2 — p)
=4p -4
=4(p -1 .
Ifp > 1, then p—1 > 0and so b~ dac > 0.
the roots of the equation are real and distinet if p > 1.

Show that the roots of the equation x* + (1 — p)x — p = 0 are real
for all real values of p.

Herea=1,b=1~-pand ¢ =-p.
We need to show that b — dac = 0.
Now, b’ — dac = (1 - p): — 41)-p)
=p +2p+ 1
=(p+1)
Since p is real, (p + 1) = 0 and so b’ - dac = 0.
Hence the roots are real for all real values of p (p € R).

Intersection Problems Leading to Quadratic
Equations
Consider the line and the curve whose respective equations are:

v=2v+ 1

v=x" 4 6x + k

The following diagrams show the three possible cases with regard to their intersection:

v ¥ n
A 4 3

Fig. {a) Fig. () Fig. (¢)
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In order to know which values of & will correspond to which case, we solve the equations
simultaneously:
Aot k=20 + |
Varde+ (k-1 =0

Notice that whether the line intersects the curve or not depends on the roots and hence
the discriminant of the quadratic equation as follows:

Diagram | Discriminant | Nature of Roots Points of Intersection
Fig. (a) =) 2 distinct real roots 2 points
Fig. (b) =) 2 equal real roots | | point; line is a tangent to the curve
Fig. (¢) <0 no real roots none

Hence in Fig. (c), for the line not to intersect the curve,
b —dac < 0
£ - HDk-1<0
16 -4k +4 <0
k>35
Can you find & for the other two cases?

If the line y = mx — 8 meets the curve v = x° — 5x + i1, show that
m' + 6m -7 = 0.

By solving the two equations, we get:
¥ =5v+m=mx-8
X =G5 +mx+m+8=0

For the line to meet the curve, this quadratic equation must have
real roots.
So, D —dac =0
G+my—4m+8 =0
25+ 10m+m* —4m 32 =0
m o+ 6m—-7 =10

How do we find m from m’ + 6m — 7 = 0? This enquiry leads us into the next section
on solving quadratic inequalities.

Exercise 4.2

1. Use the discriminant to determine the nature of the roots of the following quadratic

equations, When the roots are real, find these roots: ,
(@) ¥ -2x-5=0 (h) 4 +4x+1=0 () 3’ =8r+3
(d) x(I -30)=2 &) 2v-Dx+1)=2 1 2x(x-3)=3-4x

2. The equation x* + k = 6x has two distinct real roots. Find the range of values of k.
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»

9.
10,

11.

12,

13.

14.

15.

16.

17.

18.

19,

If the equation 2x(p — x) = 3 has real and equal roots, find the exact values of p.

Find the value(s) or range of values of p for which the equation
(a) ;1.\'3 — 6x + p = 0 has equal real roots,

(b) 22 —4r+3= p has real roots,

() 3% =2v+ p— | has distinct real roots,

(d) plx+ I)x - 3) =x—4p - 2 has no real roots.

Find the range of values of m such that the roots of the equation n + 2 = x(x + 3)
are not real.

What is the least value & can take if the roots of the equation x* — 2kx + k" =3 + x
are real?

Find the range of values of & for which the roots of the equation
" el " - - .

X+ (2k + Dx + & — 3 = 0 are not real. State the range of values of & for which the

roots are real,

Find the range of values of & for which the equation x* — 2kx + &” — 2k = 6 has real
roots. Find the roots in terms of .

=] . 4 T ]
Show that the roots of the equation 2x~ + p = 2(x — 1) are not real if p > - <.

Given that the equation px* + 3px + p + ¢ = 0, where p # 0, has two equal real
roots, find ¢ in terms ol p.

The equation x(x — 2) + &% = k(2x — 1) is satisfied by two distinct real values of x.
Find the range of values of &,

Show that px* — 4v + p = 2px — 3+ — | has real root(s) for all real values of p.

Show that the solutions of the equation x* + kv = 3 — k are real for all real values
of k.

Given that x(x - 2) = ¢ - 2, find x in terms of ¢. Hence deduce the range of values of
t for x to be real.

il - . . .
The curve y = 3x° — 2x + ¢ — | cuts the x-axis at 2 points. Find the range of values
of ¢

Find the values of p for which the x-axis is a tangent to the curve
v =1x"+ px - p+ 3. For each of these values, find the coordinates of the point of
tangency.

(a) Find the value of p for which the equation (1 — 2p)x* + 8px — (2 + 8p) = 0 has
two equal roots.

(b) Show that the line x + v = ¢ will intersect the curve ¥ — 2x + 2y* = 3 in two
distinet points if ¢° < 2¢g + 5. (C)

Find the value of ¢ such that the straight line whose equation is y = 2x + ¢ is tangential
to the curve with equation y = 3x° — 6x + 5.

Find m if the line v = 2x — dpr’ intersects the eneve v = ©* — dmxe + 9 in
(a) 2 distinct points,

(b) 1 point.

(¢} no point at all,
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20. If the line y + 2x = p does not intersect the curve y* = x + p, find the range of values
of p.

21. For what range of values of ¢ does the line y = cx + 4 cut the curve 5¢° — xy =2 at
2 points?

22. Show that the line y = 2my — | intersects the curve y = mx” — x + m for all non-zero
values of .

23, If the curve y = kx(x + 2) meets the line y = x — &, find the range of values of £.
State the value of & for which the line is a tangent.

4.3 solving Quadratic Inequalities

An inequality with a quadratic expression in one variable on one side and zero on the
other, is called a quadratic inequality in one variable. For example,

(v=Dx-4) <0

is a quadratic inequality in x. The range of values of x which satisfies this inequality can
be found from the quadratic curve y = (x — 1)(x — 4) as follows:

For (x — I)(x — 4) < 0 (i.e. y is negative), we ﬂ'
choose the interval for which the curve is below v=(x— Dx-4)
the x-axis.

G-Dar-dH<0 = 1l<x<d * +

v=0 vy

Similarly, if (x — 1)(x = 4) = 0 (i.e. v is positive),

we choose the interval where the curve is above

the v-axis. 0
(x-1x-4>0 = x<lorx=>4 -

y<l

4=

Find the range of values of x for which 2" < 5x + 3.

28 -5y -3 <0 A
v+ Dx-3)<0

y=(2x+ 1) -3}

From the graph, we see

that: -—% il e,

|
b —
<
I
w
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9,

10.

11.

¥12

.

[ -L  Find the set of values of m for which the equation
2¢ — mx + 2 = 0 has real roots.

Here a =2, b= —m and ¢ = 2. 4 ey
For real roots, b* — dac = 0 \
i.e. (—m)* — 41(2)(2} = () $E //+
m - 16 = () } :
m -4 =0 T 777 W
m-Hn +4) =0 =T

From the curve y = (m — 4)(m + 4), we require y = 0 and so the
solution set is {m:m = -4 orm = 4, m € R}.

Note:  Give your answer in set notation when the question
requires you to find the set of values.

Find the solution set of each of the following quadratic inequalities.

() +*>9 (b) x(x-2) <3

(©) ¥Y+5r-6<0 (d) 2¢¥ - 7x+3 =0

(@) ¥ >dy+ 12 () 4xx+1)=3

(g (1-x)=17-2 M) x+2Dx+3)=x+6
(D (x—-DGx+4) =2 -1) () (v +2)Y < x4 -x)+40

Find the set of values of x for which 2x" — 4x — 3 is greater than .

Sketch the curve y = v — 4x - 6, indicating the exact values of the y-intercepts. Hence
solve the inequality x(x — 4) > 6.

There is no real value of x for which mx’ + 8x + m = 6. Find m.

The equation 24 + 4x + 2 = p(x + 3) has two distinct real roots. Find the ringe of
vilues of p.

If the equation (p + 2)° — 12x + 2(p — 1) = 0 has real and distinct roots, find the
set of values of p.

Find the set of values of m for the equation 2" + 4x + 2 4+ m(x + 2) = 0 to have real
roots.

The roots of the equation 3kv* + (k — 5)x = 5x° + 2 are not real. Find the set of values
of k.

If the equation px* — p + 10 = 2(p + 2)x has real solution(s), show that p cannot lie
between | and 2.

Given that the line y = ¢ — 3x does not intersect the curve xv = 3, find the range of
vilues ol c. (C)
The curve * — vy + 17 = 1 cuts the line 2x — v = & in two distinet points. Find the set
of values of &,

The curve y = (k — 6)x° — 8x + k cuts the v-axis at two points and has a minimum
point. Find the range of values of .
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*13. Given that y = 2¢° + px + 16 and that y < 0 only when 2 < x < £k, find the value of
pand of k.

*14, The equation mi? — (m o+ mx + n =0 has two equal real roots. Show that
n* + 20m = 20 + m* = 0. 1f n s real, find the range of values of m.

Important Notes

2. Types of roots of ax’ + bx + ¢ = 0, (?T- 20)

I 1
b’ —dac =0 b —dac <0
(real roots) (no real roots)
= | |
b’ —4ac >0 B ~4ac =0
(distinct real roots) (equal, coincident or)
repeated real roots
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e meets curve

line is a tangent to the curve)

line does not meet curve

4. A quadratic inequality may be solved using the corresponding quadratic

curve.
y=x-ajx—-f)

- -pH<0 = a<x<§p
x-x-p)>0 = x<oaorx>p

—_—

G

Find the set of values of m for which the line y = mx — | does not
intersect the curve y = x* — 2x + 3. State also the values of m for

which this line is a tangent to the curve.

= |
bolutil We solve simultaneously the equations:
(1

T
B il e (2)

Equalmg (1) and (2) gives:
F=2r+3=mx-1

G K T S ) R, (3)

Since there is no intersection, this equation has no real roots.

i.e: b’ —4ac < 0

(2 +m)] -4 <0 N
d44m+m 16 <0 3

mt+dm -12 <0
(m+ 6)(m -2y <0
—— - — R — R B | e

y={(m+0)m-2}

the solution set is -6 - o

{m: -6 <m < 2, me R}
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For the line to be a tangent, equation (3) must have equal real
roots and 5o,
b* —dac =0
ie. (m+6)(m-2)=0
m =6 or 2

W_{ ¢, Find the minimum value of x* + 4x + 5 and the corresponding

vilue of x,
Sketch the curve y = ¥* + 4x + 5. Hence or otherwise, find the set
of values of & for which ¥’ + 4v + 5 = & has two distinct real roots.

F+dr+S5=(x+2)-2"+35 )

=(x+2)7+ 1]
the minimum value is 1 5
when v = -2, i

The curve is sketched as shown.

) o

The roots of x* + 4x + 5 = k are given by the x-coordinates of the
points of intersection of the graphs of y = ¥’ + 4v + 5 and y = k.
For the equation to have two distinct real roots, the line vy = & must
be above the minimum point (-2, 1) and so the solution set is
{k:k>1,ke R}

Note:  Otherwise, we have LHrdc+S5=k
Y4+d+5-k=0
For this equation to have 2 distinct real roots,
#-4)5-k>0
k=1

Examp}' Find the smallest integer p such that x* — 2x + p is always greater
o than 3.

m_ - For v* = 2v + p > 3, ie. X' = 2v + p — 3 = 0 for all real values

of x, the curve y = x" — 2x + p — 3 must lie above the x-axis.

Soa > 0and b’ - dac < 0. ¥ = a2y =3
Now a > (} is satisfied as a = 1. A y=x=2v+y
While b —dac <0

= (L2Y A~ 3) < 0
4-dp+12 <0

p =4 - ¥

O

the smallest integer p is 5.

Quadratic Expressions and Equations 79




[laneous EXCreise

1. Sketch the following graphs, clearly labelling all intercepts.
(@ y=x-3)}5-% (b) y=3x+5
(€) y=-2¢+4x-3 (d) y=x-5x-6

™

Find tlu., range of values of p for which the equation
(0) xX*+3=2x+ p has real roots,
(b) 2x + "xﬁ +p= p(r + 2) has distinct real roots.

3. Find the range of values of x for which
() 1+ 006 -x) = -8, b)) 2x(x+2) < (x+ D(x+3).

4. Giventhat y =5+ px — X =9 — (x + q)’, where g > 0, for all values of x,
(a) calculate the values of the constants p and g,
(b) state the maximum value of y and the value of x at which it occurs,
(¢) find the set of values of x for which y is negative.

(a) State the coordinates of the minimum point of the curve y = 2(x — 1)’ + 3 and
sketch the curve. Find the value of ¢ for which the line y = 2x + ¢ is a tangent
to the curve.

(b) Find the largest negative integer p for the equation 4x° + 8 = px to have real
roots.

wn

6. (a) Find the values of ¢ for which the equation 4% —(c + 2)x + ¢ = 1 has equal

roots.
(b) Find the range of values of & for which the curve y = 16 intersects the straight
line y = k& — x at two distinct points. % (C)

7. (a) Find the set of values of x for which x(2x - 1) > 3
(b) The line y = 2k — x does not intersect the curve y = (x — 1)* + k. Find the range
of values of k.

8. (a) Calculate the smallest positive integer k for which the equation
2% + 2kx + 7 = 0 has two distinct real roots.
(b) Given that 3px* — 7qx + 3p = 0 has equal roots and p and g are positive, find
the ratio p : ¢ and solve the equation.

9. (a) Find the range of values of p for which the graph of y = P ¥ + 8x + p — 6 crosses
the x-axis. Sta[e also the values ofp for which the x-axis is a tangent to the curve.

(b) Express y = —{(1 +5) + (x = 7)) in the form y = (x + ¢)° + r. Hence find
the least value of y and the corresponding value of x. (C)

10. (a) The quadratic equation 2px* + 4(p + ¢)x + 2(p + r) = 0 has equal roots. Express
p in terms of g and r.
(b) Find the set of values of k for which the equation (2 - k)X + 3kx — 4k = 2 has
real root(s).
11. (a) Find the solution set of the inequality x* + 2 = (2x — D{x + 2).
{(b)  Show that the roots of the equation «* = (2p = Dx+ p* + 1= p are not real for
all values of p.
(¢) Given that the line v = mx + 3 meets the curve 2xv - 2v = 1, find the range
of values of m.
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14,

15,

16.

17.

18.

#19,
20.

(a) Find the range of values of k for which the graph of y = —x* + 2(k - 3)x - 25
lies entirely below the x-axis.

(b) Sketch the curve y = (x — 3)(x + 1).
Hence, or otherwise, find the value of p if (x — 3)(x + 1) = p has equal real
roots and state the value of these roots.

If xis real and (x + 1) = k(x + 2), show that & cannot lie between —4 and 0.

(a) Ifpisreal and p = —1, show that the equation (p + Dx™+ 2p + 1y + p =0 has
two real roots. What can we conclude about the equation if p = -1?
(b) Solve forxifx -3 < y(x - 3) = 4.

(n) Given that the curve whose equation is y = p — (x — ¢)° crosses the x-axis at the
points (—1, 0) and (5, 0). find the maximum value of v.

(b) The line (& — 2)y = 3x meets the curve xy = | — x at two distinct points. Find
the set of values of k. State also the values of 4 if the line is a tangent to the
curve,

Find the minimum value of 2¢° + 3x + 4 and the corresponding value of x. Sketch
the curve y = 2x° + 3x + 4. Hence or otherwise, find the range of values of & for
which 2v* + 3x + 4 = £ for all real values of x.

{a) Calculate the range of values of x for which x* + 4x — 5 > 5x — 3,
(b) Calculate the range of values of ¢ for which 3x” - 9x + ¢ = 2.25 for all values
of x. (C)

(a) Find the range of values of & for which 8 - 3x — x* = & for all real values of x.
(b) Find the range of values of m for which the line v = nix + | does not intersect
the curve v~ = 8. (C)

Find the range of values of k if & + 8x = 6 — k for all real values of x.

Given that the equation ax® + bx + ¢ = 0 has real roots, show that the roots of the
following equations are also real.

(@ e -bx+a=0

(b) ax’ + mbx + n'c = 0, where m is a constant

Sketch the curve y = 2x* — 4x + 1. indicating the coordinates of the turning point
and the exact values of the x-intercepts. Hence find

() the set of values of x for which 2¢" + | = 4x,

(b) the range of values of p if 2¢" — 4x + 1 + p = 0 has no real roots.

Show that the line y = 5x — 4 is a tangent to the curve v = v + x. Find also the
condition for v = mx — ¢ to be a tangent to the curve.

A quadratic curve is symmetrical about the line x = 3 and passes through the points
(2. 13) and (-1, -2). Find its equation and sketch this curve.

What values of m make the expression (2m — 1)x* — 4(m — 2)x + (m — 1) a perfect
square?

Ihe curves v = (x —a)” + b and y = (x — ¢)” + d do not intersect. With the help of a
graph plotter, compare their graphs and find what relationships exist between any
or all of a, b, ¢ and .
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26. For each of the following pairs of quadratic curves, where a # 0, are there any
relationships between their turning points, their intercepts with the axes and their
shapes?

With a graph plotter, investigate these relationships for

(@) v=ax + by +cand y = av’ — bx + ¢ by varying the value of b,

(b) y=ax +bx +cand y = —ax’ + by + ¢ by varying the value of «,

(¢) v=ax +by+cand y = —ax’ + bx — ¢ by varying the values of ¢ and c.
In the above investigation, we have only induced results from certain values of a,
b and ¢. How can we prove that our results will hold for any values of these
constants?

A
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5..1 Polynomial Identities

We have come across algebraic expressions such as 3x* — 5x + 2 and 3x - 5.
They are called polynomials, a word derived from Greek and literally means ‘many

terms’. A polynomial in the variable x is therefore a sum of terms, each of the form ax”,
where « is a constant and the power n, a non-negative integer.

More examples of polynomials are 8+° — & + 3x + 4 and 5% - %x + 1.

ST

Are ¥’ — 247 + 6 and x* + % — 2 polynomials? No, they are not because the former
|
contains x*, a fractional power of x, whereas the latter contains 4 (=x7"), anegative power
X
of .

In the term ax”, a is called the coefficient of x". For example, the polynomial
+' — 20" + 3 can be written as 1x’ — 247 + Ox + 3%,

Hence, coefficient of &% = 1
coefficient of x* = —
coefficient of x = 0,
coefficient of x” = 3. (This is the constant term.)

2,

The degree of a polynomial in x is the highest power of x. For example, the degree of
A+ 2xis 3, 2x + 8 is | and that of the constant § (= 5x") is 0.

Consider the polynomials x* + 2x and 4x + 3.
Now, x* 4+ 2v = 4x + 3 holds only for x = 1 and x = 3.
Thus, ¥ + 2x = 4x + 3 is an equation whose solutions are —1 and 3.

Consider the polynomials &* — 4 and (x — 2)(x + 2). They are identical, that is, they are
the same though expressed differently.

SO X" — 4 = (x — 2)(x + 2) is true {0 all VAIUES OF X covvereeereeeeres oo saesaes (1)
The equality (1) is called an identity, and may be written as

¥4 =(x-2)(x+2).
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Many formulae are actually identities. For example,
(@-b) =da -2ab + b

E\amp i: Given that ¥’ — 24" + 5 = ax(x — 1)" + b(x — 1) + ¢ for all values
of x, find the values of a, b and c.

m Since ¥ - 20" 4+ 5 = ax(x — 1)* + b(x — 1) + ¢ for all values of x,

the equation holds for any value of x.

Let x = [, Then 1l =2+ 5=¢
c=4
Let x = 0. Then 5=-b + ¢
=-bh+4
bh=-1

Let x = 2. Then 8 -8+ 5=2a+b+ ¢
5=2a+(-1)+4
a=1

Alternatively,

ax( = 2x + 1) + b(x - )+ ¢
ax’ = 2a¢ vax+ bx-b+c
ax’ =2a’ +(a+ b)x+c-b

o m

Since the two polynomials are identical, the coefficients of every
like powers of x must be equal.

Equating the coefficients of
3,

X a=1
x a+b=10
| +b=0

bh=-1

A" (i.e. constant term):

c—hb=5
c—(=1)=35
c=4

Exercise 5.1

Find the values of the unknown constants for the identities in questions 1 to 10.

Trmr =2y hr="4y=1%"2
2, X W Hdi+3=0-DEP -x+a)+b
32— +5=(-2)2¢ +ax+2) + b
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4, X -6 -x+30=(x-3Na’-3x+ D)

5, 60 =S¢ —3x+2=(xr— Dax + bx +¢)

6. VHx+A=(@+A)x-1)+B

7. A +6x-4=px—qgV +r

8. Va4 x46=(x+ Dx—Dlax+ b

9, 3 —Sx+4=A-2+Bx-2)+C
0. ¥ +3¢%-2x+ 16 = A.\:z(x — D+ Blx = 27— 1) + Clx + 2)
1. Given 3x' + 20" + x4+ 2= (0" + 2v — 1)(3x — 4) + Ax + B for all values of x, find

the value of A and of B.

12, Given that 4¢" — 657 + 1 = (v — 2)(x + DQ(x) + ax + b where Q(x) is a polynomial,
find a and b,

&3. James solved for A, B, C and D in the identity
I -2+ x4 =Ax - 1) + Blx ~ Dx+ D+ Cxx*~ 1)+ D
and obtained A = 3, B=-2, C =5 and D = -2, How can we use a graph plotter to
show that he has made mistake(s)?
Please solve for A, 8. C and D. Check your answers with the graph plotter.

5.2 Remainder Theorem

Recall the long division for integers.

divisor — 7) 1025 ¢« dividend
7
32
28
45
42

3 ¢« remainder

We note that the process stops when the remainder, 3, is less than the divisor, 7. The
result may be stated as 1025 = 7 x 146 + 3.

The process is similar for division of polynomials.
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For example, dividing 2" — 3x" + x* + 1 by x — 2, we have the following:

20+ ¥ +3x+ 6 ¢ quotient
divisor = x—=2)2¢' -3¢ + x + 0r + 1 ¢« dividend
I = 4y’
Y+
¥ — 2%
3+ Ox
3¢ - 6x
ox + 1
G — 12

13 &« remainder

We note that the process stops when the degree of the remainder is less than the
degree of the divisor. The result may be stated as an identity.

20 -3+ L = -2+ + 304+ 6) + 13
ie. dividend = divisor x quotient + remainder

Let f() =2¢' -3 + ¥+ land Q) =2 + A" + 3x + 6
Then f(x) (x—=2)Q(x) + 13

Hence (2) (2-2)Q(2) + 13

0+ 13

13, the remainder

[T TR

This illustrates the Remainder Theorem which states that:

If a polynomial f(x) is divided by a linear divisor x — a, the
remainder is f(a).

Proof: Let Q(x) be the quotient and R, the remainder.
Then flx) = (x - a)Qx) + R
Substitute x = a into {(x) so that the divisor x — ¢ = 0,
Weget fla)=0+R
= R, the remainder

Similarly, if the divisor is ax — b, we would have:
fix) = (ax - b)Q(x) + R

Substitute x = % into f(x) so that ax - b = (_)L_f(ﬁ_)f 0+R=R

il

Hence when the divisor is linear, the remainder can be found by simply using the
Remainder Theorem instead of the tedious process of long division.
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Find the remainder when 4x' — 5v + 1 is divided by
(a) x -2, (h v+ 3, (¢} 2v-1.

m Let f(x) = 4¢ — 5x + 1

(n)  When {(x) is divided by x — 2,
remainder, R = [(2)
=4(2) - 52) + |
=23

(b)  When f(x) is divided by x + 3,
remainder, R = f(-3)
=4(-3) - 5(-3) + |
=-92

(¢)  When [(x) is divided by 2x — 1,

remainder, R = f[%)

ff)-s(3)+

=-1

The expression 4x* — px + 7 leaves a remainder of -2 when
divided by x — 3. Find the value of p.

Let f(x) = 4x° — px + 17
By the Remainder Theorem, f(3) = - 2
437 -3p+T=-2
p=15

m Given that the expression 2x' + av’ + by + ¢ leaves the same

remainder when divided by x — 2 or by x + I, prove that
a+ b= -6

m Let f(x) = 2¢' + ax” + bx + ¢

The two remainders {(2) and f(-1) are equal.

Hence —  f(2) = f(-1) .
l6+4da+2b+c=-2+a-b+c
3a+ 3b=-18

a+b=-6
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v

t

9.

10.

#11.

13.

14.

By uam;: the Rumundu Theorem, find the remainder for the following operations.
() — iy 3 & \ + ? i5 d]\'ld(.’d by x + 1

(h) x(x — D' = 2x) + x* = 3 is divided by 2 —x

() 3(x+4) — (1 —x) is divided by x

(d) (2x— 1) + 603 + 4x)" — 10 is divided by 2¢ + 1

: e 3 2 s 4 re
Find & if v + 3x° — kv + 4 leaves a remainder of & when divided by x - 2.

The expression 6x° — 2x + 3 leaves a remainder of 3 when divided by x - p.
Determine the values of p.

1 3 s .. i E y
When x' + ' + 2axv — 14a’ is divided by x + 2a, the remainder is 32. Find the
possible values of a.

When ax’ + bx — 6 is divided by x + 3, the remainder is 9. Find, in terms of « only,
the remainder when 2y’ — by™ + 2ax — 4 is divided by x - 2.

The expression 8x' + ax” + bx — 9 leaves remainders — 95 and 3 when divided by
x+ 2 and 2y — 3 respectively. Calculate the value of a and of 5.

X 3 3 ; 4 o

The polynomial x' + ax’ + bx — 3 leaves a remainder of 27 when divided by x — 2
and a remainder of 3 when divided by v + [. Calculate the remainder when the
polynomial is divided by x — 1.

The expression x' + ax” + 7 leaves a remainder of 2p when divided by x + | and
a remainder of p + 5 when divided by x — 2. Calculate the value of a and of p.

The remainder when ax’ + by + 2v + 3 is divided by x — 1 is twice that when it
is divided by x + 1. Show that b = 3a 3

The expression x~ + by + a leaves the same remainder when divided by x + 2 or by
x —a, where a # -2, Show that ¢ + b = 2,

When 2¢’ — 4x" — Sy — 2 is divided by (x — D){x + 2), the remainder is ax + b.
This result may be expressed as the identity
4y =5k -2 = (x - D+ 2)QW) + ax + b,
where Q(x) is the quotient.
(a) State the degree of Q(x)
(b) By substituting suitable values of x, find a and b.

2¥" + 6x + 3 has the same remainder when divided by x + p or by x — 2¢ where
p # —2¢. Find the value of p - 2¢.

Find the value of p and of ¢ if 2v' + px’ + gx — 4 leaves a remainder of
36x 4 32 whenitis divided by v = 2x—= 3.

Without doing the long division, find the remainder when 3v' - 5¢° + 4 is divided
by X" + 2,
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5.3 Factor Theorem

When f(x) is divided by x — a, we have:
f(x) = (x—a)Qx) + R
ie, fx) = (v — @)Q) + f(a)

If f(a) = 0, i.e. the remainder is 0,
then f(x) = (x — a)Qx)

We say x — a is a factor of f(x) or equivalently, {(x) is exactly divisible by x — a.
Hence the Factor Theorem:

x —a is a Tactor of the polynomial f(x) < f(a) =0

Determine whether or not x + 1 is a factor of the following
polynomials.
(@) 3+ ~x’ +3xc+2 (b) x*+2x(x—1)-4

(@) Letf() =3 + ' =" +3x + 2
fD) =3 + =1 = (1P + 3D +2
=3+ D)~-1-3+2
=0
. x + 1 is a factor of f(x).

(b) Let g(x) = x"+ 2x(x — 1) — 4
g=1) = ()" + 2(-1)(=2) - 4
|

mnn

So, g(-1) # 0.
. x + 1 is not a lactor of g(x).

The expression ax’ — 8x* + by + 6 is exactly divisible by
+* — 2x - 3. Calculate the value of a and of b.

Let f(x) = ax' -8 + by + 6
Since ¥’ = 2x - 3 = (x + D(x - 3), f(x) is exactly divisible by
x+ 1 and v - 3,

Sof(-1)=0 = —-a-8-b+6=0

A+ b =2 (1)
- A () =0 = 20 -T2 +3b+6=0__ .
27a + 3b = 66
Ba + b=22 saunnmaans (2)

Solving (1) and (2) gives a = 3, b = -5,
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9.

10.

11.
12.

13.

14,

#15,

Determine whether or not each of the following is a factor of the expression
3+ 28 - Ty + 2.

2
(n) x—1 (by 2x -3 ) v +x-2

Show that x* — 3x* + 2x + 4 is exactly divisible by x + 1 but not by x — 2.
For what value of k is x' — 2kv" + 3x + k exactly divisible by x — 2?
Given that 3x° — dax — 44 has a factor x + 2, find the values of «.

Find the values of & if 3(x + 3)' — (k + x)" — 12 has a factor x + 1.

The polynomial 2x" + x* + px — 4 has a factor x — 2. Find p. Show that 2¢ + 1 is
also a factor and deduce the third factor.

The expression ax’ + bx’ - 5x + 2a is exactly divisible by +* — 3x — 4. Calculate the
value of a and of b and factorise the expression completely.

The expression ¥’ + ax’ + by + 3 is exactly divisible by x + 3 but it leaves a
remainder of 91 when divided by x — 4. What is the remainder when it is divided
by x + 27

The polynomial x* + ax® + bx + ¢ is exactly divisible by x* — x — 2. Find the value
of a + b.

The polynomial 2+* + bx — 3 has a factor x — a, where a # 0. Express b in terms
of a.

Show that x* + 2v — 3 is a factor of (x + 2)° = (x + 1)* — 3x — 16.

4+ ax = x + b and X' + bx* — 5x + 3a have a common factor x + 2. Find a
and b.

For what values of p does the polynomial (2p + 1)x” + px + 2p” have a factor
() x-1, (b) x+ 27

State the value of p for which the polynomial is exactly divisible by x + 2 but not
by x — 1.

Given that {(a) = @' — ba® — 4b%a + 4b°, show that a — 2b is a factor of f(e). Find,
in terms of b, the remainder when f(a) is divided by a + b.

Given that 2x* + 3px — 2¢ and v” + ¢ have a common factor x — a, where p, ¢ and
a are non-zero constants, show that 9p~ + 16g = 0.

Da Solving Cubic Equations

Having learnt to solve linear and quadratic equations, we shall now consider cubic
equations of the form px’ + g + rv + 5 = 0 where p, ¢, r and s are constants.
If s = 0, the equation becomes x(px’ + gx + r) = 0 and the roots are 0 and those of
pY g +r=0.
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If s # 0 and « is a root, the equation becomes (x — @)(ax’ + bx + ¢) = 0 and the other
roots are obtained from av’ + bx + ¢ = 0.
An integer value for & may be obtained by trial and error.

Consider the equation 2x’ + 3x* — 11y — 6 = 0 with an integer root o

If we let 2¢° + 357 — 11y — 6 = (x — a)(ax’ + bx + ¢),

then @ X ¢ = 6 (constant terms).

~ the possible values of @ are +1, £2, +3 and +6.

Let f{x) = 2" + 32" — 11x — 6 and test the possible values until we obtain (@) = 0.
Thus fill)y=2+3-11-6=z0

(-)=-2+3+11-6=%0
f(2)=16+4+12-22-6=0 = =2

and so

3 = 2 .
20 + 38 — llx— 6 = (x — 2)(ax’ + bx + ¢)
| S

(x — 2)2¢ + bx + 3) (coeff. of X', x")
(x — 2)2¢ + Tx + 3) (coeff. of X°)
(x — 2)(2¢ + D)(x + 3)

f) =0 = x=2-1 3

i m

Solve the cubic equation ¥’ — 74* + v + 12 = 0.

Solutions X-Tedr 41220

Let fx) = = 70" + dx + 12
fi(-1)=-1=-7-4+12
=0

= (x + 1) is a factor of [(x).

So, X — T +dx+ 12 =+ D+ bx + 12)

Equating the coefficients of X%, -7 = b + |
b=-8
Yo +d+12=0
(x+ (¥ - 8x+12) =0
v+ Dx-Dx-6) =0
- ="X==-1,2,6

Note:  The possible values of o for which f(a) = 0 are 1, £2,
+3, #4, £6 and £12 (factors of 12).
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Solve the equation x*(5 — 2x) = 4, giving your answers correct to
two decimal places where necessary,

¥G3-20)=4
= 2-52+4=0
Let f(x)= 2¢v' — 5x" + 4
f(2)y=16-20+4=0
= (x — 2)is a factor of {(x).

So, 2 = Sx* + 4 = (x = 2)(2F° + kx - 2)

Equating the coefficients of ¥°, -5 = k — 4
k=-1

L) =0 = (x-2)2¢-x-2)=0

~=D 2 4(-1)? - 42)(-2)

22)

=-0.78, 1.28

= x=2 or x=

1. Factorise the cubic polynomials 3%’ — 10x* + 9v — 2 and ¥’ — 2x% — 4x + 8.

2. Given f(x) = x’ — 3x° — 4x, solve the equation

(1) fx) =0, (b) f(x)=-12.
3. Solve the following cubic equations.
(@ X¥-4+x+6=0 (b) 4x' + 32" — 16x =12
(€) 4 + 18 =757 + 21x (d) F¥+4=x(x+4)
(€) (x—3)2=% M xx+3)x—1)=x+8

4. The curves v = 2¢" and y = (2 — x)(5x + 6) intersect in 3 points. Find the
x-coordinates of these points.

5. Solve the following equations, giving the values of x correct to two decimal places

where necessary.
(@) 3¢ +57=3x+2 (b) 2X+6x-6=(I13x—6)x— 1)

6. The remainder when 2¢’ + 9x° + 7x + 3 is divided by x — k is 9. Find £.

7. Factorise f(x) = x* - 2¢ — 7x — 4. Hence solve the equation
(a) f(x) =10, (b) f(x)=(x+ 1(x—4), () f(x)=6(x+ 1)

*8. Given that P(x) = x* + ax’ — x* + bx — 12 has factors x — 2 and x + 1, solve the
equation P(x) = 0.

*9, Given [(x) = 2x° + ax’ — Ta’x - 6a’, determine whether or not x — a and x + a are
factors of f(x}. Hence find, in terms of a, the roots of f(x) = 0.
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*10. Complete the following table.

f(x)

Completely factorised form of f(x)

=
&

(a)

@Y - D(x +3)

(2x+ D2y - D(x+3)

(b)

(x + 2)(6 —x — X))

(c)

27 + 1€ + 10x - 8

(d)

-3 -5+ 11x -3

Use a graph plotter to plot y = {(x) for each of the above cases. Devise a method
to sketch the graph of y = f(x) from the completely factorised form of f(x). Use
your method to sketch the graphs of y = (x — 4)(2x + 3)(2 — x) and
y = (x + 1)’(x + 3). Check your answers with the graph plotter. Are you right? If

not, modify your method and check it with more cubic polynomials f(x).

Important Notes

5. Solution of cubic f.ﬁqu'a;ﬁun:-px’-- + g #rx + 5 = 0 with an :iniiﬁg'ex-':_

root o

Step I: Obtain one factor (x — @) by trial and error. =
Step 2: Factorise px’ + gx + rx + s = 0 as (x — @)(ax’ + bx + ¢) = 0.
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Given f(x) = 2" + ax* + bx — 9, find the value of a and of b if f(x)
has a factor x — 3 but leaves a remainder of 8 when divided by
x + 1. Factorise f(x) completely. Hence sketch the curve y = f(x)
and solve the equation 16x* + dax’ = 9 — 2bx.

f3)=0 = 23V +a3’+3b-9=0
Ja+b =-15.....(1)
f(-1)=8 = 2+a-b-9=8
d—b=19 .. (2)
Solving (1) and (2), we get @ = 1 and b = ~18.

Since x — 3 is a factor of {(x),
f) =2 + 2 - 18x -9 = (x - 3)(2¢ + kx + 3)
Equating the coefficients of ¥, | =k - 6
k=7
V() = (0 = 327 + T+ 3)
=x-3)x+3)2x + 1)
For the curve y = f(x), y =0 = x=3,-3, _%_

-

With the help of these x-intercepts, the curve is sketched as shown.

16x° + dax® =9 — 2bx
= 2(2x)’ + a(@x)* + b(2x) -9 =0
U + au’ + bu - 9 =0, where i = 2x
(=3 u+3)2u+1)=0
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Miscellane:

I.

1.

*11.

@ﬁﬁg‘? A

. i 3 5 - .
Show that the expression x” + (k — 2)x” + (k — 7)x — 4 has a factor x + 1 for all
values of &. If the expression also has a factor x + 2, find the value of & and the
third factor.

Given that v’ + x — 4 = (x + x — D(x — 1) + Ax + B for all values of x, find the
values of A and B. Hence or otherwise, find the remainder when x' + v — 4 is
divided by x* + x — 1.

Given that {(x) = ¥’ — 7x + 6, calculate the remainders when f(x) is divided by
4 — x and x + 3, respectively. Factorise [(x) completely. By using the substitution

| 2 . 3 2
v = —, or otherwise, solve the equation 6x” — 7x" + 1 = 0.
E X

The expression 3(x + 2)° + (v + k)* leaves a remainder of 7 when divided by

x + 1. Determine the values of k.

If x + 2 is a fuctor of x' + (p- 1 - ;13 but not of X' + ..-'n‘1 — 3x + 10, find the value
of p.

Given that X’ + ax’ + bx* = 3 = (&’ — DQ(x) — x — 2, where Q(x) is a polynomial,
State the degree of Q(x) and find the value of @ and of b. Find also the remainder
when Q(x) is divided by x + 2,

= i 3 2 . -
The equation 6x” + px” = gx — 10 has roots x = 2 and x = —. Find the values of the

1
. 2
constants p and ¢ and the third root.
(2) Solve the equation x* + 3x* — 6x — 8 = 0.
. 2 ) #
(b) The expressions 224 + 15x° — 4x — 6 and 2 + 14x — 124" - 5x" have the same
- . Y bl

remainder when each is divided by x — a. Show that 274’ + 274° — 18a - 8 = 0.

Use the substitution v = 3a to find the values of a.
Find the value of ¢ for which the expression

X+ (9= o’ = v = 5¢C + 25¢ - 100

is divisible by x + 4 but not by x — 5.
What is the value of ¢ if the expression is exactly divisible by x~ — x — 207
Given that [(x) = x" + px’ = 2x + 4+/3 has a factor x + v2, find the value of p. Show
that x — Zw’rj is also a factor and hence solve the equation f{x} = 0.
Given that kx' + 2¢" + 2¢ + 3 and &x' — 2x + 9 have a common factor, what are the
possible values of &?
Find the value of the positive integer n for which division of x”*'
x — 4 gives a remainder of 52.

+ 3¢ - 28 by

Solve the cubic equation ¥’ + x* = 10x — 8. By using the substitution v = +*, solve
the equation x° + x* = 10x° — 8.

Given that 16y" — 4y’ — 46’ + 7hx + 18 is divisible by 2x + b,

(1) show that b’ — 7b° + 36 = 0,

(b) find the possible values of b. (C)
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16.

17.

18,

19.

b3

The expression 2v' + ax” + bx + ¢ is divisible by x — 1 but leaves a remainder of
3 when divided by x + 2. Show that « — » = 7. Given also that the remainder is 9
when the expression is divided by x + 1, calculate the value of ¢.

Find the x-coordinates of the points of intersection of the curve y = 41’ with the
straight line vy = [3x + 6. (C)

(a) Given g(v) = x’ + ax’ + x + 5 and that g(x) leaves a remainder of 31 when
divided by x — 2, find the value of a.
Given further that g(x) = x(x — 1){x — b) + cx + 5 for all values of x, calculate
the value of b and of ¢.

(b) Solve the equation x’ = 3x* + v + 2, giving answers correct to two decimal
places where necessary.

(1) Given f(x) = 41’ — 165* — 9x + 40, find the remainder when f(¥) is divided by
X — 4. Deduce a root of the equation f(x) = x and find the other roots of this
equation,

(b) Show that x — 2y is a factor of X’ + 2v’y — Sxy* — 6y” and find the other two
factors.

(a) Find the value of p for which x* + 5px + p* + 5 has a factor x + 2 but not
X+ 3.

(b) Solve the equation x*(x + 3) = [0x + 24, Hence by using a suitable substitution,
solve the equation 25x°(5x + 3) = 50x + 24,

Find the value of k for which x* — 3x + £ is a factor of +* — 54 + 12, (C)
3
A
pd \\
\\
A o B c/ .
/(-.,2, 0) 0 (2,0 —_ (4,0

The sketch shows part of the graph of y = x’ + px® + gx + r, where p, ¢ and r are

constants.

The points A, B and C have coordinates (-2, 0), (2, 0) and (4, 0) respectively. The

curve crosses the y-axis at D. Evaluate p, ¢ and r, and state the coordinates of D.
(C)

(a) Given that 4x' — 9a°x" + 2(a” — T)x — 18 is exactly divisible by 2x — 3a, show
that @~ 7a — 6 = 0 and hence find the pussible vaiues of a.

(b) The expression 2x° + b’ — cx + d leaves the same remainder when divided by
X+ lory—-2or 2y~ |. Evaluate b and ¢. Given also that the expression is
exactly divisible by v + 2, evaluate d. (C)
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The expression [(x) = av’ = (¢ + 30)¥* + 2bx + ¢ is exactly divisible by
v~ 2x. When f(x) is divided by x — 1, the remainder is 8 more than when it
is divided by x + L. Factorise f(x) completely. Hence sketch the curve vy = f(x)
and find the range of values of x for which [(x) < 0.

Given 6 —x -3 =AC2xv + Dx — 1) + B(l — x) + C for all values of x, find
A, Band C.

Given that f(x) = (x — 3)* = 2(x — 1) + ax + b has a factor x* — x — 2,
(1) find the value of a and of b,

(b) find the remainder when f(x) is divided by x.

Hence or otherwise, solve the equation f(x) = 0.

(a)

(b)

Given f(x) = 22" + (4 - 20)x" — ax + 6a, show that x + 2 is a factor of f(x) and find
the other quadratic factor. If f(x) = 0 has only one real root, find the range of values
of a.

Paul worked out the following: _
f(x) =4°(x - 2)° - 2 + .r\[.\‘ -7
fll)=4-1+1~-7=-3
and claimed that {(x) leaves a remainder of -3 when it is divided by x - 1. Do you
agree with him? State your reason(s).

Take an ordinary sheet of A4 paper (size is 21.0 cm by 29.7 cm). Fold a corner over
to the opposite side, thus determining a triangle POR (see diagram) with area A(x).
Experiment with several folds to see how A varies with x.

| — 4
}}i::/"' o // /
j | - _‘“.../ — = —
Q X R
(1) A(x) is a cubic polynomial. Find it.
(b) Check that 0 and 21 satisfy the equation A(x) = 0. Why must this be so?
(¢) Use a plotter to graph y = A(x) and determine the value of x in the interval

(0 = x = 21 so that A(x) is maximised.

A cubic polynomial f(x) has a factor x and f(x) — {(x - 1) = 3¢ - 5x. By substituting
suitable values of x, show that f(x) has a factor x + 1 but leaves a remainder of
~8 when divided by x + 2. What is the remainder when f(x) is divided by x - 17
Hence or otherwise, find f(x).
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1. (a)

(b)

Revision Exercise 1

Given that A = {x : x is an odd positive integer and x = 7} and
B = (x: xis a prime number and x(x + 1) < 39},

(i) list the elements of the sets A and B,

(ii) find an integer x such that x € A and x ¢ B,

(iii) find the integer x such that x ¢ A and x € B.

Solve the simultaneous equations 2x + y = 3, x° + y* + 4y = 6,

2. Solve the following equations.

(a)
(b)

4, (a)
(b)

5. (a)

(b)

(b)

(b)

'i-}j.\' = 8]] + by

log, (v + 6) + log, (y = 1) =1 + log, (3y)
4.l+2 o~ 2?

If # = log,x, show that log, 4 = —. Hence find the values of x for which
2log, x+ 3 log, 4 =T.

. ) X
Given that lo o x = and log - ¥ b, express &'y and — as powers of 3.
. e - »
3 ye

. 2 X 1 . ) . .
Hence given that xy = 1 and = = e determine the value of a and of b.
¥ i o
Find the range of values of x for which (2x 3 -(x-1 <3,
- i 1. - 1
Express y = 5 + 4x — 2x" in the form y = & — 2(x + fi)" where /i and k are
constants. Hence state the maximum value of y and the corresponding value

of x. Sketch the curve y = 5 + 4x — 2x°,

Find the range of values of p for which the equation 4 — 2px + p + 3 = 0 has
no real roots.

; . 9 . :
The line y = x + ¢ is a tangent to the curve y = . Find the values of c.
L —-X
Find the remainder when (x + 2 (x — 1) — 6x + 3 is divided by x + 3.
Given that x — p is a factor of the expression X’ — (p + 2)x — p° + 4p + 8,
‘alculate the possible values of p.

Given that the expression 2¢° + ax” + bx + ¢ leaves the same remainder when
divided by x + 3 and when divided by x — 2, prove that a = 14 + b. Given also
that the remainder is 9 when the expression is divided by x + 1, calculate the
value-of-¢;

(x - 2){x - 3)

Solve the cubic equation x' — x* — [lx + [8 = Y~ =25~ 27
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Given that e = (1, 2,3, 4,5, 6,7, 8, 9],

and
(a)
(b)
(c)

(a)

(b)

= {x : xis an odd number and x* > 5}
B =[x : x1s not a multiple of 3}.
List the elements of the sets A, B and 8.
List the elements of the sets A N B and A U B.
Find n{A U B').

Find the range of values of & for which the quadratic equation

2%k + (B —db)x + k+1=0
has real roots. State the largest integer value of & for which this equation has
no real roots.

If each of the equations p+ g+ 2r=0, i’ + px - g + 1 =0 have equal real
roots, find a relation between p and q.

. . 2 a = .
Solve the simultaneous equations x + 2y = 7, x” + 4y” = 37. Hence, find the possible
values of a and b, correct to three significant figures where necessary, which satisty
. : b+ It
both the equations 3“ + 2" "' =7, 9'+ 4"*' = 37.

(2)

(b

(a)

(b)

(a)

(b)

(a)

(b)

Given that vy = 3(4)' ", find, without using tables or calculators,

o . 1 e
(i) the value of y when x = ——, (ii) the value of x when y = 96.

2
Solve the following equations, giving your answers correct to three significant
figures.

(i) Inx' +2
(ii) 3'=5x

Inx —=5Inx+ Invx =5
il
logs 9 + 2logs 6 — 4logs 3

Without using tables or calculators, evaluate
logs 40 — log; 4 — |

u»-lil.l
= fun

The curve y = ab" passes through the points (0, 5) and [ ] Find the

positive value of a and of b.

Given that 4" — 6x + 9 = A(x — )(2x + 1) + B(x — 1) + C for all values of x,
find the values of A, B and C.

Solve the cubic equation 2x’ + 36 = 11x° - 3x.

The expression px’ — 5x° + gx + 10 has factor 2x — | but leaves a remainder

of =20 when divided by x + 2. Find the values of p and ¢ and factorise the

expression completely.

The quadratic equation ¥* + ax + b = 2 has roots —1 and 4. Find

{i) the value ol « and o1 D,

(ii) the range of values of ¢ for which the equation ¥’ + ax + b = ¢ has real
roots.
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1. (a)

(b)

2. (a)
(b)
3.
(b)
4. (a)
(b)
5. ()
(b)
6. (a)
(b)
(c)

A and B are two sets and the numbers of o — —_ B

elements are shown in the Venn diagram. _,{?"" “\\
Given that n(A N B’) = 2n(A” N B), find (5= } Zx )
(i) the value of x, Mo -

(ii) n(A) and n(B). k —

P, Q0 and R arc three sets and ¢ Q -

g=P U QU R. Itis given that n(e) = 56, e N

Find the value of
(i) n(@ NR),

n(P U Q) =48, n(R) = 15 and n(P) = 32. | ( (
(i) (P’ N QNR). > S

Solve the simultaneous equations 10y — 6x = 3 and (x — 2)* + (2y — 3)° = 61.

Given that g 2 = ¢ and Ig 3 = b, express Ig Y972 in terms of @ and b. Find
xiflgx=3a-4b+ 1.

Find the exact value of x if 8" = JE\[&E.
Solve the following equations.

(i) 2log,x=4+log, (x +5)

(iiy 4e”-21=0

i) lg @4 +2)-zlg2=1g3

When the expression 2x* — (8 — p)x + (p + 1)(p — 3) is divided by x + p, the
remainder is p. Calculate the possible values of p.

The expressions x* + ax’ — x + b and X’ + bx* — 5x + 3a have a common factor
x + 2. Find the value of a and of 5.

Given that f(x) = 8x* + 4x — 3, find the remainder, if it exists, when
(i) f(x) is divided by 2x + 1,
(i) f(x) is divided by 2 — x,
1
(iii) ™ is divided by x + 1,
(iv) f(x + 1) is divided by x + 2.
Solve the equation 4x’ + 3x° - 16x = 12. Hence, find to three significant
figures, the value of x such that 4e** + 3e* — 16e" = 12.

Find the range of values of x for which x* — 3x + 8 has values between 6 and
12.

Factorise 2x° — 3x — 5 and hence sketch the curve y = 2x* - 3x — 5.
Express =2x” + 8x + 9 in the form a(x — )" + k. Hence state the maximum
value of ~2x° + 8¢ + 9 and sketch the curve v = 24" + 8¢ + 9.

7. 1f the equation &% — 2kx + k* — 2k — 6 = 0 has real roots, show that the roots of the
equation x° + 6x = 3 + k has two distinct real roots.
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Each of the 42 students in a class chooses at least one of the three subjects:
Literature, History and Geography.
Of the 25 students who choose Literature,

3 choose History but not Geography,
12 choose Geography but not History.

Of the 28 students who do not choose History,

(a)
(b)
(c)
(d)

(a)

(b)

fa)
(b)

(a)
(h)

(a)

(b)

8 choose Geography only.
Draw a Venn diagram to illustrate this information.
How many students choose Literature only.
How many students choose all the three subjects.
Find the greatest possible number of students who choose History only.

Using the substitution y = 3%, find the values of x such that
9" —103*" ") + 81 = 0.

. e _ G ) 9 N -
Given that (3*13)(5° ") = 15, show that 15" = 2. Hence or otherwise, find the
ralue of x, correct to three significant figures.

Solve the simultaneous equations 2v — 3y + 1 = 0 and 2y* — xy + 2x = 3.
Given that 2¢* + ax’ = 7x" = 6x + 2 = (¥ + 3x — H)f(x) — bx — 6, find

(i} the value of a and of b,

(ii) the remainder when [(x) is divided by 2x + 1.

If the roots of the equation 3x* + (k — x)x + 2 — & = 0 are real, find the range-
of values of k.

The curves vy = 3ax’ + ax + 3 and y = 2¢% + 4x + 5 do not intersect. Find the
range of values of a.

The expression x* + px + r leaves the same remainder when divided by x + ¢
or x — 2p, where ¢ # -2p. Express p in terms of ¢.

Solve the equation 3x’ — 2x° — 7x - 2 = 0.

Hence sketch the curve y = 3x’ — 2¢° — 7x — 2 and find the range of values of

. ' 3 2
x for which 3x — 2x" — 7x < 2.

Find xiflg Cx - 1) =1 + g x — Ig (x + 3).
+ | + |
og,2 log 3 log, 6

Find x to three significant figures if | = 3.6.

Solve the simultaneous equations ede' =e” and log, (x + 2) — log,y = 1.
Find the range of values of x for which (x — 1)(x — 3) = 5. Hence use the
substitution y = ¥, or otherwise, to solve the inequality (' — D' = 3) = 15.

Sketch the curve y = 2¢° + 4x + 3. Hence find the range of values of k for
which 2x" + 4x + 3 = & {or all real values of x.
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6.1

The following table shows the stock of pens at two stationery shops.

Represent Information as a Matrix

Pilot Pentel Red Leaf
Shop 1 94 104 70
Shop 2 65 83 54

We can represent this information as a rectangular array of numbers as follows:
94 104 70
65 83 54

This rectangular array of numbers in rows and columns is called a matrix (plural:
matrices). Since this matrix

column | column 2 column 3
row 1 94 104 70
row 2 65 83 54

has 2 rows and 3 columns, we say that it has order, or dimension, 2 x 3 (read ‘2 by 37),
where the number of rows is specified first.
Similarly, the matrices

3 6
Lo2| (2 32 0
5 1] Ml 54 o7

[0 )

have orders 4 x 2 and 2 X 4 respectively.
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The numbers in a matrix are called its elements or entries.

-2
1
A matrix that has only one column is called a column matrix, e.g. [3] and [ 0.
6

A matrix that has only one row is called a row matrix, e.g. (2 1) and (4 -9 7 30).
Note that there are no commas between the elements.

The numbers of boys and girls in the four levels at a certain
secondary school are given in the table below:

Sec 1 Sec 2 Sec 3 Sec 4
Boys 212 204 198 192
Girls 193 202 194 203

Represent the above information as a matrix. State the order of
your matrix.

The information may be represented by the matrix

212 204 198 192
193 202 194 203/

It has order 2 x 4.

A survey was done to find out which colour is the most popular
among a group of 150 people. 53 of them prefer blue, 48 black,
35 white and the rest red. Represent this information as a column
matrix and state its order.

Number of people who prefer red = 150 - 53 - 48 - 35 = 14

. — (53 - ,

48

». the column matrix is . It has order 4 x 1.

14
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Sometimes, one may label the rows and columns of o matrix. For instance, the labelled
matrices for Examples | and 2 are

Number

of people
Sec | Sec2 Sec3 Secd Blue 53
Boys (212 204 198 I92] el Black 48
Girls | 193 202 194 203 White 35
Red 14

Equality of Matrices

bo198 192)
202 4 203 "

a
If the information in Example 1 is represented by the matrix [
¢

c 202 d 203 193 202 194 203

a=212,6=204, c = 193 and d = 194,

] which implies that

. X a b 198 192 212 204 198 192
it is obvious that =

Two matrices are equal if they have the same order and if
their corresponding elements are equal.

a b 1 -5
Thus, = = a=1,b=-5andc=4
¢ 21

but | 2(# (-3 2 5) (different order)

21 4 21

1 -5 1 =51
and [ 4 J # [ J (not all corresponding elements are equal).

Exercise 6.1

1. State the order of each of the following matrices.

(-3
(@) (-3 2 5) (b) [1 B _3] © |2
0o -9 2 5
-3 0 2
9 2i S eA
@ |7 © 3 o |
2 5
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4.

In a Mathematics test, 65% of the students in Class A scored distinctions, 53% of
the students in Class B scored distinctions while 52% of the students in Class C
scored distinctions. Complete the table provided and represent the given information
as a matrix. State the order of your matrix.

Class | Percentage of students who Percentage of students who
scored distinctions did not score distinctions

Class A

Class #

Class O

In a class of 30 students, 16 are boys, 7 of whom wear glasses. 8 of the girls in this
class wear glasses. Complete the table provided. Represent the given information
as a matrix and state the order of this matrix.

Wear glasses Do not wear glasses

Boys

Girls

A drinks stall sold 160 cups of coffee, 125 cups of tea and 210 glasses of soft
drinks on Monday. On Tuesday, it sold 145 cups of coffee, 130 cups of tea and 275
glasses of soft drinks. On Wednesday, it sold 120 cups of coffee, 155 cups of tea
and 325 glasses of soft drinks. Design a matrix to represent this information,
labelling the rows and columns. State the order of your matrix.

A travel agent sold 143 holiday packages to Malaysia and 105 to Thailand for the
month of June, In July he sold 65 holiday packages to Malaysia and 46 to Thailand.
In August he sold 122 holiday packages to Malaysia and 89 to Thailand. Design a
matrix to represent this information, labelling the rows and columns. State the
order of your matrix.

The 4 by 3 matrix on the right shows the prices, in dollars, 1.50 1.60 1.50

of fruit juices per glass at various stalls. The rows represent 200 1.80 2.10

the fruit juices: watermelon, orange, papaya and honeydew

in that order. The columns represent the stalls: A, B and C 1.20 1.50 1.60

in that order. 250 250 2.20

{a)  How much does a glass of orange juice cost-at Swall 87

(b) At which of these three stalls is a glass of papaya cheapest?

(¢) Lynn bought 2 glasses of honeydew juice and 3 glasses of watermelon juice
from Stall C. How much did she pay for them?
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7. Where possible, find the values of the letters in each of the following. In cases
where it is not possible, give your reason.

6 -2 B 6 b i (1
W |, 5]' 4 c] L P
6 6 0 (a b
€y |al=]4 0 @ |9 -2
5 b 0 3 4
(6 a 5 (6 T ¢ o
© 1, 40 ”[-4 3 d 0 © B

b
3

5
=|c
3

c 3)=(5

c 0 4
9 4 3

-8

==}

d

12 5 3 0

6.2 Addition, Subtraction and Scalar
Multiplication of Matrices

For convenience, bold capital letters such as A and B are often used to represent matrices

symbolically. For instance,
-3 2

]
A=[5 1 undB={ )
4 21
0 -7
Addition of Matrices
Examp 3 The following table shows the current stock of colour pens at two
S shops.

Blue Black Red
Shop 1 30 20 35
Shop 2 45 25 30

Represent the above information as a matrix 8. State the order

of 5.

The following replenishments have just arrived at the shops:

Blue Black Red
Shop 1 70 60 55
Shop 2 B _105 65 75

Find the matrices R and [ which represent respectively the
replenishments and the final stock of pens (after replenishment) at

these shops.
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: . _ |30 20 35
M~ The matrix for the current stock, § = {45 25 3"J ;

70 60 ssJ

The matrix for the replenishments, R = [l{}S 65 75| -

For Shop 1, after replenishment,
the final stock of blue pens = 30 + 70 = 100,
the final stock of black pens = 20 + 60 = 80,
the final stock of red pens = 35 + 55 = 90.

Similarly the final stocks for Shop 2 can be worked out. Thus, we
see that the matrix for the final stock,

¢ =

30+70 20+60 35+55
45+ 105 25+65 30+75

_ (100 80 90
1150 90 105)-

From the above example, we see that

30 20 35 70 60 55 30470 20+60 35455
+ —
45 25 30 105 65 75 45+ 105 25+65 30+75
and we write S + R = F.

Hence we define the addition of matrices as:

For two matrices A and B of the same order, the matrix A + B is
obtained by adding the corresponding elements of A and B.

EETL . civen v marices A= ([ ) ls= [0 0]
oA v atrices e ; = ‘
g IVEDN € malrices 13 -7 4 -1 8

2 5 1 6
Ci= [3 _4] and D = [? 12} find the following matrices if

they exist.
(a) A+DB by A+C (¢ C+D (d) D+C

0 0
IfO = [0 U]’ show that C+ O =C.
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m (a) Note that A and B are of the same order. So,

(4 2 6 3 90
A+DB= +
1 3 7 4 -1 8

(443 249 6+0
(1+4 3+(-1) -7+8

(7 16
=5 21

(b) As A and C are of different orders, we cannot add A and C
and so A + C does not exist.

(¢) Note that C and D are of the same order. So,

(2. 3 1 6
C+D= +
3 -4 7 12

_’2+1 5+6
3+7 -4+ 12

(3 n

=10 8

(d)D+C—1 o +2 2
17 12 3 -4
B 1+2 6+5
T7+3 124 (-9)

B e
=0 8

2 5 (00
C+0 = +
3 -4) 00
(240 540
T 3+0 440
(2 5
— _ — s, _:3_\_-_.4_ e e = e -
C+0=C

108 Marrices




Notice that all the elements in the matrix O are zeros. Such a matrix is called a zero or
null matrix and is usually denoted by O. The following are also null matrices.

0y (0 0
60 00
Of (0 Ofand
0000
0) 10 0

In Example 4, observe from parts (¢) and (d) that C + D =D + C.

In fact, the following properties hold for matrix addition:

If A, B and O are of the same order, where O is a null matrix,
(1H)A+O0=A
2)A+B=B+A (commutative property)
(3 A+(B+C)=(A+B)+ C (associative property)

These properties of matrix addition are similar to the corresponding properties of real
numbers,

Subtraction of Matrices

After replenishments, the new stock of colour pens for Shop 1

Exampless
and Shop 2 are as follows:

Blue Black Red
Shop 1 100 80 90
Shop 2 150 90 105

A week later, the owners found that they have sold the following
numbers of pens.

Blue Black Red
Shop 1 83 54 44
Shop 2 76 72 80

Find the matrices A and B which represent respectively the sales
of pens and the stock of pens after these sales,

Matrices 109




Ig= atri By { g g .
853 L € malrix i 1 : " cre rEpre%ent‘& the fina

stock after replenishments.

The matrix for the sales, A =

83 54 44
76 72 80)°

For Shop 1, after the sales,
the stock of blue pens = 100 - 83 = 17,
the stock of black pens = 80 — 54 = 26,
the stock of red pens =90 - 44 = 46.

Similarly the stocks for Shop 2 can be worked out.
Hence the matrix for the stock of pens after the sales is

100 - 83 80-54 90-—44
T l150-76 90-72 105-80

_[17 26 46
74 18 25

From Example 5, we see that

100 80 90 83 54 44 100 - 83 80-54 90-44
150 90 105 (76 72 80) |150-76 90-72 105 - 80

and we write F — A = B.
Hence we define the subtraction of matrices as;

For two matrices A and B of the same order, the matrix A — B is
obtained by subtracting the corresponding elements of B from A.

42 6
1 3 -7)

: - ¢ Given the matrices A Y and
Excamip atrices A = =
XANADLEHS; e mi 4 -1 8 n

2 5
Cs [3 4]. Find the following matrices if they exist.

(a)) A-B by B-C

7
i p=|” 7| il = B = &, Bn igevdiues of m
VO |

g and r.
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m (a) Note that A and B are of the same order. So,

4 2 6 390
A-B= -

_[1 3 -7] [4 -1 SJ

£-3 TG G-

“l1-4 3-(-1) -7-8

|z 4
-3 4 s

(b) As B and C are of different orders, B — C does not exist.

Subtracting B from both sides of the equation

D+B =A
gives D+B-DB =A-B
D=A-B

p =T gy (1 T 6
r 4 -15 -3 4 -15
= p=1 g=6and r=-3

Scalar Multiplication

i#he® O densdekans=[> Y, (2 9
= . b A = —
| -5 then * P

2x1 2x(=5)

Similarl 3A=A+A+A 2 T 3
s % = = +

imilarly 1)l s -5

” 3x2 3x3

= T a1 3x(-9)

N ; ” X2 kx3

ore generally, T lEkx1 k x (-5)

Hence for a matrix A and real number k (also called a scalar), the
matrix kA is obtained by multiplying each element in A by k.
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The following properties hold for scalar multiplication:

If A and B have the same order, then for any scalars & and &, we have
(1) k(A + B) = kA + kB
(2) (h + k)A = hA + kA
(3) hkA) = (hk)A

The number of ships arriving at a harbour every weekday from
Monday to Friday is given in matrix D. The number of ships
arriving on Saturday and on Sunday is given in matrix E.

Cargo | Passenger Cargo Passenger
ships ships ships ships
D= 8 3 Dock 1 = 17 B Dock 1
"L 2 Jpock2 L 20 6 ) Dock 2

Find the matrix 5D + 2E.
What information does this matrix give?

1; sp+2E=5 0 O)azf!T 2
! "o 2"l 6

5%8+2x17 5%3+2x5
TUSx10+2x%x20 5%x24+2x6

(74 25
=90 22

The matrix gives the numbers of cargo ships and passenger
ships arriving at Dock 1 and Dock 2 in a week.

Exercise 6.2

1. Where possible, simplify the following. In cases where it is not possible, give your

reasomn.
6 -2 2 3 -8
(a)y |5 -1 4 1 h 89 + 3 2
— + — —
A A PR T
4 6} -} - 33— B
6 -2 -4 2 10 -4 2
(¢) + (d) + +
3 5 4 1 8 2 -3
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a
H

0.

a & 23 b2 2 ® © 12 2 3+ 2 8 3 0
1] + A -2 3) + (L 2 x
R SRR I { bt :

c

Where possible, simplify the following. In cases where it is not possible, give your
reason.

()635 2 75 5 i e G § B 5
5 9 14 -5 _[,...4 20 1 by (16 12 8 3)-( 2. =

320 0y (-9 13 b (18 376 9 13
© 12 3575 = ) las = '[5 12) |21 -20
Simplify the following matrices.

% 2

= = 8 10
W) meg

9 6
T e A BN A 4 4[__3 ,2]
(©) 1{ . [,, _1] @ —==

3 21 9 12 .
4 -9 3 1
Given the matrices A= |16 —4|,B=]-9 14|,C= and D = ;
3 10 -13 5
3 8 |- 7 9
find the following matrices if they exist:

(1) 3A+B h) B-A+C (t) 2C +5C - 4D
(d) -A+3B-A) (¢} 2(3C) - 7D O -A+2D+C)
i ) 2 15 -6 4 0 8 ]
Given the matrices P = | _ ,R= and the 2 x 3 null matrix

/7 -3 3 1 -4 -1
0, find the matrix Q if
(a) Q= 2(5P) - 7P, (by R -3P=20Q,
(c) 6Q =4+ Q) + P, (d) R+ Q=2P,
(e) 2(P-R)+4P = Q + 20, I 3R-20=0.

A traffic census was carried out at a particular street for a 3-lour period on one
morning. The results are shown in the matrix below.

Cars Buses Motorcycles  Others
7 am — 8 am 67 72 52 24
8 am — 9 am 83 79 62 34
9am - 10 am |34 50 26 33

Write a matrix which shows the total figures that might be expected for the five
mornings of a working week.
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7. A factory has several lorries, vans and cars. At times these vehicles need spare parts.

At the beginning of the month, the storekeeper notes the number of spare parts, and
he counts them again at the end of the month to see how many are left.

Beginning of month End of month
Tyres  Bulbs Fan belts Tyres  Bulbs Fan belts
Lorries (40 35 15 Lorries (22 27 9
Vins 25 40 6 Vans 18 29 4
Cars 19 23 7 Cars I 15 3

(a) How many tyres did the lorries use?

(b) How many tyres did the cars use?

(¢) How many fan belts did the vans use?

(d) Write a matrix which shows the number of spare parts used on these vehicles
during the month.

The list prices, in dollars, of ‘ten-year series’ for these subjects from two publishers
are shown below:

S

E Muth_ . A ]\/’!Ell.l_l _En;z_lish Physics

Excel 7.80 7.00 6.50 7.60

[istinction 7.50 __2_._2[) 7.00 ) ?‘?(}

Represent the information contained in the table as a matrix P,
These publishers sell them to a bookshop at 15% discount. Find the matrix D
which represents the discounted prices, to the nearest cent, given to the bookshop.

A university track and field team participated in a three-day competition with
events for men and women. The team recorded the following successes.

Ist place  2nd place 3rd place

Wednesday Men 3 0 2
Women 4 3 |

Thursday NiEn 4 l 2
Women 5 3 0

Friday Men 4 . 2
Women 2 6 2

Write down the matrices W, T and ¥ which represent the team’s successes on
Wednesday, Thursday and Friday respectively.

Hence find a matrix to show the men’s and women’s placings for the whole
competition,
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10,

" 13.

A newspaper man delivered the following papers to two vendors every working day
(that is, from Monday to Friday).

Straits Zao Bao Berita Business

Times Harian  Times
Vendor | 60 50 20 40
Vendor 2 50 70 30 30

Write down a matrix W to represent the above information.

On Saturday and on Sunday, he delivered one-and-a-half times the number of
papers he delivers on a weekday. Write down a matrix S to represent the number
of papers delivered on Saturday.

Find the matrix 5W + 25 and explain what the elements in this matrix represent.

Kiam Lui is in Malaysia visiting her relatives. At a supermarket there, she noticed
a packet of rice costs 8.90 ringgit and a packet of soap powder costs 6.50 ringgit.
Represent this information as a column matrix M.

She recalled that the prices of these same items in Singapore are $$5.20 and $$3.20
respectively. Represent this information as a column matrix S.

The exchange rate is currently 1 Malaysian ringgit to (.55 Singapore dollar. Find
the matrix 0.55M - § and explain what the numbers in your answer represent.

Mrs Tan has three children. Four times during their June vacation, she gives her
children the pocket money shown in matrix M. Matrix L shows how much of the
pocket-money was left at the end of the vacation.

$ $

25.00) Donny 5.20) Donny
M = [ 20.00| Marie L =| 7.40| Marie

30.00) Sherry 14.50) Sherry

(1) Write down the matrix 4M - L.
(b) Explain what the numbers given in your answer to part (a) represent.

A bookshop has two branches.
The following table shows the stocks on Ist June.

Hardback Paperback
| Orchard Road 260 547
l - - e e ettt —— ———— ]
| Raffles Place 155 483

During the month, 180 hardbacks and 250 paperbacks were added to the stock at
its Orchard Road branch while 200 hardbacks and 320 paperbacks were added to
the stock at its Raffles Place branch.
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On 30th June, the stocks were found to be:

Hardback Paperback
Orchard Road 283 388
Raffies Place 142 295
260 547

It is given that the matrix B = [ ] represents the stocks on 1st June.

155 483

(a) Represent the stocks on 30th June as a matrix E.
(b) Write down the matrix A to represent the stocks added during the month.
(¢) Find B+ A — E and explain what the numbers obtained represent.

6.3 Multiplication of Matrices

Tammy and her friends wish to throw a party for the children from a children’s home.
They decided to buy chocolate bars, biscuits and sweets for the children.
Two proposals are shown in Table 6.1.

Chocolate | Biscuits Sweets
(bars) (packets) | (packets)

Proposal 1 40 10 5

Proposal 2 35 15 8

Table 6.1

The prices of these items at two shops are given in Table 6.2 below.

Price ($) at

Shop 1 Shop 2
Chocolate (per bar) 0.30 0.35
Biscuits (per packet) 1.45 1.50
- Sweets (per packet) | 1.80 | 170
Table 6.2
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For each proposal, the cost of buying these items at the two shops is shown in Table 6.3

below.

Shop 1

40x 030+ 10x 1.45+5x 1.80
= 35.50

Proposal 1

Proposal 2

Cost ($) at

35x030+15x1.45+8 % 1.80

Shop 2

40x0.35+10x 1.50 + 5 x 1.70
= 37.50

3I5x035+ 15% 1.50+ 8 x 1.70

= 46.65 = 48.35
) - - Thbh'lfi.j - - -
The above result may be represented as a product of two matrices:
u
S = oz
) o =B ] =
2 2 £ Shopl Shop2 C"“:t
U m & Shop 1 Shop 2
0.30 0.35) Chocolate
Proposal 1 (40 10 3 . 35.50 37.50) Proposal 1
1.45 1.50| Biscuits =
Proposal 2 {35 15 8 46.65 48.35) Proposal 2
1.80 1.70) Sweets
_ (.30 0.35 .
Let A 40 10 5 B i 150! and P 3550 37.50 A—
¢ = . B=11.45 i H = ; 2 2
35 15 8 " T e i
1.80 1.70
result can be written as
AB =P,

Let us examine how the elements in matrix P are obtained.

Consider the element 35.50 from matrix P,
It is obtained as follows:

4(’?)7{“"“ 0.30 0.35
[‘35 1‘5 ;]L“ 145 1.50 =
: 1.80 1.70

35.50 37.50
46.65 48.35

elements in the Ist row of A

1
¥
3550 =40 x 0,30 + 10 x 1.45 + 5 x 1.80

M. .

I— elements in the 1st column of B
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That is, we sum the product of each element in the 1st row of A by the ‘corresponding’
element in the 1st column of B.

Similarly, to obtain the element in the [st row, 2nd column of PP (i.e. 37.50), we sum the
product of each element in the Ist row of A by the ‘corresponding’ element in the
2nd column of B as follows:

S
<030 G35 -
[4(1 10 :\}_ 45 150 =[’%:;[_} 112]
35 15 8 180 170 46.65 48,35

e, 40 x 035 + 10 x L350 + 5 x 1.70 = 37.50

For the element in the 2nd row, 1st column of P (i.e. 46.65), we sum the product of each
element in the 2nd row of A by the ‘corresponding’ element in the 1st column of B as

follows:

0.30 0.35 )
(40 10_5 145 156 =[35.5(_) 3?.23
58] |igo 170) \46.65 483

ie. 35 x0.30 + 15 x 1.45 + 8§ x 1.80 = 46.05

For the element of the 2nd row, 2nd column of P (i.e. 48.35) we sum the product of
each element in the 2nd row of A by the ‘corresponding’ element in the 2nd column of
B as follows:

5
_ [35.50 37.50
46.65 48.35

ie. 35x 0,35+ 15 x 1.50 + 8 x 1.70 = 48.35

What do you observe when you take a closer look at the labels of the rows and columns
of the 3 matrices, A, B and P?

o]
2 u
g 5 ?E Cost
o s Q ~ ~y "
5 & & Ea!mp} blmp\,., Shop 1 Shop 2
(U.30 .35 Chocolaie
Proposal 1 (40 10 5 . 35.50 37.50) Proposal 1
1.45 1.50| Biscuits =
Proposal 2 |35 15 8 _ 46.65 48.35) Proposal 2
1.80 1.70) Sweets :
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Notice that A ‘ B = i
Order: 2%3 Ix2 2x2
equal
In general, A . B = P
Order:

mxXe e Xt m Xt

equal

If the number of columns in A # number of rows in B, then the product AB does not
exist!

Let us quickly go over the procedure with another product:

2 4
MN=|1 3 321 4)_
- 152 7
2 -l
order order product has order
Ix2 2x4 = Ix4
equal

To get the elements in the Ist row of MN, we combine the elements in the Ist row of
M with the elements in successive columns of N as follows:

(321 4]=10 24 10 36
, Jjas27

Step I: (2x3)+ (4 x 1) =10 (lst row, st column of MN)

Step 2: (2% 2) + (4 x5) =24 (st row. 2nd column of MN)
Step 3: (2x 1)+ (4 x2)=10 (lst row, 3rd column of MN)
Step 4: (2x4)+ (4 xT7)=136 (lst row, 4th column of MN)
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To get the elements in the 2nd row of MN, we compute the elements in the 2nd row of
M with the elements in successive columns of N as follows:

2 4 10 24 10 36
3214
— 2
[l 52 _J [6 17 7 -5]

Step I: (1 x3)+(3x1)=6 (2nd row, st column of MN)
Step 2: (1 x2)+ (3 x5) =17 (2nd row, 2nd column of MN)
Step 3: (I xD+(3x2)=T (2nd row, 3rd column of MN)
Step 4: (I x4) + (3 x7)=25 (2nd row, 4th column of MN)

Finally, to get the elements in the 3rd row of MN, we compute the elements in the 3rd
row of M with the elements in successive columns of N as follows:

2 4 10 24 10 36
13{3§;4]= 6 17 7 25
5.1 0 1

Step1: 2x3)+(-Ilx1)=35
Step 2: (2 x2)+ (-1l X 5)=-1
Step 3: C2x1D+{(-1x2)=0
Step 4: Qx4+ (-1 xTy=1

4 2 1 3 -2 1

Given that A = B = and C = , find the
[3] [—3 ?'] [2 4 ~6]

following if they exist.

(n) AD

(b) BA

(¢) CA

(d) BC

(e) CB

m (a) Note the order: A B
X

2x1 2

- - ' ~netequal — ‘

ADB does not exist.
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(b} Note the order:

X =

2
12
X e

i

equal

BA exists and has order 2 x 1.

Bk = 2 1 4= 2x4+1x3
-3 TJi3 -3x4+7x3]

11
g
Not ;
(¢) Note the order C A
2%x3 2x1
. not equal
CA does not exist.
(d) Note the order: 3 C
2x2 2x3
equal

BC exists and has order 2 x 3.

2 (3 -2 1
BC =
[—3 7] {2 <4 —6]
o 2Xx34+1x2 2x(-2)+1x4 2x1+1x(-6)
“3x3+7x2 -3x(-2)+7x4 -3x1+7x(-6)

|18 0 -4
5 34 -45
(e) Note the order;

2x3 2

—— e . = = —

not equal
CB does not exist.
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Solutia

Giventhat A= [+ 2l B=[' *laac 2 =l find
Given that ={7 1} —53.1n =15 4,m

(a) AB, (b) BA, (€) A* (i.e. AA), (d) (AB)C.
Is AB = BA?

4 31 2 4x1+3x5 4x2+3x3
(n) AB = =
7 115 3 Txl+1x5 Tx2+1x3

_[19 17
2 17
1 2)(4 3
(b) BA = =
[5 3][7 I]
. (4 3\(4 3 (37 15
® Az[v 1][7 1]=(35 22]
19 1M 2 -l 4 49
(d) (AB)C=[12 ”][_2 4]=[_10 56]

No, AB # BA.

In general, for matrix multiplication:
(1} AB # BA (not commutative)
(2) A(BC) = (AB)C (associative)

MU The results of four soccer teams after each has played 8 games are
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summarised in the table below.

Wins Draws Losses
Tigers 4 | 3
Lions 5 2 1
Leopards 2 4 2
Cheetahs 4 0 4

A team is awarded 2 points, | point and 0 point for each win,
draw and loss respectively.




 Solutions

Exercise 6.3

Given that G =

= o o =

and P is a column matrix representing

- SRR (5 -
9 —

the point system, find

(a) P,

Explain what the numbers in the product GP represent.

H
(a) P=|1
0

(b) GP =
4 0

(b) GP.

4 1 3
52 1
2 4 2

1. Where possible, simplify the following:

@ 3

© (6 -3) (;

© (25 -1

-1 -4
4 1
6 4
8

5 -8
] 0 -2
3 9

(b)

(d)

(1

(h)

(1)

U
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I

Simplify

S O M

(These products illustrate an interesting result which shall be dealt with in more
detail in the next section.)

i =
. ) 21 (3 =2 1
3. Giventhat A =12 11.B = 3 7 and C = T find
4 3
(a) ADB, (h) BC, (c) B,
(dy AC, (e) CA, n (CAB.

4, Find the value of each unknown in the following matrix equations.

l
) s g @ - 1 | 1 N\ fa B 10
(l') (— e 3} ]| = (--' } ( }} _2 3 2 s ."]
3
p 2 _ X
(¢) (I 3}[ =(7 1 (dy (x 3- .\")[ ] = (14)
-1 q 2

5. Simplify

w 1900 W [P o) o
& [| 0/lo 1]’ ? [0 ()}[1 o)

If AB = O, can we conclude that either A = O or B = O?

1 2 -3
6. M= |, N= .
. ohvelo

(a) Express 4M — 3N in terms of r and s.
(b) Find N°.
(c) Given that NM = 8M, find the value of r and the value of s. (C)

7 -2 1 2
7. Given that A = and B = , find
3 | 3 7

(n) AB, (b) BA, (c) BAD, (d) ABBA.

) 1 -2 5 2 1
8. Given that A = [ and B = , Tind
-1 4 3 -3 7

(2) BA, (b) DBA — 2A,
a 34 3

If DBA=
[-~-?3 b

]. find the value of ¢ and of b.

[FER BV ]
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|
9, Given that A = [

[ L '
0 ()]’ find A°, A" and A", Hence deduce A™,

0
10. Given that A = [l b

], find A% A and A*. Hence deduce A",

1. A postman delivers 20 letters and 5 parcels whose masses, in grams, are given in
the second matrix. Find the total mass which he carries.
Letters  Parcels  Mass in g
i 15 Each letter
Number delivered (20 5 )
3000 Euach parcel
12. The quantity of each type of vegetables bought by two women, Mrs Lim and
Mrs Ng, is shown in the first matrix. The cost, in dollars, per kg is given in the
second matrix. Find how much each woman spends.

Cost
per kg Money
Cabbage 2ans Peas spent
; ge  Beans ¢ 2.40) Cabbage P _
Mrs Lim 2 l 2 Mrs Lim
1.10| Beans =
Mrs Ng 3 2 ) Mrs Ng
1.35) Peas
13. A café sells lemonade and orangeade, each in small and large glasses, The cost of

a small glass of either drink is 30 cents and the cost of a large glass is 50 cents.
During a period of five minutes the following numbers of glasses of drink were

sold, o - ‘
Small Large ‘
Lemonade i 6 | .2
Orangeade 5 | r
. 6 2 30
Given that P = | _ and Q@ = .
1 50
(a) find PQ,
(b) explain what the numbers given in your answer to part (a) represent.  (C)

14. The following table shows an hour’s output in a toy factory.

r Production line 1

Production line 2

| Car 20 16
Lorry 25 _ i “3[)
 Truck | 15 T 18
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15.

16.

20 16
6
Given that P = |25 30| and Q = [?] denotes the numbers of hours in a day
15 18

which the two production lines operate. Compute PQ and give its physical
interpretation.

n

Two public libraries purchased the quantities of different newspapers as follows:

Straits Zao Bao  Berita

Times Harian
Stamford 6 4 2
Tampines 4 4 3

The prices of the Strait Times, Zao Bao and Berita Harian are 60¢, 65¢ and 50¢
respectively.

Write a 2 x 3 matrix Q to represent the quantities of different newspapers bought.

60
Given further that C = | 65|, find QC and interpret your answer.
50

The prices of three types of light bulbs are given below.

50 watts — $1.20 100 watts — $2.00 150 watts — $2.35
{a) Represent the above information as a column matrix C.
A factory has a workshop and offices. The number of each type of bulbs used are
given in the table below.

50 W 100 W 150 W
Workshop 12 40 25
Offices 3 30 10

(b) Represent the information contained in the table as a matrix N.
(¢) Find the product NC and explain what the number(s) obtained represents.
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6.4 Determinant and Inverse of a
2 x 2 Matrix

When the number of rows equals the number of columns, the matrix is called a square

10 5 -9
matrix. For instance, [ 4 ]] and | 3 6 —1] are square matrices.
2 4 -6

0
In this section, we shall consider 2 x 2 square matrices. The 2 X 2 null matrix is [U OJ'

4 3 1 0
Given that A = and I = , find
-1 2 0 1

(ﬂ) AI‘ (h) IA.
. = * HHl 0
Solutio (@) Al = [_1 2] [U 1]

4x1+4+3x0 4x0+3x1
“Ix1+2x0 -1x0+2x1

() IA=[{; ?][-T j]

Fx4+0x

(_
(_

Oxd4+1x

43

The matrix I = [O%]is called the identity matrix. In this matrix, the elements along

) 1x3+0x2
) 0x3+1x2

the principal diagonal (shaded) are all 1's while the other elements are all 0’s. The
above example illustrates an interesting and important property:
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Al = 1A

]
-

4}

b d b
Given that M = [ dJ and N = [ . ], where ad — be # 0,

C a

find

(a) MN, (by NM.

Hence deduce the matrix P such that PM = I, where I is the
2 % 2 identity matrix.

(8) MN = a Y[ d -b _ ad — be —ab + ba
DOULEN, ! e dll-e al led-de -cb+da
N ad - be 0
- ] ad - be

(b) NM d -b\(a b B da — be db = bd
"l alle d] \-ca+ac —cb+ad

B ad - be ]
- 0 ad - be
From our result in (b),

NM = ad — be 0
B 0 ad — be

il PO
—(a—)c)o I

Loam =
= ad — be - 0 1

Comparing this with PM = I we have P= — 1 N ’
ad — he

_ | d b
“TE|e &
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In Example 12, PM = L It can also be shown that MP = 1. We call P the (multiplicative)
inverse of M which is usually denoted by M, Hence we have:

¢

a b 3 1 fi d
(1) M= d has inverse M~ =

) provided ad - be = (0.
ad - be | ¢ a

(2) MM =T and MM = 1

a b
The expression ad — be is called the determinant of the matrix M = [ d] and is
c
a b
denoted by det M or M| or il
. a by a
The determinant of M = is given by = ad - be.
¢ d ¢ d
, a b
In summary, to get the inverse of gl we do as follows:
c
Interchange Next,
the 2 change the )
elements in signs of the Then, multiply
the principal remaining b I
a b)Y diagonal d b)Y 2elements [ d —b] Y Aeterminant 1 d -b
[ —— - = :
c g c a —p HJ ad —be | _¢ a
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| -+ Foreach of the following matrices, find its determinant and inverse,

if it exists.

4 3 3 "'2 '2 3

M (a) det A =

Since the determinant, ad — be # 0, A" exists.

E i

. Sl=42-32=2

3 < 3
a_ 1= 21 ==
Yol 4]'[—1 "J
)
(b) det B = { it = 3(-4) - (-2)1 = -10

Since det B # 0, B exists.

pto L[ 2 _ (o4 -2
T Twol-1 3] 7 01 0.3

",
') det C =
(c) de a6

3
‘ =-2(6) - 3(-4)=10

Since det C = 0, C ' does not exist.

Note: A matrix whose determinant is zero is said to be singular
and has no inverse. For non-singular matrices, their
determinants are not zero and they have inverses. Hence
the matrix C above is singular and has no inverse while
matrices A and B are non-singular and have inverses.

Recall the following properties of the inverse matrix and identity matrix:

MM'=1 and M'M= 1
A=A and Al= A

2 3
Consider the matrix equation MX = N, where the non-singular matrix M = [4 _{],

-4 1
= [ 10 ]0] and X is an unknown matrix. Take note where the above properties are

used in the solution of the equation.
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MX =N
We pre-multiply both sides by the inverse M
M'(MX) = M''N
(M'M)X = M'N
IX = M'N
X =M'N

(3 (-4 14
18l-4 2/l10 10
(1872
T 18l36 36

- )

XM =N,
we post-multiply both sides by the inverse M,
(XMM ' = NM"'
X(MM™") = NM"'
XI = NM'
X =NM"'

(-4 ), (303
“li1o 10)8{-4 2
1 (-68 16
Ta8|-10 50

34

9
5

Y

]

8]

Again, if the equation is

‘El{x & o

Find the values of p and g in the matrix equation

= AJ0)-(5)

3 4\(p) (17
2 —t)lgq) |7
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We pre-multiply both sides by the inverse A"
_L -1 —4)(3 4 p—_i -1 —-4\(17
-2 3J12 -1j{q) ul-=2 3J{-7
o
11{-55

i
& o=
e

1l

|

Exercise 6.4

1. Evaluate the following determinants.

NEE e 34

@ 5 L © 1,

o [0 12 4 09 08

W ls 2 ® | 5 5 O |5
2 =n x+2 X

(g) 5 (h) I e_n

2. Determine which of the following matrices are non-singular and find their inverses.

11 £ (6 -1 Lo(-12 09
(a) | o (b) 5 1 (c) 4 _3]
@ [+ o [ 3 b [510

0 -5 9 lio s ® 15 6
w [0 2 o2 (32
D | < |, W |,
(2 4
W 2]

3\
9] is —6. Find the value of a and write down the inverse

. 2a
3. The determinant of[ 5
of the matrix.
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.

10.

(F%]

a

]

If the matrix [ ]iﬁ singular, find the value of a.

0 2 .
Given that § = [ l ()]’ find 8 and deduce the inverse of S.

3

) ~1
The matrix A = [4 —;]' Calculate

(1) the value of the determinant of A,
(b) the inverse of A,

4
(€) AA ‘[j]. (C)

-2 2 4 -5 -2 1
A= , B = and C = A
-3 4 2 h kol

(a) If AC =1, find the value of £.
(b) If |B|] = 2|A[, find the value of #.
(¢) Find the inverse of A°.

3 -l 5 0
A= and B = .
2 0 -2 4

(a) Evaluate 3A — 2B.
(b) Find A, the inverse of A.
(¢) Given that AX = B, find the matrix X. (C)

Find the matrix X in the following equations.

o D w3
o [ e )

Find the values of the unknowns in the following equations.

o (L) w0
o (%35 2=6 )
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-1 =2
1 0
11. In the equation M[2 3] =3 0 -1}, state the order of the matrix M.
2 .3

|
Find the inverse of (9

0
3] and use it to solve the equation for the matrix M.

=2 -1
12. A= [ p q} Find the inverse of A and uvse it to find the matrices P and Q in the
equation

ap=| (h) QA = S BT
(a) —-{418. ))Q_12 S| -2

6.5 Solving Simultaneous Equations by a
Matrix Method

The matrix equation
2 -2\(x 6 2x -2y 6
o=y == —
4 3y -5 4x — 3y =5

Equating the elements, we have the pair of simultaneous equations:

2¢ -2y =6
4y — 3y = -5
Conversely, we could express the simultaneous equations
3x -4y =-5
2x+ 5y =28

as a matrix equation

2 500

5] is called the coeflicient matrix as its elements are the coefficients.

3
The matrix [ 5

. 3 -4 /(5 4
The inyerse of T - -
-2 5 712 3
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Pre-multiplying both sides by this inverse, we get:

L (B[
)

= X =

i I
~1|— -1 —
= .—..\J
B g 1YW
e

LS
S ——

|
o Ln
e ——

Use a matrix method to solve the simultaneous equations:

Ix+2y=8

x—y=6
The simultaneous equations
3x + 2y =8,
ly - ly = 6,

can be written as the matrix equation

[ (e

3 2
Pre-multiplying both sides by the inverse of [1 l]’ we get
(-1 -2)(3 2)(x)_ (-t 2)(8
sl-1 3){1 <tfly) ™ sl-1 3)le
1 1 (=20
y) s ( 10
(4
-2
= x=4and y=-2
The simultaneous equations
3x-2y =15,
6x — 4y = 8,
yield two parallel lines. The lines do not intersect and hence the pair of equations has no

solution.

On the other hand, the simultaneous equations. - a—
Jx -2y =35,
6x - 4y = 10,
yield the same line and hence the pair of equations has infinitely many solutions.

Matrices 135




In matrix form, these pairs of equations are respectively
3 2)(x 5 3 -2\« 5
= and i .
6 —4Jly 8 6 —4ly 10
-2
—4
singular and has no inverse.

Thus, we see that when the coefficient matrix is singular, the pair of simultaneous
equations has no unique solution.

Observe that

3 -2
= 3(—-4) — (-2)6 = 0 and so the coelficient matrix [6 4] is

1. For each of the following pairs of simultaneous equations, find the coefficient
matrix and state whether the equations have a unigue solution. Find the unique
solution if it exists.

(a) de+2v=3 (by 2x+ 3y=13
12x + 6y =9 x—-y=14
(€) 4x+2y=2 (d) 4dx-5y =13
Tx+3v=4 -8x + 10y = 18
2. Use a matrix method to solve the following pairs of simultaneous equations.
@) x-2vy=7 (h) Sx+y=-8
4x+3y=6 -x + 2y =17
() 3x+7v=-6 (d) 2x—-v=7
4x - 2y=26 Ix+y=
(¢) 3x+2y=29 (I 6x-1lv=-28
e -y=10 -3x + 5v =13

2. Eguality '
Two matrices are equal if they are of the same order and if their corresponding
elements are equal.
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() For A= | " its determinant, det A= |© | =ad ~ be:
(c) If A is non-singular, i.e. det A # 0, then the inverse of A exists and
= r d —b)
e -

A'A=AA" =1
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The labour and material costs for manufacturing two guitar models

are given in the table below.

Model A | Model B

~ Labour cost $35 $40

Material cost $20 $30

A total of $2500 a week is allowed for labour and material costs.
In three forthcoming weeks, $1450, $1500 and $1550 of the weekly
allocations will go to labour. Find a 2 x 3 matrix C to represent
the weekly allocations for the costs of labour and material.

it fo given dieBs [ 0| ot 2
15 i = a = 3
g A 20 30 ™" & & F

(a) Write down an equation connecting P, Q and C.

(b)Y Find P'. - - )
(¢) Calculate P'C.

(d) Explain the significance of your answer to part (c).




w The allocation for material = $2500 — the allocation for labour

and so we have:

Allocation ($)
Week 1 Week 2 Week 3
Labour 1450 1500 1550
Material 1050 1000 950

1450 1500 1550
Hence C = 1950 1000 950/

@) PQ=C.
® | P|= 3540 2530y - 4020) = 250
20 30| B
G pi_ 1 [ 30 40
Y =320 3
0.12 -0.16
=(-0.08  0.14)

() P'C=

-0.08  0.14 {1050 1000 950
6 20 34
=131 20 9

(d) From (a), PQ=C = P'PQ=pP'C
= Q=P'C
Hence the matrix in part (c) gives the quantities of Model A
and Model B to be produced in each of the three weeks.

[0.12 —0.16] 1450 1500 1550]

1. Express each of the following as a single matrix.

w 3.3 42 oo _af? 43
a) 4+5__2]- p ® @ 9 O]
2 - i ' 20\
12 4 2
(©) [2 _3 1] 7 4 @ 3 =2 9 5]+as
& 5 ¥
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2. Given that N V(P 2 4 (® ). find the value of p, of
2. Giventhat| _ Pl il 3:-]‘ ind the value of p, of g and
of r. (C)
5 2 7 =2 2 1
3. Given that A = [_3 I] B = [(] —l] and C = {4 8]’ find
(n) 2A + 3B, by C — 4A,
(¢) A the inverse of A, (d) AA'D.
4 2 1k 12 4
4, A= . B=1]4 (| and C = ;
0 3 0 - -9 m
3

(1) EBvaluate A°.

(b) Find the value of & which makes AD the identity matrix.

(¢) Find the value of m which makes the determinant of A equal to the determinant
of C. (C)

5 5
and BA = .
4 18

7
] and A® = kA, find the value of k.

3 -2 [ -1 6 h
6. A= , B = and C = .
4 4 1 2 -3 ik

(a) If det C = det A + 2(det B), find /t in terms of £,
(b) Is it possible for C — 2(-3A) to be equal to 4(B — €)7 Give your reason.
(¢) Find X if XA =B.

1
5. (a) FindBif A= [ [

LS SV

7
(b) Given that A = [ 4

7. (a) Express as a single matrix

~1 w4+ 1

0 4
1 -2 -5 3
i) 2 ; i 3 43 :
(i) [3 {}] (0 3] (ii) (1 4) 2 I
50
. w 2w+35
(b) The determinant of the matrix [ is 15.

(i) Form an equation in w und show that it reduces to
w4 3w - 10 =0,
(ii) Solve this equation. (C)

0 1 5
8. Giventhat §= (l {}]’ show that S is self-inverse (i.e. §' = 8). Hence deduce S™.
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2 l 3 —1
9, Given that A = [ 5 4] and B = ( I l]’ find

(a) AB and (AB)", (by A',B"'and B'A"
Is (AB)'=B'A™"?

10.  Use a matrix method to solve the following pairs of simultaneous equations.

(1) 3x+ 7y=23 (b) 2x+3v=11
2v + 4y = 14 r—y=3

(€} Zx—y=-8 (d) 10x+33y=14
x+2p=11 5x + 16y =

7
I1. Find the inverse of the matrix [3 . Hence solve the simultaneous equations

2
Tx — 3y = =29,
3x+ 2y =4

" I

2 3
12. Write down { | l] . Hence solve the simultaneous equations

I

2v + 3y = 13,
x-y=4

13. One of your friends spent $7.70 on some 22-cent and 40-cent stamps. If he bought
26 stamps in all, use a matrix method to find how many of each type he bought.

14.  The amount of vegetables, in kg, which one lorry can hold is given in matrix L and
the amount, in kg, that a van can hold is given in matrix V.
A shop has a delivery from 2 lorries and 3 vans.

sacks boxes sacks boxes
23 7 onions 5 6 onions
L= 30 10 potatoes V= 4 3 potatoes
25 8 carrots 5 2 carrots

Write the matrix 2L + 3V and give its physical significance.

15. The price of tickets in each category at a cinema is given below.
Child - §3; Adult — $8; Senior citizen — $5.
(a) Represent the above information as a column matrix C.
The number of tickets sold on one weekend is summarised in the table below.

Child l—fﬁlill_ | Senior citizen |
Saturday 205 160 70
| Sunday | 310 200 | 65 |

(b) Represent the information contained in the table as a matrix N.
(¢) Find the product NC, and explain what the number(s) obtained represents.
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16. A store sells large and small tins of both yellow and blue paint. The selling price

of a large tin of cither colour is $/ and of a small tin of either colour is $s.
The number of tins of each type sold one day is given in the following table.

— —

| Large | Small ‘
Yellow 5 3
Blue [ 6 4

The total income from the sale of the yellow paint was $84 and that from the blue

paint was $104.

L 5 3 i 84
It is given that A = , B = and C = ;
6 4 § 104

(a) Write down an equation connecting A, B and C.
(b) Find A™".

(¢) Calculate A'C.

(d) Explain the significance of your answer to part (c).

17. The two outlets of a furniture company sold the following items in October.

Table Chair
Outlet 1 23 64
Outlet 2 17 52

It cost the company $65 to make a table and $5 to make a chair. Each table was

sold for $160 and each chair for $12.

_ 23 64 65 160
Given that Q = A= and § = g
17 52 5 .12

(a) find QC and interpret the results,
(b) find S — C and interpret the results,
(t) find Q(S — C) and interpret the results.

18. A business makes toy buses and toy lorries.
The following table is used in calculating the cost of manufacturing each toy.

LLabour Wood Paint

(Hours) (Blocks) (tins)
Bus 6 4 3
Lorry 3 4 2

142 Matrices



Labour costs $8 per hour, wood costs $1 per block and paint costs $2 per tin.

8
It is given that A 6 43 B l dC=ADB
is given that A = 3 4 ofB= k an = Al.

(a) (i) Evaluate C.
(ii) Explain what the numbers in your answer represent.
(b) In addition, D = (100 200).
(i) Evaluate DC.
(i) Explain what your answer represents. (C)

In order to control a certain type of crop disease, it is necessary to use 29 gallons
of chemical A and 20 gallons of chemical B. The dealer can order commercial spray
I, each container of which holds 5 gallons of chemical A and 2 gallons of chemical
B, and commercial spray Il, each container of which holds 3 gallons of chemical A
and 4 gallons of chemical B.

5 3 29
Giventhat § = (,} 4], U= [-,0] and 8X = U, evaluate X and state what information

the matrix X gives.

A Dbiologist in a nutrition experiment wants to prepare a special diet for her
experimental animals. She requires a food mixture that contains, among other
things, 29 ounces of protein and 6 ounces of fat. Food mixes are available with the
compositions shown in the table. How many ounces of each mix should be used to
prepare the diet mix?

Mix Protein (%) | Fat (%)
A 20 2
i_ B 10 6

A company manufactures three styles of kitchen cabinets and each style comes in
two grades. Style | requires 4 square units of plywood and 14 hours to build.
Style 2 requires 5 square units of plywood and 10 hours to build. Style 3 requires
3 square units of plywood and 8 hours to build. For grade A cabinets, the wood
costs $26 per square unit and labour costs $35 per hour. For grade B, with cheaper
material and less experienced cabinetmakers, the cost drops to $20 per square unit
and $31 per hour. Display these figures in twe matrices in-such-a way that their
product shows the cost of materials and time required for each grade and style of
cabinet. Calculate their product.
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Coordinate geometry is the study of points, straight lines and curves defined by algebraic
expressions. In this chapter, we shall study the basic knowledge of distance between two
points, midpoint of two points, straight lines with equations of the form y = mx + ¢,
parallel lines and perpendicular lines.

7..1 Distance between Two Points

Three points P(x,, y,), Q(x,, v,) and R(x,, ¥,) ]
are on the cartesian plane with x-axis (the
horizontal axis) and y-axis (the vertical axis)
as shown in the diagram. Since x, < x,,
PR = x, — x,. Similarly, y, < vy, and
RO =y, - y.

Ofx,, v,)

By Pythagoras’ Theorem,
PQ’ = PR* + RQ’
= (6 -+ -y

PO = /G, -x) + O y)

The vertices of a triangle are A(-2, 0), B(5, 0) and C(1, 4). Find
(a) the length AB,
(b) the area of the triangle ABC.

§
(a) AB =35 - (-2) = 7 units
M) CC=4-0=4
Area of AABC Ebl]
I
=L xaBxcc |
= I
|
— = _‘-—-—"‘21"_%-:?%_4:_ - — /.\_ ,Ir ‘
= 14 sq. units 1 >
A-2,00 0] C,(1,0) B(5, 0)
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A triangle has vertices at A(2, —4), B(—4, 4) and C(3, 3). Calculate
the length of AC and of BC and show that the triangle is an
isosceles triangle.

Solutiof AC = (3 -2 + (3 (-4)) B4
C(3,3)

BC = \/(3 ~(-4) + (-4
= 50
= \,"li

5.2 units A2, )

Since AC = BC, the triangle ABC is isosceles.

Three points have coordinates A(2, 5), B(-1, 1) and C(2, 1).
Calculate the length of BC and of CA, and the area of the triangle
ABC. Also, calculate the length of AB and of CF where F is on AB
and CF is perpendicular to AB.

Solution BC =2~ (-1) = 3 units
N CA=5-1=4 unils

]
§X3X4 v

6 sq. units A2, 5)

Area of the triangle

AB = \JBC? + CA?
= .3 +4° y

= 5 units / L
°H

B-1, 1) czn
L« crxAB=6
2 =X
e il ‘.:,_._.—._.=._\:._:___,—_-\___a—6.—.)<—i?'—.—._-.. ——— —— ks g S — et
CF = 5
= 2.4 units
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Exercise 7.1

1. Find the perimeter and the area of the rectungle ABCD where A(4, 3), B(4, -2),
C(-3, -2) and D(-3, 5).

2. Find the area of the triangle ABC given the following coordinates.
(@) A2, 1), B(5, 1) and C(6, 5)
(b} A(a, 2), B(a, 6) and C(-2, a)

3. Find the area of the trapezium ABCD where A(4, -1), B(2, 3), C(-1, 3) and
D(-2, —1). Show that the perimeter is 17.6 units (correct to | decimal place).

4. Find the lengths of the sides of the triangle with vertices A(-4, 0), B(3, 4) and
C(4, 1). Show that the triangle ABC is isosceles.

5. Calculate the area of the triangle ABC shown in the diagram. Hence, find the length
AF.

C(2,4) A6, 4)

F

=\

0 S
B(14, -1)

6. If the point (4, 1) is equidistant from the points A(4, 1) and B(-1, 2), find the value
of t.

7. Given A(-I, 4) and B(5, 2), find
(a) the point P on the x-axis such that AP = BP,
(b) the point Q on the y-axis such that AQ = BQ.

8. A trapezium with vertices A(r, 0), Bt + 2, 0), C(r + 2, 3t + 2) and D(¢, 2t + 1),
where # > 0, has an area of 18 square units. Find the value of r.

9. Which of the points A(10, 4), B(7, 6), C(--3, 5) is nearest to P(3, -2)?

10. A point P(x, y) is such that its distance from the y-axis is equal to its distance from
the point A(3, 2). Show that ¥’ — 4y — 6x + 13 = 0.
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72 Widpoint of the Line Joining
Two Points

In the diagram, M(x, y) is the midpoint of the line joining A(x,, y,) and B(x;, y.).
Consider the points A, D and C.
AM = MB ’ Bxy, v,)
= AD =DC
X=X =X —X
X+ X
X —_"“,.} My, ¥) E(_\.z. _}')

-

Next, we consider the points B, E and C.
AM = MB

O
= CE =EB A{xlt .V1) D(x, ) C(Iz. yl}
Y=Y 55 =
= ¥ + ¥
2 0 Tk

The coordinates of the midpoint of A(x,, y,) and B(x,, y,)

rHntx oy +J’1)
are 3 2 .

M is the midpoint of the line joining the points A and B. Find

(a) the coordinates of M if A and B have coordinates (-1, 2) and
(3, —4) respectively,

(b) the coordinates of A if M and B have coordinates (2, —1) and
(3, 2) respectively.

(a) M has the coordinates [(_1}: 3, 2 :(_4)) = (1, -1).

- -

(b) Suppose the coordinates of A are (a, b). Since M(2, —1) is the
midpoint of AB

2. -1) = [H;B‘ b+2)

2
i 9 = at 3 —_ — b_-'-_%
ie. 2 3 and | 3
a=1 and b =-4

The coordinates of A are (1, —4),
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Midpoints of the Diagonals of a Parallelogram

Consider the parallelogram ABCD as shown below.

¥
A
Midpoint of BD is (4 13,44 ‘)
D5, 4
- (2 3 Al 3)
2' 2
(8, 2
Midpoint of AC is (] ':8, 3;2J ok
- B4, 1)
_ (2 é) 7 = 0
2’2 4

The above show that the diagonals 8D and AC bisect each other at M (% %] That is, the
midpoint of BD is the midpoint of AC. This result holds for any parallelogram.

Before proceeding to study further, we recall the relationship between some special
quadrilaterals as illustrated in the following diagram.

Quadrilateral

Trapezium

Note that rectangles, thombuses and squares are special parallelograms and their diagonals
bisect each other, i.e. the diagonals have a common midpoint.

@EETT0L 0 P@-4),009,6), R-2, 4) and S are the vertices of a parallelogram.

Find — '
(a) the midpoint of the diagonal PR,

(b) the coordinates of S.

Show that PORS is a rhombus.
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~1

(n) Midpoint of the diagonal PR is M = [-4 il 4)

s ' )

= (1, 0)

(b) Let (a, b) be the coordinates of . Since M(1, () is the
midpoint of @S, we have

_Y+a . _G+b
| = 5 and 0 = g
which give @ = -7 and b = -6 and so the coordinates of S are
(-7, -6).

PO = (9 - 4)+ (6 — (-4)) = V125
OR = [(9- () +(6-4) =125

PO = OR = the parallelogram PQRS is a rhombus.

Find the coordinates of the midpoints of the line segments joining the following
pairs of points.

(n) (4, 5) and (6, 9) (b) (2a, —) and (4a, 5a)

(¢) 2e,5) and (4, 1 =20 (d) (a, = b) and (=b, a)

If M(3, 5) is the midpoint of the line joining A(-3, 7) and B(p, g), tind the value
of p and of ¢.

The coordinates of the midpoint of the line joining A(p”, p) and B(q", ¢) are (5, 1).
Find the possible values of p and q.

Three points have coordinates A(-1, 6), B(3, 2) and C(-5, —4). Given that D and E
are the midpoints of AB and AC respectively, calculate
(a) the midpoint of DE, (b) the length DE.

Three of the vertices of a parallelogram ABCD are A(9, 3), B(-2, 1) and C(8, 6).

(a) Write down the coordinates of the midpoint of AC and hence, or otherwise,
find the coordinates of the fourth vertex D.

(b) Prove that ABCD is a rhombus. (C)

If A(2, 0), B(p, -2) and C(-1, 1) and D(3, r) are the vertices of a parallelogram
ABCD, calculate the value of p and of r.

F'our puints have coordinates A(2, =3), 8(3, 0), C(0, 1y and B{-t, -2).
() Show that ABCD is a parallelogram.

(b) Calculate the length of AC and of BD.

Is ABCD a rectangle?
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7.3 Gradient of a Line Passing through
Two Paoints

Consider the line passing through the points A(1, 2) and B(3, 5) as shown. The straight
line makes an angle 8 with the positive direction of the x-axis and this angle is a
measure of the slope of the line with respect to the horizontal x-axis. In coordinate
geometry, we use the gradient m given by:

change in y-coordinate
change in x-coordinate

5-2 3

g0 2

m =

=X
0

In general, the gradient of a line passing through the points A(x,, y,) and B(x,, y,) is

Y =N
X, — X

nm=

In fuct, the angle of inclination 8 with the

- - . y
positive direction of the x-axis, and the y
gradient m, are related by: Blxy, y,)
in=tan 6
Ax, y)
a
ol 7 "

For the line AB in the above diagram, tan 8 = % and 8 = 56.3°, an acute angle.

B @ heite)le ¢, Find the gradient of the line passing through each of the following
= pairs of points.
(@) A2, 3) and B(3, 6)
(b) C(2, 1) and D(-1, 4)

SO]ut_ion: (n) Gradient of the line AB = ——*—g _g =3

(b) Gradient of the line CD = _4] __12 = -1
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Note:  In (a), the gradient of the line AB is positive and its unglc
of inclination, a, is acute.
In (b), the gradient of the line CD is negative and f is an
obtuse angle as shown in the diagram.

B(3,6) /m=3

A, B and C are the points (2, 1), (5, 1) and (2, 5) respectively.
Draw the lines AB and AC on a cartesian plane. Calculate, if
possible, the gradients of these lines.

y
m The diagram shows the line AB, ‘
parallel to the x-axis and the line =2
AC parallel to the y-axis.
Gradient of the line AB is ¥C2.5
m= ; — é ={.
Gradient of the line AC cannot be
calculated by the formula i y=1
R AC, 1Y B5, D B
= ﬂ*——Jaxq = since x;, =2, x, =2 0 »

and x, — x, = 0.

Note:  The equation of the line AB is y = | and the equation of
the line AC is x = 2.

The gradient of a line passing through the points A(x,, y,)
and B(x,, y,) is

pa— T
M sn
— =V :
or m= T—+ , provided that x, # x,.

If x, = x,, then the gradient cannot be calculated and the line is parallel to the y-axis.
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Eai o Given that the distinct points A(s, 1), B(2, 4) and C(1, 1) are
collinear, find the value of r.

Since A, B and C lie on the same straight line,
gradient of AB = gradient of BC.

4-1 _ t-4

5.t 1-2 .

S 0

el ] + €,
B3=Q2-00-4 OB,
B=—f 468 N

P =6t+5=0 \
(t-1(t-5)=0 A1)
t=1lorh '

o
Since A and C are distinct points, t # 1 and so t = 5,

1. Find the gradient of the line passing through each of the following pairs of points.
(n) A(5,-2) and {:’(2, 1) (b) A3, 5) and B(-1, -2)
(©) A(, 1) and B(, 1) (d) A(, £+ 2) and B(3t, 5t + 2)

N

Let P, O, R be the points (2, 3), (4, —1) and (7, 6) and let M, N be the midpoints
of PQ and PR respectively. Write down the coordinates of M and N and show that
the line MN 1is parallel to the line OR.

3. Given that the points (1, —1), (2, 2) and (4, 1) are collinear, find the value of ¢
4. Show that the points A(0, -3), B(4, -2) and C(16, 1) are collinear,

5. Given that the points A(1, —1), B(t, 2) and C(£, t + 3) are collinear, find the possible
values of t.

6. A(z, 30), B(Z, 20, C(t — 2, £) and D(1, 1) are four distinct points, If AB is parallel
to CD, find the possible values of 1.

7. The line joining the points A(3, 3p) and B(4, p* + 1) has gradient ~1. Find the
values of p.

8. Given that the points A(2, 4), B(6, 1) and C(p, q) are collinear, show that
3p + 4q = 22.
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7a Equations of Straight Lines

Consider the straight line I passing through the points A(2, 3) and B(4, 7) as shown below.

Gradient of the line, m = : :3 =2 1
Let P(x, y) be any point on the line /.
Gradient of AP = £-3 =2
x=2
= y-3 =2x-2)
or y=2r-1 —
which is called the carfesian equation of /. 0

The cartesian equation of a straight line passing through
(x;, ¥y and (x,, y,) is

Y= —m, where m= 222t

Find the equation of the line joining the points A(2, 5) and
B(5, -1).

ij=4

2

Gradient of the line AB, m = .
-2

Equation of the line is <— f =2

y=-5=-2(x-2)
y=-2x+9

From the above, we have an immediate result as follows:
With gradient m and a point (x,, y,) on a straight line, the

cartesian equation of the line is
Yy =y =mx - x,).

Find the equation of the straight line that passes through (2, -1)
and has gradient 2.

Y-y =mx-x)
y=(=1=2x-2)
y=2x-5
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The line y = 3x + 6 passes through the point (¢, 3). Find the value
of «. If the line meets the y-axis at point P and the xv-axis at Q, find
the coordinates of P and Q.

Since (£, 3) lieson the line y=3x +6, 3=31r+6

= t=-1
AtP,x=0 = y= :
the coordinates of P are (0, 6). /y=3_r+ 6
6
Similarly, at Q, y = 0
= 0=3x+6
x=-2

~ the coordinates of Q are (=2, ().

72 0 =t

In Example 11, the value of y(= 6) at which the line y = 3x + 6 intersects the y-axis is
called the y-intercept. Similarly, x = -2 is the x-intercept.

Equations of vertical lines are of the form x = & and those of horizontal lines are of the
form y = /i as shown in the diagram below.

¥

/ i - 1

Equations of non-vertical straight lines are in the form
y=mx +c,
where m is the gradient of the line and ¢ is the y-intercept.

Exampl For each of the following lines, find the gradient and y-intercept
- and hence sketch the lines on the cartesian plane.
(a) y+2x=3 (b) 3x-2y=1 (€) y=5
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10,

(@) y+2x=3 = y=-2v+3 A
Gradient, m = -2 ,
4

y-intercept, ¢ = 3 61
(b) 3x—2y=1 = 2y=3yv-1 \ |
7 '

- Y,

.‘:|

12—
e

Gradient, m = ;:-

y-intercept, ¢ = —-

13| —

() y=5 = y=0xx+35
Gradient, m =0
y-intercept, ¢ = 5

Find the equation of the line passing through (-3, 2) with gradient 2.
The line [ has gradient 3 and cuts the x-axis at 4. Find its equation.

Find the equation of the line passing through each of the following pairs of points.
(a) A(L,5), B2, 4) (b) A(-1, 3), B(l, 2)
(c) A, -1), B(5, 0) (d) Ala, 0), B(2a, 3a)

Write down the equation of the straight line given

(a) gradient -3 and y-intercept 2,

(b) gradient -2 and y-intercept 5.

Find where the following lines cut the x-axis and the y-axis. Hence sketch these
lines.

(a) y=2v—4 (b) 2y=3x+6 (¢) dv—-3y—12=0

The line joining the points A(-1, 3) and B(5, 15) meets the axes at P and Q. Find
the equation of AB and calculate the length of PQ. (C)

Find in terms of ¢, the equation of the line through the point (¢, 0) with gradient £
Find the values of ¢ for which the line passes through the point (5, 6).

Find the equation of the line with gradient % (t # 0) which passes through the point
(¢*, 21). If this line passes through the point (-2, 1), find the possible values of ¢.

If the line through the point A(-2, 3) with gradient —,IJ- also passes through the point
(3, k), find the value of k. -

A line of gradient 3 passing through A(=1, 6) meets the xv-axis at 8. Another line
through A meets the v-axis at C(2, 0).

(a) Find the equation of AB and of AC.

(b) Calculate the area of AABC.
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75 Equations of Parallel and
Non-Parallel Lines "

For the lines L:y=mx+c¢

and L:y=mx+c

shown in the diagram,

I, and [, are parallel & 6, =6,
& omy =,

Find the equation of the line passing through the point A(2, 1) and
parallel to the line y = 2x + 5.

With common gradient m = 2, the equation of the straight line is

y-1=2(x-2)
y=2&x-3

Find the equation of the line which passes through the point
A(2, 1) and is parallel to the line 2x + 3y = 5.

Solution 2x+3y =5

=0

Tt
]
|
-
3
wijun

LI W

= gradient, m = —

Then, the required equation is y - | = —%—(x -2)

ie. 3yv-3=-2x+4
or 2r+ 3y -7=0.

'Equations of Non-Parallel Lines

If the gradients of the two lines [, : v = myx + ¢ and I, : y = myx + d are not equal
(i.e. they are not parallel), then the two lines intersect at a point. The point of intersection
may be found by solving the equations of the two lines simultaneously.
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Find the coordinates of the point of intersection of the lines
y=3xv+4 and 3x + y = 10.

y=3r+d, (D)

3x+y=10.. . (2)
Substitute y = 3x + 4 mtu (”), we get:
x+GBx+d) =10
oxr=6
x=landy=7
The coordinates of the point of intersection are (1, 7).

Note:  Graphically, we have:

'}!
10 y=3r+4
(1,7
4
Jc+y=10
=
11/ O 1
13/ 3

Exercise 7.5

1. Find the equation of the line which passes through the point (-1, 3) and is parallel
to the line y = 4y — |,

2. Find the equation of the line passing through the point (3, -2) and parallel to the
line 2x — 3y - 2 = (.

3. Find the equation of the line with y-intercept -2 and parallel to the line y — 3x = 4.

4. Find the equation of the line passing through the point (=2, 3) and parallel to the
line 4x + 3y — 5 = 0. If (p, —5) lies on this line, find the value of p.

5. Find the equation of the line passing through the point (3, 1) and parallel to the line
which joins (3, —-2) and (6, 4).
6. Find the coordinates of the point of intersection of each of the following pairs of
non-parallel lines.
(@) dx+y-2=0 (h) 2v+4dy =10
3x-y-5=0 6y - 3x+9=0
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10,

11.

7~6 Equations of

The straight line passing through the points (=1, 3) and (5, —3) intersects the line
2y — 3y — 9 = 0 at the point P. Find the coordinates of P.

Find the equation of the line parallel to 3x + 2y — 6 = 0 and passing through the
point where x + v + 2 = ) intersects 3x - 2y + 1 = 0.

The line parallel to y = 2x + 3 and passing through the point (3, -1) intersects
another line v = 3x — |1 at the point P. Find the coordinates of P.

Find the equation of the line parallel to x + 3y + | = 0 and passing through the point
where 3x — 2y + 6 = 0 cuts the x-axis.

The line y = ax + b is parallel to the line y = 2x — 6 and passes through the point
(=1, 7). Find the value of a and of b.

Prove that the lines 2y —x =2,y + x =7 and y = 2xv — 5 are concurrent (i.e. they
intersect at only one point).

ndicular Lines

In the diagram, two straight lines /, and [, with gradients m, and m, intersect at right
angles at A and meet the x-axis at B and C respectively. If AD is perpendicular to the
x-axis and ZABD = «a, then it follows that ZCAD = .

Since /, has positive gradient, we consider ¥

the right-angled AADB and we have

j rv=Mmxte
A_D Liv=mx+c, ‘/ ! L

{
DB
\ A

tan o \

m, =

=

...r._
R
>

=
wh—=
v

Since /, has negative gradient, we consider the right-angled AADC and we have

AD
DC
L

2€
AD

1
tan

”11 = -

1
Therefore, m, x m, = tan o X (— ] e ]
- tan @
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This gives the following result:

Two non-vertical lines with gradients m, and m,
are perpendicular < mm, = —1.

In other words, the line perpendicular to y = mx + ¢ has gradient _::":’ where m # 0.

The points A, B and C have coordinates (¢, 1), (3, 4) and (6, t + 1)
respectively. Show that the line AB is perpendicular to the line BC
for all values of «.

w Gradient of AB, m i -3—, tz3
3 3t RIS
1

: : ,_ ()4 -3
Gradient of BC, m' = e .
' 3 t—3
= e X e—— = -
i r -

For t = 3, we have A(3, 1), B(3, 4) and C(6, 4) and so the line AB
is a vertical line and the line BC is a horizontal line. Therefore the
line AB is perpendicular to the line BC for all values of .

Find the equation of the straight line passing through A(2, -3) and
perpendicular to the line y = 3x + 1. The two lines intersect at F.
Find

(a) the coordinutes of F, (b) the distance AF.

Solutiox Y =30 4 | o (H

The gradient of this line is m = 3 and so the gradient of the
perpendicular line is m' = —% = —%.

Equation of the perpendicular line is
y-(3) =-3x-2)

e 3y +x +T=0 e (2)
(2} Solving (1) and (2), we get x = —1 and y = -2

The coordinates of the point F are (-1, -2).
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(b) AF = (2~ (1)) + (-3~ (-2)) =10 units

For the above example, ¥
the perpendicular line
and the points A and F
are shown in the
diagram. The point Fis
called the foot of the
perpendicular from the
point A to the straight
line ¥y = 3x + |. The
distance AF is called the
perpendicular distance
from A to the line
y=3x+ L

y=3x+1

\:1(2\,—3)

Three points have coordinates P(1, 3), O(5, 1) and R(3, —1). The
foot of the perpendicular from R to the line joining P and Q is F.
Find

(a) the coordinates of F,

(b) the ratio PF : FQ,

(¢) the perpendicular distance from R to PQ.

P(l, 3)

______________ L o 06, 1)

F.l'

X
0
(a) Gradient of PO, m = 2=t 1L
e A e Y
Equation of PQ is y — 3 = —%(x - 1)

2V =T = X orerieriennsssieinanseareres (D
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Gradient of RF, m' = %} =2

Equation of RF is y — (1) = 2(x — 3)
¥ =2% = T (2)
Substitute (2) into (1), we get:
22x -7 =7-x

= 2l
FE 5
-1
Y=3
. 21 7
*, the coordinates of F are | 5 gl .
(b) By similar triangles,
21, 16
PE_PF .5 .5 -4
FQ  FQ 5_21 A 1
] £

The ratio PF : FQ is 4 : 1.

(c) The perpendicular distance,
2 2 6/5 .
FR = J(zsl- - 3) + G - (—1)] = "% units

Three points have coordinates A(~1, 4), B(2, 2) and C(7, 3). Find

(a) the equation of the line through A perpendicular to AB,

(b) the equation of the line through C parallel to AB,

() the coordinates of the point D at which these two lines
intersect,

(d) the distance AD.

¥

A

Ry

Solution; &

A-1,4) C(7.3)

B(2,2)

- Y
Gradient of AB, m = 5 S

Wt
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: ; , . 3
(2) Gradient of the perpendicular line, m’ = s =
il Z

Equation of the perpendicular line through A is
Fize,
y-4= 5= 1))
or 2y=3x+ 1. (1)

(b) Equation of the parallel line through Cis vy - 3 = —%(,r -7
Ay =23 =28 ememaamnzsensens (2)
(e) Solving (1) and (2), we have:

3(9;‘12) =08 =By
9

x=land v=7
Hence D has coordinates (1, 7).

2

(d) AD = (1 ~-1) + (7-4)* = /13 units

In the above example, AD is also known as the perpendicular distance between the pair
of parallel lines AB and CD.

(3]
.

(,‘

Given the points A(3, 7), B(6, 1) and C(20, 8), prove that AB is perpendicular to
BC.

Show that A(2, ~1), B(5, 4) and C(15, -2) form a right-angled triangle and state
which angle is the right angle.

The line joining A(a, 3) to B(2, -3) is perpendicular to the line joining C(10, 1) to
B. Find the value of a.

Three points have coordinates A(1, 2), B(9, 0) and C(6, ). Calculate the value(s) of
tif

(a) ZLABC = 90°,

(b) AC is perpendicular to BC.

Find the equation of the straight line passing through A(4, 5) and perpendicular to
the line x + 2y — 4 = (. These two lines intersect at F. Find the coordinates of F.
The line y = ax + b is perpendicular to the line y — 3x = 4 and passes through the
point (1, —=2). Find the value of a and of b.

Three points have coordinates A(3, 6), B(2, 1) and C(6, 7). The point F is the foot

of the perpendicular from A to BC. Find the coordinates of F.
Hence or otherwise. find the perpendicular distance from A to the line RC,

Three points have coordinates A(6, 6), B(-3, 3) and C(9, k). The foot of the
perpendicular from A to BC is the midpoint of BC. Calculate the possible values
of k.
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9,

10,

11.

13.

14.

16.

Calculate the perpendicular distance from the given point to the given line.
(@ 1), 3v—dy+2=0 (b) (2,3, x+y+1=0
{c) {4! "3]! 2-‘ — .“ + 5 = () (d] (_.]Il l]! 3." + 4r — ’:J_

Calculate the perpendicular distance from the point (-1, 4) to the line joining
A4, 1) and B(8, 3).

The equations of two parallel lines are ax + vy — I =0 and 2v+ y + |1 = (.
(a) Find the valve of a.
(b) Calculate the perpendicular distance between the lines.

The line v = ax + 7 is parallel to the line y = 2x — 3. The line y = bx + 7 is
perpendicular to the line y = 2v — 3.
(a) State the value of a and of b.

(b) Calculate the perpendicular distance between the pair of parallel lines.  (C)

The line through A(3, 1) perpendicular to x — 4y = 8 meets the x-axis at P and the
v-uxis at Q. Calculate the ratio PA 1 AQ.

Three points have coordinates A(4, 13), B(9, 3) and C(10, 8). Find the equation of
(a) the line AB,
(1) the line through C perpendicular to the line y — 4x = 5.
The line through C meets the line AB at point P. Calculate the coordinates of
P and the ratio AP : PB.

The equations of the sides AB, BC, CA of the triangle ABC are y = 2x, y = 3x,
X + vy = 8 respectively. Find the equation of the line through C perpendicular to AL,

(C)

This line meets the x-axis in P and the y-axis in Q. Calculate the ratio gg
The line y = 2x + 3 intersects the y-axis at A. The points B and C on this line are
such that AB = BC. The line through B perpendicular to AC passes through the
point D(-1, 6). Calculate
(a) the equation of BD,

(¢) the coordinates of C.

() the coordinates of B,
(C)

77 Perpendicular Bisector

Let M be the midpoint of the line AB as shown in 4
the diagram. The straight line through M and
perpendicular to AB is called the perpendicular
bisector of AB. Any point on the perpendicular

bisector is equidistant from A and B, N




1 o /() Two points have coordinates A(1, 2) and B(5, ~1). Find
. (a) the midpoint of AB,
(b) the equation of the perpendicular bisector of AB.

Solutiof (1) Midpoint of AB is (‘ 15 2 +2(")) - (3%)
(b) Gradient of AB, m = 2= -3
1-5 4
Gradient of perpendicular bisector, m” = —$ = %
Equation of the perpendicular bisector is y — -,!7 = %(x - 3)
or 6y =8x - 21

Two points have coordinates A(-2, 3) and B(4, 15). Find the
equation of the perpendicular bisector of AB. Hence or otherwise,
calculate the coordinates of the point P on the line 3y = x + 1 if
P is equidistant from A and B.

Solution Midpoint of AB is af = (-4, 3413

=(1,9)

T . _ 15-=-3
Gradient of AB, m = o)

=2

1
n

So gradient of the bisector, m' = -

ra|—

Equation of the bisector is y — 9 = ~;l,-(x -1

2y =-x + 19

et

As P is equidistant from A \
and B, P must lie on the
perpendicular bisector of
AB, as shown in the
diagram.

/

A{=3,3)
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6.

Hence P can be found by solving simultaneously

2y =0+ 1Y vreeeneenees (1)

VB o ol [ (2)
(1) + (2) gives 5y = 20

y=4

Substitute y = 4 into either (1) or (2), we get:
x =11

Therefore, coordinates of P are (11, 4},

Given the coordinates of A and B in each of the following, find the equation of the
perpendicular bisector of AB.

() A(l,2), B3, 4 () A(L, 8), B(7, ~4) (e) A2, 3), B(-1,9)
(d) A4, 5), B(-2, 3) (e) A3, -6), B(-2,4) (N Ala, 7a), B(3a, a)

Find the equation of the perpendicular bisector of AB given the points A(5, 4) and
B(3, -2). Hence or otherwise, find the coordinates of the point P on the x-axis, if
P is equidistant from A and B.

Two points have coordinates A(5, -2) and B(3, 6). By finding the equation of the
perpendicular bisector of AB, or otherwise, find the coordinates of the points on the
axes which are equidistant from A and B.

Two points have coordinates A(1, -3) and B(-3, 5). Find the equation of the
perpendicular bisector of AB. Find the coordinates of the point P on the line

v =x-2if Pis equidistant from A and B. Calculate also the length of AP.

Three points have coordinates A(2, 9), B9, 7) and C(2, 0). Find
(a) the equation of the perpendicular bisector of AB,
(b) the equation of the perpendicular bisector of BC,
(¢) the point of intersection of the two perpendicular bisectors.

Two points have coordinates A(2, 3), and B(6, 7). If C(7, 1) lies on the perpendicular
bisector of AB, find the value of t. Find the coordinates of D such that the line AB
is the perpendicular bisector of CD.

Show that the equation of the perpendicular bisector of the points (¢, f + 1) and
(3, t+3)isy+1x= 2 + ¢ + 2. If this perpendicular bisector passes through the
point (5, 2), calculate the values of ¢,

7.8 Intersection of a Straight Line

and a Curve

Recall that two non-parallel lines intersect at one point. But a straight line and a curve
may intersect at more than one point. The coordinates of the point of intersection can be
obtained by solving the equations of the line and the curve simultaneously.
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points. Find the coordinates of these points.

M&Zl The line y = 2x — 2 intersects the curve y = ¥ — 2v + | at two
 Solutio

We have y = 2x — 2 nuneasmmneingsiiss (1
¥ ST =20 F Lo (2)

Substitute y = x* — 2x + | into (1), we get:
¥-2x4l=2-2

¥-dx+3=0

-Dx-3)=0
Thus x=land y=0
or x=3andy=4

The points of intersection are (1, () and (3, 4).

Note: A sketch of the line vy = 2y — 2 and the curve of
y=x - 2x+ | together with the two points of intersection
is shown below.

y

F3

Exercise 7.8

1. Find the coordinates of the points of intersection of the line y = 2x + 4 and the
curve y = ¥° — 4.

J

The line v = x — 6 meets the curve y* = 8x at two points. Calculate the coordinates
of these points.

3. The line vy — x = | intersects the curve xy = 6 — 2y at P and Q. Calculate the
midpoint of PQ.

4. The line v — x — 5 = () meets the curve y = X - 3x at A and B. Calculate
(2) _the midpoint of AB, (b) the length of AB.

5. The line 3x + v = 8 intersects the curve 3x” + v’ = 28 at A and B. Calculate
(a) the length of AB,
(b) the equation of the perpendicular bisector of AB.
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6. Find the coordinates of the points of intersection of the curve X+ +xy=4and
the line 2y = x + |.

7. A straight line of gradient 3 is drawn through the point (2, —-2) on the curve
y = 3x* — 7x. Find the coordinates of the point at which the line meets the curve
again.

8. A straight line through the point (0, —3) intersects the curve P4y -2Tx+41=0
at (2, 3). Calculate the coordinates of the point at which the line again meets the
curve. (C)

‘ The diagram shows an application of a graph plotter, Graphmatica, to draw the lines

y=2x+3.y=2x—l,y=—-,l}-x+%

to illustrate parallel lines, perpendicular lines and perpendicular bisector.
Use a graph plotter to draw the line segment AB and lines in the above examples.

y=2c-6{2, 4} J

ABCD is a parallelogram <> diagonals AC and BD have a common midpoint.
Note that rhombuses, rectangles and squares are special parallelograms.
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(b) The equatmn of a line may be wntten in the form
Y=,

~ where m = gradient and ¢ = y y-intercept, i.e. the line cuts the y—axis at

(o, c).

Straight lines of different gmdxents are shown as faﬂowq.

4. Equations of parallel lines

The lines y = mx + ¢, and y = m.x + ¢, are parallel & m, =

5. Equations of perpendicular lines

(a) The lines y = mx + ¢, and y = myx + ¢, are perpendicular

(=14 mlmz — _l-

x=k
m undefined
e

(b) The line passes through the point (x,, y,), perpendicular to the line

y = mx + ¢, has gradient m’ = _ﬁ

1
y—»=—;u—nl

6. Perpendicular bisector
The line that passes through the midpoint of
A and B, and perpendicular to AB is known
as the perpendicular bisector of AB.
For any point P on the line, PA = PB.

and the equation of the line is
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(a) The point F is the foot of the
perpendicular from the point A to the
line /.

(b) The distance AF is the perpendicular
distance from the point A to the line /.

(e) The distance AF is the perpendicular 0
distance between the pair of parallel
lines / and /,.

8. Points of intersection
The coordinates of the point(s) of intersection of a line and a non-parallel line
or a curve can be obtained by solving their equations simultaneously.

Three points have coordinates A(1, -2), B(1, 2) and C(t, t — 1)

where ¢ = 1. Given that the area of triangle ABC is 12 square

units, calculate

(a) the value of 1. y

(b) the perpendicular distance
from B to AC.

m @ AB=2-(-2)=4

CE=¢t-1
Area of AABC = 12

L s L S
5 x base x height = 12

| 0
ie. 5 XABXCE =12

xdx(t—1)=12 Al -2)
Lo =

1
2

(b) Now r =7 = C has coordinates (7, 6)

AC= (7-1) + (6~ (-2)) =10
Area of AABC = 12

ie. L X AC X BF =12

— SOl OB e e

2
BF =24
the perpendicular distance is 2.4 units.
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E\am]pll -l ABCD is a trapezium in which AB is parallel to DC and AD is
' perpendicular to both AB and DC. The coordinates of A, 8 and C
are (3, 0), (7, by and (7, 7) respectively. Given that the gradient of

the line AB is L, find

(a) the value of b,

(b) the equation of DC,

(¢) the equation of AD,

(d) the coordinates of D,

(e) the area of the trapezium.

=
1

(a) Gradient of AB = =

25—

[
R |
T
Il

(b) Equation of DCis y -7 = L(x-7)

{(¢) Equation of AD is y — 0 = -2(x - 3)
PRI i 2)

(d) Solving (1) and (2), we have:
26 -2x)=x+7
x=landy=4
The coordinates of D are (1, 4).

(e) Since AD = 245, AB =245 and DC = 35
Area of trapezium ABCD = +(AB + DC) x AD

=15 +3V5)x 245

ABCD is a quadrilateral where Y

Ais (1,3, Cis (5, 1)and B

lies on the x-axis. BD is the

perpendicular bisector of AC

and CD is a vertical line. Find

(a) the equation of BD,

(b) the coordinates of B and
_ofb,

(¢) the area of ABCD.
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(a) Gradient of AC = :——i' = ,,L and so gradient of BD = 2.
Midpoint of AC is (52, 221) = 3, 2).
Equation of BD is vy - 2 = 2(x - 3)
. R T (1)

(b) AtB,y=0and s0 2x -4 =0, i.e. x = 2.
The coordinates of B are (2, ).

Since CD is a vertical line, v =5 und v =2(5) -4 =6 at D.
The coordinates of D are (5, 6).

1l

(¢) Since AC = 2\6 and BD = 345
Area of ABCD = & x AC x BD

>
%x’lﬁxf&ﬁ

15 sq. units

Given A(l, 2), B(2, -3) and C(6, 1), show that AB = AC. Find the coordinates of the
midpoint of AC. If the figure ABCD is a rhombus, find the coordinates of D.

Given that P(/1, k) is a point equidistant from the points A(3, 5) and B(7, —1), prove
that 3k - 2 + 4 = 0.

Three points have coordinates A(=-2, 1), B(10, 6) and C(a, —6). Given AB = BC,
find the possible values of a. If the figure ABCD is a rhombus, find the coordinates
of D.

Given the points A(a, a + 1), B(-6, -3) and C(5, —1), find the possible values of a
if the length of AB is twice the length of AC.

Three points have coordinates O(0, 0), A(5, 0) and B(7, 6). If P is the point (x, y),
where v > 0, calculate the value of x and of y given that AP = BP, and that the arca
of triangle AOP is 10 sq. units,

() Prove that the distance from the point (1, —1) to the point (r + 1, \/l - =1
is the same for all values of r where -1 = 1 < |,

a+b ath

_;)_u_s 5 .

(b) Find the area of the triangle whose vertices are (a, 0), (0, b) and (

The points A(6, 7), B(0, 1) and C(9, 4) are vertices of a tnangle. Find the length A8

and the area of the triangle ABC and hence obtain the perpendicular distance from
C to the line AB.
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14.

15.

16.

17.

172

Two points have coordinates A(3, —1) and B(-1, 5). Calculate the coordinates of P
if P is on the x-axis and is equidistant from A and from B. Il the figure APBQ is a
rhombus, find the coordinates of Q.

Given that the four points A(1, 2), B(2, -5), C(7, 0) and D(et, ) are the vertices of
the thombus ABCD, calculate

() the value of e and of §, (b) the length of AC,

(c) the length of BD, (d) the area of the rhombus.

The points A, B, C and D have coordinates (3, -2), (p, 3), (6, 2) and (g, r)
respectively. The figure ABCD is a rhombus. Find
(a) the values of p, ¢, r, (b) the area of the rhombus. (C)

Three points have coordinates A(—1, 2), B(3, 10) and C(p, 8). Find the value(s) of
pif

(a) A, B and C are collinear,

(b) AC is perpendicular to BC.

(a) Find the equation of the line passing through the points (-1, 3) and (3, 9). If
the line also passes through the point (¢, £ + 2), find the value of ¢.

(b) Find the equation of the line through the point (5, 2} and parallel to the line
2y — 3x = 4. Find the value of a if the line ax — (¢ + 1)y + 2 = 0 does not
intersect the pair of parallel lines.

The lines x —y — 2 = 0 and 2x — 5y — 7 = 0 intersect at the point P. Find the
coordinates of P. The line through P with gradient 2 meets the axes at A and B.
Calculate the area of triangle AOB.

Find the equation of the line with gradient m which passes through the point (2, 3).

If m << 0 such that the line meets the positive x-axis at A and the y-axis at B, find

(n) the coordinates of A and of B in terms of m,

(b) the values of m for which the area enclosed by this line and the axes is
16 square units.,

Given that points A(1, 8), B(4, 7) and O(0, 0), find

(2) the equation of the line through A parallel to OB,

(b) the equation of the line through B perpendicular to AB,

(¢) the coordinates of the point C at which these two lines intersect,

(d) the area of the triangle ABC, (C)

(a) The line y = ax + b is perpendicular to the line y + 2x = 8 and meets the line
¥+ x + 3 = 0 on the y-axis. Find the value of ¢ and of b.

(b} In the triangle ABC the equations of AB and BC are y =3x+ | and vy = x — |
respectively. The foot of the perpendicular from A to BC is (3, 2). Find the
coordinates of A.

Three points have coordinates A(2, 6), B(6, -2) and C(3, —1). Find the equation of
{a) the line AB,

(b) the line through C perpendicular to AB.

Hence find the coordinates of the foot of the perpendicular from C to AB.
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Given three points A(-1, -2), B(3, 4) and C(3, 6), find the equation of the
perpendicular bisector of

(n) AB, (b) BC.

Hence find the coordinates of the point equidistant from A, B and C.

The diagram, which is not drawn to scale, shows an isosceles triangle ABC in
which AB = AC. The coordinates of A and B are (5, 6) and (0, —4) respectively.

y
A
c
o
(5. 6)A_—" ~
4 >\ p
/Db
rd
¥
it
Ao .
o7 =t
B0, ~4)

Given that the gradient of BC is % and that the perpendicular from A to BC meets

BC at D, find

(a) the equation of BC and of AD, (b) the coordinates of D,

(¢) the coordinates of C, (d) the length of the perpendicular AD,
(e) the area of AABC. (C)

The diagram shows a trapezium in which AD is s
parallel to BC and angle ADC = angle BCD = 90°,
The points A, B and C are (a, 18), (12, —2) and ol
2, -7) respectively. =
Given that AB = 2BC, find S
(a) the value of a, \
(b) the equation of AD, \ .
(¢) the equation of CD, 0 Tpaz o
(d) the coordinates of D, ey

(e¢) the area of the trapezium. C(2.-7) (C)

4 A(a, 18)

In the quadrilateral ABCD shown in the diagram, BD is the perpendicular bisector
of AC. The midpoint of AC is M. The coordinates of A and M are (2, 6) and (5, 5)
respectively. AB is parallel to OM and ODC is a straight line. Find

{a) the coordinates of C,

(b) the equation of AB, of BD and of CD, 3 B
(c) the coordinates of B and of D,
(d) the area of ABCD. (C) 2

(s_"'f_r),\{,

\—
D

0
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23.

260.

The diagram shows a quadrilateral ABCD in which y

Ais (2, 8) and B is (8, 6). The point C lies on the A2, 8)
perpendicular bisector of AB and the point D lies T

on the y-axis. The equation of BC is 3y = 4x - 14 / \g;v 18.:6)
and the angle DAB = 90°. Find : 9

(a) the equation of AD, ol .+

(b) the coordinates of D, N "‘*L : i
(¢) the equation of the perpendicular bisector of AB, O. \E*/

(d) the coordinates of C.
Show that the area of triangle ADC is 10 unit” and find the area of the quadrilateral

ABCD. (C)
The diagram, which is not drawn to scale, shows x o

a trapezium ABCD in which BC is parallel to f aie; 16)
AD and CD is perpendicular to both BC and | e 7

AD. The coordinates of A, B and C are (0, 2), | /(3. 13)

(3, 13) and (12, 16) respectively. Find
(a) the equation of AD and of CD,
(b) the coordinates of D,
The line AB produced meets the line DC
produced at E. Find ~
(¢) the coordinates of E, o
(d) the ratio AE : BE,
(e) the ratio of the area of the triangle BEC to

the area of the trapezium ABCD. (C)

0, A

Two points have coordinates A(1, 3) and C(7, 7). Find the equation of the
perpendicular bisector of AC.

B is the point on the y-axis equidistant from A and C and ABCD is a rhombus. Find
the coordinates of B and of D.

Show that the area of the rhombus is 52 square units and hence, or otherwise,
calculate the perpendicular distance of A from BC. (C)

[x + my = n where [, m, n are integers. Given a point B(p, 0) such that BA = BC,
find the value of p. Find the coordinates of D, the fourth vertex of the square
ABCD. Calculate the area of this square.

The diagram, which is not drawn to scale, ¥
shows a right-angled triangle ABC in which 3
BAC = 90°. The coordinates of A and B are A3, 5)
(3, 5) and (-1, -3) respectively. /f?x..\_\
Given that the gradient of BC is % and D is \ e %7
the foot of the perpendicular from A to BC, \ //')
find \y
(a) the equation of BC and of AC, =y _“/ o
{b) the coordinates of C, o —
(¢) the coordinates of D, / 2
(d) the length of the perpendicular AD. &1
B(-1,-3)
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=30,

Three points of a quadrilateral ABCD are A(1, 2), B(6, 7) and C(9, 6). Given that
AB=AD and BC = DC and F is the foot of the perpendicular from B 1o the line AC.
Find

(a) the coordinates of F,

(b) the coordinates of D,

(¢} the area of the quadrilateral ABCD.

A trapezium PORS, with parallel sides PQ and SR, has vertices P(1, 1), Q(7, 1)
and S(3, 3). Given that P(}R = 90°, find

(a) the coordinates of R,

(b) the area of the trapezium PORS.

If Tis a point such that POTS is a parallelogram, find the coordinates of T and
show that RT = SR,

The diagram shows the quadrilateral ABCD. The coordinates of A and B are

(3a, 4a + 1), where a > 0, and (0, 1) respectively.

(a) The length of AB is 5 units. Calculate the value of a.

(b) AB is perpendicular to BC and C lies on the x-axis. Find the equation of BC
and the coordinates of C.

(c) The point D lies on the x-axis and also on the perpendicular bisector of AB.
Find the coordinates of D and the area of the quadrilateral ABCD.

-\‘
1

AQa, da + 1)

80, 1}

0

Given the points (0, 0), A(-1, 1) and B(}:T' )L] where A > 0, show that the area

of AOAB is I-;:—;‘—"‘ $q. units. Find AB in terms of A. Show that the height from

O to the line ju_ining Aand Bis —— 1 units and hence find the value of 4
JZ&' -2+ 1

for which this height is the largest.

. " 1 = ' §os
Given the points P(at’, 2at), Q(a, 0) and R{‘—_{_, —;‘1) where « is a positive constant
I

and r > 0, show that P, O and R are collinear. Find. in terms of & and ¢,

{a) the area of the triangle OPR where O is the origin,

(b) the length PR. )
Hence deduce that the perpendicular distance from O to the line PR is |iﬂr_
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In science, we often study how two variables x and y are related. If the variables are
related by an equation of the form y = mx + ¢, then the graph of y against x is a straight
line whose gradient is m and y-intercept is ¢. The equation y = mx + ¢ is known as the
linear law relating the variables x and y. The variables x and y are said to be linearly
related,

For example, the water consumption per capita in Singapore over ten years is shown in
the following table.

t (Year) | 1989 | 1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998

ym’) | 117 | 119 | 121 125 | 129 | 135 | 135 | 138 | 142 | 114

(Source: Public Utilities Board Annual Report 1998)

By plotting y against ¢ with the data, we obtain a straight line graph as shown. This
suggests a trend in water consumption with y being linearly related to ¢,

y (m?)
A

140 +

130 |

f t ¢ } t . f . b . & i (year)
1989 1990 1991 1992 1993 1994 1995 1996 1997 1998

The abnormal data in _19§.é";;_;{1gluined as follows: 1998 c;onsur_nijtibﬁ pe;?upitu is
based on total population of Singapore as at 30.6.1998 of 3 865 600. Consumption per
capita prior to 1998 was based on resident population of Singapore.
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Suppose two variables x and y are related by the equation y = 24° + 3. The table below
shows some values of x and the corresponding values of x~ and y.

x | 1.50 2 2.50 3 3.50
x | 2.25 4 6.25 9 12,25
¥ 5 7.50 11 15.5 21 27.50

By plotting y against x, we have a curve as shown below. The curve is not a straight line
and the variables x and v are not linearly related.

However, if we plot v against x°, we have a straight line of gradient 2 with v-intercept
3 and so the variables v and x” are linearly related.

v(t)
A

T

w07
10-

: ! ', : : } e (X )
0 2 4 6 8 10 2 14 |

EEEEE——— S Ee——

Observe that the equation y = 2x* + 3 is of the form ¥ = mX + ¢ where ¥ = y, X = 17,
m=2and ¢ = 3. '
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Example

[ Two variables x and y are related by the equation y = % + 3.
| 3
x’

o : o y(v)
S()lthlQ The given equation is of the form 4

Y =mX + ¢ where ¥V = y and
X= 1.
Hence the graph of y(Y) against

Sketch the graph of y against

lr(X } is a straight line of gradient

m = 2 and with y-intercept 3 as
shown.

=1(y)

xy

IS %hain e 2 The diagram shows two particular
' points on a straight line on a cartesian
plane with xy-axis and x-axis. Express

v as a function of .,

B4, 4)

m‘ The variables xy and x are related by the equation

XV =Y F € oveeeeieieeeiieeeeseeinnenee (1)
41

where m = T
3
2

(gradient of the line AB)

So (1) becomes

X+rc

1o}t

Xy =
AtA, x=2and xy = 1,

i.e. l=%><2+r;

11

o] N.l‘-';i ,E_,‘
-
1
to

¢

xy =

M|
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The table shows experimental values of two quantities x and y
which are known to be connected by an equation of the form

%=a\/} + b,

Example 38

X 0.50 1.00 1.50 2.00 2.50 3.00
¥ 1.61 0.83 0.61 0.50 0.42 (.38

Plot )L against Jx and use the graph to estimate the values of ¢

and b,

Solutic} The equation % =a+x + b is of the form ¥ = mX + ¢ where

Y= -}!,- and X = +/x. The table below shows corresponding values

of vYx and %
X |Jx | 071 | 100 | 122 | 141 | 158 | 173
v % 062 | 120 | 164 | 200 | 238 | 2.63

Plotting ¥ against X, a straight line is obtained as shown below.

(1.58, 2.38)
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a =m (gradient of the line)
. 238120
1.58 — 1.00
_ 118
0.58
=2

b =c ( ;l-fu!ercept)

= —(L80

Therefore, the estimated values of a and b are 2 and —-0.8
respectively.

sz. Two variables x and y are known to be related by the equation

w=ax-y+Db)
where a and b are constants. Some values of the two variables are
shown in the following table.

5 0 1 2 3 4

y 2 1.64 | 150 | 143 | 1.38

Plot a graph of xy against x — y and use it to estimate the value of
a and of b.

The equation xy=alx—-y+b)

or Xy =a(x - y) + ab
is of the form ¥ = mX + ¢ where Y =xy, X =x -y, m=a and
c = ab.

The table below shows some corresponding values of X and Y.

X X -y -2 -0.64 (.50 1.57 2.62

xy 0 1.64 3.00 4.29 5.52
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Plotting ¥ against X, a straight line graph is obtained as shown
below.

ay

(2.62. 5.52)

} =1~y
3
a =m (gradicn;)
552 - ()
D63 — [2)
= 1.19
ab = ¢ =240 (xy-intercept)
p o~ 240
a
= 2.02

Therefore, the estimated values of ¢ and b are 1.19 and 2.02
respectively.

In general, it two variables x and y are related by an equation with two
unknown constants a and b, and this equation can be written in the form
Y=mX+c¢
where X and Y are each expression in terms of x and/or y, and m and ¢ are
constants, then we can estimate the values of a and # as follows:
(a) Take some experimental values of x and y and compute the corresponding
values of X and Y.
(b) Use the computed values of X and Y fo plot the points on a cartesian
plane with X-axis and Y-axis.
(c) Draw a line passing through (or close to) all the plotted points.
(d) Obtain the estimated values of m and C using
aa— m =-gradient-of -the-line, -
¢ = Y-intercept.
(e) Expressa and b in terms of m and ¢ and obtain estimated values of @ and b.
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So far, we have dealt with equations involving variables x and y in the form
Y = mX + c. However, there are equations which are not explicitly given in this form.

I

= i
ar- + b

For example, y =

Taking the reciprocals of both sides, we have:

% =ax’ + b

which is then of the form ¥ = mX + ¢ where ¥ = -;~ and X = 1.

Express the equation ¥ = ax + -‘:-r’-, where @ and b are constants, in

the form ¥ = mX + ¢ where X and Y are functions of x and/or y and
m and ¢ are constants,

Solution: y=ax+ %
Multiplying both sides by x so as to obtain a constant term b, we
have
xy =ax’ + b.
Thus, ¥ = xy, X = x°, m = a and the constant term, ¢ = b.
Alternatively, we divide both sides of the given equation by x and

obtain

e
_,_a.}.._..
X 2

i.e.

M=

Thus, ¥ = -)xi, X= lz , m = b and the constant term, ¢ = a.
X

Note: A general approach is to obtain a constant term, which is
either a or b, as shown in the above example.
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W Express the equation y = pr’: - where p and g are constants, in
= 7 f

the form ¥ = mX + ¢ where X and Y are each expressions in x
and/or .

Solution 3=
o pY + g

The equation can be rewritten as:

X
X +q ==
pxtg =
i X
Le. — =px +
[ P q

Thus ¥ = f,X=x. m=pand ¢ = gq.

Alternatively, we have % = L:'q
1 _ (l)
v =alz)+p

Thus, ¥ = %,X: ,m=qgand ¢ = p.

==

The table shows experimental values of x and v which are known
to be related by the equation y = % + bx.

X I 2 3 4 5 6

¥ 2.20 1.74 1.71 1.77 1.86 1.96

Explain how a straight line graph may be drawn to represent the
given equation and draw it for the given data.
Use the graph to estimate the values of a and b.

S()lutiq-; Multiplying the given equation throughout by x, we have
Xy = b.twj; +
which is of the form Y =mX + ¢ where Y = xy, X = x«E, m=>b
and ¢ = a. So, X and Y are linearly related and the graph of xy
against xvx is a straight line. Then we have the following table:

—

X Lxx | 1

8]
oo
S
n
e
<
o0

1118 | 1470

|
I
|
it
|
I
|
|
B

Y Xy 220

L
N
o0
L
Tl

7.08 | 930 | 11.76
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The straight line graph is drawn as shown below.

Xy
124 _A1470, 11.76)
r'/’
¥
e ’ ST T
o PNE L e N wiE E
_ 1176 - 2.20 :
Hence b = T (gradient)
= 0.70

and a = 1.50 (xy-intercept)

The estimated values of @ and b are 1.50 and 0.70 respectively.

The population of a certain kind of bacteria in a test-tube is
measured at hourly intervals.

Number of hours, x | 0 | 2 3 4 5

Population, y 50 | 55| 61 | 67 | 73 | 8l

It is believed that y and x are related by an equation of the form
v = ab' where a and b are constants. Express this equation in a
form suitable for drawing a straight line graph. Draw this graph
. © for the given data and use it to estimate the values of @ and &.
Give an expected population of the bacteria after 10 hours.
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m y=ab" = lgy=lg (ab")

=lga+lgh

=lga+xlgh
Thus, lgy=(gbx+lga
which is of the form ¥V = mX + ¢ where V = Ig y, X = x,
m=Ilgband c = lg a.

To obtain a straight line graph, we plot lg y against x with the
following table of calculated values.

lgy| 1.70 1.74 1.78 1.82 1.86 1.91

1.91 - 1.70
5-0
= (0.042
b =11
lg a = 1.7 (intercept on lg y-axis)

a =50
After 10 hours, x = 0.
Then y =ab'
=50 x (1.1)"*
= 1297

Therefore, the expected number of bacteria after 10 hours is 130,

i

We have g b (gradient)
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The following is an application of a spreadsheet program, Microsoft Excel, to compute
and draw a linear graph from the data given in Example 8.

Use the spreadsheet program to study other examples and questions. You may want to
calculate some estimated (predicted) values.

e x ¥

3 0 50 0 170 5

3 55 | 174 a8 -

4 2 61 2 179 186 y=0.0414x + 1.6999
53 67 3 TE 861 /‘!
6 1 7 4 156 .

13 B 3 151 L84 /

- 182 -

~ 180 § /
/ ® Serics |

13 1.78 F——
14 ! / = Lingar (Series 1)

15 1.76 1

16 F-

17 1.74

18 ‘

19 172 ¢

20 i

21 1.70

22 i
1.68 4

Exercise 8.1

1. Each of figures (i) to (iv) shows part of a straight line graph obtained by plotting
values of the variables indicated. For each case express y in terms of x.

(a) J (b) 2
4, 9) (4, 5)
(_19 2)
0,1
o/ : 3 0 x
Fig. (i) Fig. (if)
(¢ L @ =
A
o X
(1, -2)
4
Fig. (iii) Fig. (iv)
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Variables x and y are known to be related by an equation of the form y = ax” + b,

where a and b are constants., Observed values of the two variables are shown in the
following table.

X l 2 3 4 5

y 6.2 3, 6 4.6 32 1.4

By plotting y against +%, draw a straight line graph and use it to estimate the value
of a and of b.

The table shows experimental values of two variables x and y.

X ! 2 3 4 5
250 | LI | 071 | 053 | 042

It is knnwn that x and y are related by an equation of the form —l- =ax + b. By

plotting f against x, draw a straight line graph for the given ddld and use it to
estimate th:, value of a and of b.

The pairs of values of x and y in the table below satisfy approximately the relationship
xv = h(x + k), where /i and k are constants.

X 0.2 0.4 0.6 0.8 1.0

= . | | SN | || S——

¥ 5.25 3.38 2.75 2.44 2.23

By plotting a graph of y against —1 estimate the value of h and of k.

The data for x and y given in the table below are related by a law of the form
2
y = px” + x + g, where p and ¢ are constants.

= | [ 2 [ 3 | 4 5
y | 415 | 380 | 315 | 220 | 95

By drawing a graph of y — x against x*, find estimates for p and g.

The following table gives values of ¥ corresponding to some values of .

f 1 2 3 4 5

N 1.33 1.01 0.92 0.89 0.87

Given that W + T’ = 4, plot a graph of 7{? against % and use it to estimate the

values of the constants a and b.
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Express each of the following equations in a form suitable for drawing a Straight
line graph, stating the variables whose values are to be plotted. Explain how the
corresponding unknown constants may be determined.

(a) y= ;—J-E-I- (b) v=pr + g
() »y= CHar+b d) yv-a)=x-b
(€) mx +ny =x N av=y

(g) v=pg" (h) e =py — gx

It is expected that the variables x and y are related by the equation v = lg (ax + b)
where a and b are unknown constants. Given sets of experimental values of x and
v, determine the variables whose values should be plotted in order to obtain a
straight line graph, and explain how the graph may be used to determine the values
of a and b.

The diagram shows part of a straight line graph I
3
drawn to represent the equation y = iy, (1, 8)
: v
Calculate the values of & and 4.
Y
\
%(4,2)
——t e

When values of Ig v are plotted against values of lg x, a straight line is obtained
passing through (0, 0.2) and (1.2, 3.4). Given that y = ax’, find the values of a and
I correct to 2 decimal places.

In an experiment, values of v are found for several values of x and the values are
tabulated as shown below,

~d
—

y | 16 | 72 [ 168 | 304 |

[t is known that x and y are related by an equation of the form y = ax” + bx, where
a and b are constants. Express this equation in a form suitable for drawing a
straight line graph. Draw this graph for the given data and use it to find the values
of a and b.

By drawing a suitable straight line graph, show that the corresponding values of x
and y in the table below are approximately consistent with a law of the form

y=Cx+ %

=3 ] 02 ] 04 [ 06 [ 08 |

BEZEEENEENET

N— -

From your graph, estimate the values of C and D.
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13. The table shows experimental values of two quantities, x and y, which are known
to be connected by a law of the form y = kb'.

x 1 g 3 4
¥y 30 75 190 | 470

Explain how a straight line graph may be drawn to represent the given equation and
draw it for the given data. Use this graph to estimate the value of & and of b.

Important Notes

(b) The expressions for X and Y are specified lgy
but not shown explicitly in the given 4
equation in x and y. =
For example, a linear graph with lg y
against x is to be obtained from the equation

lgy=xlgh+lga

y = ab'.
Since lg v = lg (ab’) —
=xlgb+lga,

o™\

we have ¥ =1lg y, X = x,
m=lgbandc=lga.
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Solution
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Variables x and y are known to be related by an equation of the

i e
form LI“ + i;;- = |, where @ and b are constants.
{

Experimental values of x and y are shown in the following table.
One of the values of y is subject to an abnormally large error.

y 2.65 3.00 332 3.71 3.87

Plot y* against x + 2 and use the graph to

(a) identify the abnormal reading and estimate its correct value,
(b) estimate the value of a and of b,

(c) estimate the value of x when y = 2.

Mauking y* the subject, we have

2

¥ oo _x+2
h a + 1

¥ =—%(x+2) + b

Plotting y* against x + 2 gives a straight line with gradient = -%

and y’-intercept = b.

X+ 2 3 4 5 6 7

¥ 7.02 | 9.00 | 11.02 | 13.76 | 14.98




Using these values, the graph is plotted as shown.

H

4 T

16+

14+

12t

oo e

L

ot

it S R SIEISE D TR Bl R

(a) From the graph, we observe that the abnormal reading for y
is37latx=4ie x+2=0.
Its correct value is given by y* = 13,
ie. y = 3.61.
(by b = y-intercept
1

gradient of the line

_ 1498 -9
7-4
1.99

l

Asb =1, albs B
a = -0.5
(© Whemy=2,yv=4 — —

From the graph, v' =4 = x+ 2= 1.5
x ==05
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Miscellaneous Exercise &

1. Each of figures (i) and (ii) shows part of a straight line graph obtained by plotting
values of the variables indicated, together with the coordinates of two points on
the line. For each case express y as a function of .

~p(0, 5)
2,7
(6, 1)
-ty
0 !
(-1, 1)
Fig. (i) -
O lg v
Fig. (ii)
2. The variables x and v are related by the i
. I . A
; S e agram shows (10, 1)
equation y X The dingram shows the //
=X
graph of lv against x. Calculate the values of &
fr and k. The point P lies on the line. Find the Pl =2)
value of r.
A0, -4)
3. Variables x and v are related by the equation £ + !5 = 2, where a and b are

constants, When the graph of % against % is drawn, a straight line is obtained.

Given that the intercept on the %-nxis is —0.5 and that the gradient of the line is

0.75, calculate the value of a and of b.

4, 1t is expected that the variables x and y are related by the equation v = Jax + b
where « and » are unknown constants. Given sets of experimental values of x and
v, determine the variables whose values should be plotted in order to obtain a
straight line graph, and explain how the graph may be used to determine the
values of a and b.

5. The graph of ¥’y against x is a straight line passing through (=2, 1) and (2, 7). Find
10
o’

(a) the value of x when v =

(b) 1y in terms of x.
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10,

Variables v and y are related by an equation of the form px* + gy* = 2, where p and

q are constants. Observed values of the two variables are shown below.

3 4 g ]
4.40 5.77 7.16 J

X ] 2

v | 183 [ 306

By plotting y* against x°, draw a straight line graph and use it to estimate
(a) the value of p and of g,
(b) the positive value of x when y = 5.

The table shows experimental values of two variables v and y.
= 05 1.0 L. |
y 14. 6.8 4, . J

It is expected that x and y are related by an equation of the form y = ax + ? where

|
to
=i

(o)
=
[
I

a and b are constants. Express this equation in a form suitable for drﬁwing a
straight line graph.

Draw this graph for the given data and use it to estimate

() the value of ¢ and of b,

(b) the value of y when x = 1.7.

The variables x and y are known to be connected by the equation y = Ca ™', An
experiment gave pairs of values of x and y as shown in the table. One of the values
of y is subject to an abnormally large error.

X ] 2 3 4

v | 5620 | 2990 | 25.10 | 891

Lh
=
&
|
|
L. ]

>
9%

335 | 148 }

Plot g y against x and use the graph to

(2) identify the abnormal reading and estimate its correct value,

(b) estimate the value of C and of 4,

(¢) estimate the value of x when v = 1. (C)

Pairs of numerical values (x, y) are collected from an experiment and it is possible
that either of the two following equations may be applicable to these data:

(n) ax’ + b;.fz = 1, where a and b are constants,

(b) vy = cx', where ¢ and d are constants.

In each case explain how you would use a graph to examine the validity of the
equation. Explain how you would estimate the values of the constants if you found
the equation to be approximately valid from your graph.

The table shows experimental values of two variables ¢ and y.

T
y [ 122 | 70 [ 40 | 23 | 13 |

It is known that ¢ and y are related by an equation of the form y = A¢™”. By plotting
In v against ¢, draw a straight line graph for the given data and use it to evaluate A
and b.
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11.

13‘

14&

It is assumed that x and y obey a law of the form y = In (ax’ + b). Pairs of values
of x and y are recorded in an experiment and tabulated as follows:
x [ 02 ] 04 [ 06 [ 08 1.0

\ y [ 0322 | 0482 | 0703 | 0948 | 1194

By means of a straight line graph, verify that the law is valid.
Use your graph to estimite

(n) the values of ¢ and b,

(b) the possible values of x if y = In 3,

(¢) the value of y if x = 0.1,

The variables x and y are connected by the relation y = k(ep)". where k and p are
constants. The graph of In y against x is given. Find, to 3 significant figures, the
values of £ and p.

Iny
1

(-8, 0) 0

The period T of oscillation of a pendulum and its length { are related by a law of
the form 7' = al’.

Using the following experimental data, estimate

(n) aand b,

(b) the period of oscillation of a pendulum of length 0.9 m,

(¢) the length of a pendulum whose period is | second.

I(metres) 0.4 06 | 08 | 10 1.2

125 | 155 | 176 | 201 | 2.19

T{scmn-(-ls.}.

It is believed that variables x and y follow a law of the form x + py = gxv. In an
experiment, values of y are found for certain values of x. These values are shown
in the following table.

ENEE TN -

067 | 091 120 | 1.33 1.43]

2

It is suspected that an unusually large error occurs in one of the values of y.
By plotting the graph of < against x,
.\r

(a) identify the incorrect value of y and estimate its correct value,
(b) estimate the value of x when 5y = 4x,
(¢) estimate the values of p and gq.
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15. Variables x and y are known to be related by an equation of the form
axy — b = a(x’ + bx), where a and b are constants. Observed values of the two
variables are shown in the following table:

x 1 2 3 4

y | 4 250 | 267 | 3.25

Plot xv — x" against x and use the graph to estimate
(n) the value of y when x = 1.5,
(1y) the values of ¢ and b.

16. The following values of x and y are believed to obey a law of the form x™y" = 200,
where m and 5 are constants.

X 1 3 5 7

y 14.15 2,72 1.26 0.76

Rewrite the given law in a form suitable for drawing a straight line graph. Draw the
graph and hence estimate

(a) the value of m and of n,

(b) the value of x when y = 10.
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9.1 introduction o Functions

Relations and Functions

The elements of the set X = {1, 2, 3, 4} are associated with the elements of the set
Y = {3, 5, 7, 9} as depicted by the arrow diagram shown below. This association
between X and Y is called a relation from X to Y.

The relation between the element 1 of X and the element

3 of Y is depicted by | +> 3. This indicates that 1 is the A
starting element and 3 is the ending element and thus we ]
may say that 1 is mapped to 3. Similarly, we have Bt
2+ 5 3+ 7and 4 > 9. The relation satisfies the

following condition: X Y

each element x of X is mapped to exactly one element y of ¥

This relation is called a function or a mapping,

A function from X to Y is a velation which maps each
element x € X to a unique element y € V.

The diagram below shows another relation from X to Y.

We have:
15 iy
27 p“"
It 9
e ——— = B = S P — P ————— '

The element 1 is mapped to two elements of Y. Is this relation a function?
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m 1 Which of the following relations is not a function? State your

reason.
() s ()
N ]
.~ ==
X Y X Y
© /. (d)
-
X Y X Y

w (a) The relation is a function.

(b) The relation is not a function because 3 > 4 and 3 > 5.
(¢} The relation is a function,
(d) The relation is a function,

Functions are generally denoted by the small letters f, g, h, ... etc.

If f denotes the function from X = {1, 2, 3,4} to Y = {3, 5, 7, 9} defined by:
f:1 13, f:2 5, f:3m+-7 and f:4 509,
The element 3 is called the image of 1. Similarly, 5, 7 and 9 are images of 2, 3 and 4
respectively.
Furthermore, any element x of X is related to an element y of ¥ by the rule y = 2x + 1.
Therefore, the function can be simply defined by using the rule as
f:xmr> vy wherey=2x+1
or f:x - 2x+ L

When we write {(x) = 2x + 1, the image of | is f(1) = 3 whereas f(x) is the image of x.
For this function, each element of X = {1, 2, 3, 4} must be a starting element and the
set is called the domain of f. The set of all images R = {3, 5, 7, 9} is called the range
or image set of f.

A function f is defined by f : x + 2x° + | with domain
X ={-1, 2, 3}. Find the image set of f.

f(x) = 2x" + 1

The images of -1, 2 and 3 are:

= f=1 .._‘_*-,2(.._..1,)3,-.._’_. =3
f(2) =22y +1=9
f3) =23 +1=19

The image set is R = {3, 9, 19}
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198 Funcrions

Example st

my+c
The diagram shows part of the
mapping [ : x + mx + ¢. Find ' 7
(a) the value of m and of ¢,
(b) the image of 5 under f, 4
(c) the element whose image is 3.
)
B -1
(a) f(x) =mx+c¢
fe12m0 7 = 2)=7

ie. 21 0 = Tainansiannigms (1)

f:db -1 = f(4) =-1

i.e. it + ¢ = =1 i (2)

Solving (1) and (2), we get: m = -4 and ¢ = 15
(b flx) =—-4x+ 15

The image of 5 is {(5) = -4 x5 + 15 = -5,
(e) Let x be the element whose image is 3.

Then f(x) =3 = —4dx+15=3 = =3
The diagram shows part of the mapping f. Find
(a) the values of a, b and ¢, f, .. -

(b) the possible values of k&
whose image is 2k.

_’/”4 1

_a/’//_l

(@) f:1~8 = (1)=8§
bt =8 wannsaninaainn (1)

f:0k 1 = f(0)=1
€ = 1w (2)

f:=2 -1 = f(-2) =-1
dad—2b+ ¢ == i, (3)

Solving (1), (2) and (3), we get:
a=2b=5andc=1

(b) From (a), f(x)=?_r2+5x+l
f:k > 2k = (k) =2k
ie. 2+ 5k + 1 =2k
2K +3k+1=0
(2k+ Itk+ 1) =0
kz—l or -1
9

Hence the possible values of & are -% and -1.



A function f is defined by f: x > x* 4 5x — 5 for x > 0. Find the
value of x which is unchanged by the mapping.

Since the image of x is x,

flx) = x

i.e. X+5x-5=x

L+4x-5=0

(x+5)x-1=0
x==dorl

Since -5 is not in the domain, the possible value is 1.

. 2 i
Expressions such as ] - and . +1l are not defined when x = 2. So the functions
= L X o=
2+ 1
[:x B and gix
x=-2 x=-2

can be defined for all values of x except x = 2 and thus we write

| 7
s, x#2 and gix e
£ =2 -

f:x >

Hence the element 2 has no images under the functions f and g.

A lunction f is defined by f: x = 3x + 2. x # (. Calculate
(a) the image of 5 under f, %
(b) the possible values of x whose image is 8.

ﬁn=h+%

(a) The image of 5is f(5) =3 x5+ % =16

(b) f(x) =8
3x + % =8
3¢+ 5 = 8x

W -8x+5=0
By-5Xx-1=0
5

x=Zorl

3
The possible values of x are 2 and 1.

Nofe: In this example, the elements :}j« and 1 have the same
image 8.
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Graph of a Function

A useful representation of the function f : x > 2x + 1 is the Cartesian graph of the
straight line y = 2x + L.

The mappings f : 1 + 3 and f: 3 + 7 are shown i - |
with the corresponding points (1, 3) and (3, 7) in the ¥ * )
diagram. o it (3,7) i
An immediate observation is that each point (x, ¥) on o
the line corresponds to a mapping ! 3T

frxy Bussil
which maps a number x on the x-axis to a number y on 3 (1,3
the y-axis. 2-/ ;

14 4
i) il R R R

For a function g : x +— 2x + 1 with domain yol
{x: 1 =x<3, xe R}, the graph is a line segment on HaT
the line as shown,

With g(1) = 3 and g(3) = 7, the end points are (1, 3)

and (3, 7) and so the range of g is
r:3=y<TyeR} |

as shown. A0l N2

<

o
(Ed I
L3O
T

fis a function < each number x on the x-axis is mapped to exactly
one number on the y-axis, i.e. any vertical line
intersects the graph of f at exactly one point.

A function is defined by g : x +> 3 — 2x. With the aid of the graph
of v=3- 2x find

(a) the range of g corresponding to the domain
{(x:=-1=x=2 xe R},

(b) the domain of g corresponding to the range
v:3=y=2ve R}
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(b)

gx)=3-2x
g-1)=3-2(-1)
=%
#8(2)=3-2(2)

I
b2

The graph of g is part of the line
v =3 - 2v with end points (-1, 5)

and (2, —1) as shown,

Therangeis {y: =1 =y =<5,y € R).

Refer to the diagram. Note that
the corresponding domain is
{xia=x=b xe R} where

gla) = 2 and g(b) = -3.

gla)y =2
3-2a =2
|

= —

2

ghy =-3
3-2h =-3
b =3

1] =

The domain is {x :

=]

LTI )

sx<s3xe R}.

For simplicity, we shall mention domain and range as intervals in subsequent examples.

A function h is defined by h : x +> x* - 4x + 5. Find
(a) the range of h corresponding to the domain 1 = x < 4,

(b) a domain of h corresponding to the range 2 = h(x) < 5.

 SolutioND

h(v) =x —4v + 5

=(x -2y + 1
The graph of h has the lowest
point L(2, 1) as shown.
Since h(l) = 2 and h(4) = 5,
we have the end points
A(l, 2) and B(4, 5).
Noting that x # 4, B(4, 5) is
not a point on the graph of h.

‘From the graph, the range of

his 1 < h(x) < 5.

Graph of #
¥

A

)
45
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(b) Forh(x) =2, 4 —4x+5=2 v i
x-Dx-3)=0 !
x=1lor3 [’
Forh(x) =5, ¥ —4x+35=35 6
-4 =0
x=0or4 41\
34+

Noting that 2 = h(x) < 5, a 2 4% '
corresponding  domain s | waliEg
3 = x < 4 as shown in the i

*
diagram. Ol 3 415
Note:  Another corresponding v
domain is 0 < x = las |

shown,

The diagram shows the graph of the curve y = —;—‘LT forx > L.

With the aid of the graph, find
4

X -

(a) the range of f : x > for the domain 2 < x < 5,

(b) the domain of f defined by f(x) =

4 I corresponding to the
X -

range 1 = f(x) = 3.
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(@) ()= 37 =415 = 4 =1

With A(2, 4) and B(5, 1) as two exclusive end points, the
range of fis 1 < [(x) < 4,

ik i 1d

=\

61

ho§

(b) From (a), we have {(5) = 1. For f(x) = 3, —*

Exercise 9.1

1. Which of the following relations is not a function? State your reason
(2)

(b)
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2. From the graph of each of the following relations, determine whether the relation
is a function. State your reason.

(a) (b) (€)
¥ ¥ ¥
i A
gl s+ 54
‘a4 44 / 44
\\ /
;—-—\ 3“" l 3 o
1--\\_\ p /f 24 /"/
! y
14 1+ / 14/
\ fox ———f—t—-x R
9 1 28 912 s s ONG 273 4 18
= S —2 i B
~3+ |
N\ |
— g+ e
5+

3. (a) A function f is defined by f : x > 4x + 2 for the domain D = {-1, 3, 5}. Find
the image set of f.

(b) A function f is defined by f : x >

, x # a. Given that f(2) = 3, find the
X =0

value of a and of f(3).

4. A function g is defined by g : x +> 3 + Ll x# 1
=

(a) Find the images of -2, % and g.

(b) Given that the image of a is 2q, find the possible values of a.

2

A function f is defined by f : x — ax + b. The images of 1 and 5 are -2 and 10
respectively.

(a) Calculate the value of ¢ and of b.

(b) If the domain of fis X = {1, 3, 5}, find the range of f.

6. The arrow diagram shows part of the function x—ax*+br+c
f:x > a + bx + c¢. Find |32
(a) the values of @, b and ¢, 3’/"" 1
(b) the positive number x whose image is 2,
(¢) the set of numbers whose image under f is 2. 1— 6

7. The arrow diagram shows part of the mapping g 24
24,,x¢-£,a#0. |

S aS ] i —
(a) Find the value of @ and of b. I T ‘
(b) Find the element that has an image of 8 under this mapping.

(¢) Find the two values of x for which f(x) = x. e O

f:x
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10.

11.

13.

14.

16.

17.

< oy ! . .
Given the function f: x > —= = x # -2 such that f(0) = -2 and {(2) = 2, find
iax + i

(2) the value of a and of b,
(b) the values of x for which f{x) = x.
Show that f(p) + f(—p) = 2A{ pl}.

. : : b
The arrow diagram represents part of the mapping X =g
f:x = ax+ i"-, x # (). Find 7 A23
X
. 6
(a) the value of a and of b, _: A
(b) the image of | under this mapping. 4 - 17
3— o ___/v/
2 -
For each of the following functions
(@) f:x P> 5x-1, b f:x— 2¢+ 1,
(c) f:x P> 35—z d) f:x— 7-2x,
where x € R, find
(i) the range corresponding to a domain of | = x = 3,
(ii} the domain corresponding to a range of -1 = f(x) = 5.
The function f is defined by f : x + x* — 2x for the domain -2 < x = 0.

(a) Find the range of f.

(b) State another domain for which f has the same range.

(2) For a function f defined by f: x - 4x* - 3, find a domain of x corresponding
to the range 1 < f(x) < 13.

(b) Given that g : x + (x + 1)%, find the range of g corresponding to the domain
i) 0=x=2, (ii) 2=x=2,

A function f is defined by f : x — 2(x - 1)* + L.

(a) Find the range corresponding to the domain 0 = x = 3,

(b) Find a domain of x corresponding to the range 3 < f(x) < 5.

Two functions f and g are defined by f: x 1 T x#-l,andg:x 2 =
X + - A

x # 2, Find the values of x for which f(x) = 10g(x).

Two functions f and g are defined by f; x > y X #E b and g : x = bx + a,
a

ax — b
where ¢ and b are positive constants. Given that f(1) = g(1) and f(2)g(2) = 4, find
the value of a and of b.

A function g is defined by g : x +» 3x — 1. Find, in terms of a, the expressions
(a) gla+ 1), (b) g(3a-1),
© g@2d - 1), @ g(4-).
a+ 1
Two functions are defined by {: x +> av+ land g : x +> 3k o -1, where a
X -

and b are constants. Given that f(a) = g(b) and I'(—I-] = g[%), find the possible
]
values of a and b, !
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9.2 Composite Functions

Let f and g be two functions defined by
fex o 20+ 1
and gy X

The diagram shows part of the mapping under f followed by g.

¥ 4 241 g

[
We have: 1}->2><]+1=3ii>33=9
f 3 -
2 2x241 =55 5 =25

2

I v
s 2l =y s Ve Qo 1Y

Following the pattern, we obtain the arrow diagram as shown.

X

As we can see, there is a direct mapping from an element x € X to an element z € Z
defined by X v+ 1)

Noting that the image of x is g(f(x)) = g(2x + 1) = (2v + 1)°, the new function is called
a composite function of g and  and is denoted by gf. So we write-

af tx b (2 + 1)
and gf(v) = (2¢ + 1)
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In general, we have gf(x) = g(I(x)) as shown:

For the above functions, we define the composite function gf where
gf(v) = g(f(x)
=g2x+ 1)
= (v + 1)
or gf tx = (2o + 1)

Similarly, we can define another composite function fg where
fa(x) = f(g(x)

= f(x")
=2¢ + 1
or fg :x - 20+ 1.

Obviously, the two composite functions gf and fg are different functions.

With ff(x) = f(f(x)) = {(2v + 1) = 2(2¢ + 1) + | = 4x + 3, we can define another
composite function fl:x - 4r+3
or simply f2:x - 4o+ 3.

Similarly, ge(x) = g(g(x)) = g(xz) = .\:4,
ie. gg iy ¥
or g rx o

Two functions f and g are defined by f : x — 2x + | and
gixk X -1

(a) Express in similar form the functions gf, fg and f°,

(b) Find the values of x for which fg(x) = 7.

(¢) Find the values of x for which gf(x) = g(x).

(a) f(x) =2x+ 1 and g(x) = ¥ -1
= - Forgf gty = glit)) = g(Ze+ 1)
=2x+ 1)y -1
= 4x’ + 4x
Hence gf : x > dx* + 4x -
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For fg, fg(x) = f(g(x)) = [(x* - 1)
=2 = 1) +1
=2 |

Hence fg : x > 2% - 1.

For {7, ff(x) = f(f(x)) = f(2x + 1)
=22x + 1) + 1
=dx + 3
Hence I* : x > dx + 3,

(b) fg(-‘f) =7
-1 =7
=4
x=-2 or x=2
The values of x for which fg(x) = 7 are =2 and 2.

(c) L gl(v) = g(v)
dy+ 4y =1 - |
I +4r+1=0
Brx+ Dx+ D=0

x=—-l— or -1
3

The values of x for which gf(x) = g(x) are -%- and —1,

2x

A function f is defined by {: x > p

(a) Obtain expressions for £ and f*.
(b) State the values of x for which the functions f* and f are
not defined.

(x) = f(f(x))

l,x;tl.

4x
= x - |
By = =1 —— 4
x =1
_ A
- .r+l’x:’é-:l
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) = (%)
= f(f*(v))

]
=
b

(b) 1? is not defined for x = 1 and x = —1.

.

h‘li—

f* is not defined for x =1, v =1 and x =

Exercise 9.2

1. For each of the following pairs of functions, obtain expressions in the same form
for gf and fg.
(a) f:x > 3x, gix b 3-2x
) fix 2o+, gix- 24

(¢) f:rxpP x—-4, gixs E,x;ﬁ()
X

X

(d) f:xP 1+2y, gixt _],xil
2. Fﬁor cach of the following functions, obtain expressions in the same form for 7 and
.
(@) f:x > 2v+3 M) Foxe vz
(c) f:x|—>‘r_l,x;¢l (d) ft-sz_r_I,-’C¢%

3. Two functions f and g are defined by f: x + 3x+ 4 and g : x > x* + 6. Using
this notation, obtain expressions for fg and gf. Find the values of x for which
(a) f=g, (b) fg=gf

4, (a) Giventhat f:x + 3x+ 2 for the domain —1 = v = 2, find I” in similar form
and state the range of f”,
(b) Given that f : x +> ¥ for the domain ~1 = x = 2, find {* in similar form and
state the range of f~.
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10,

11.

14,

15.

=16,

Two functions ['and g are defined by [ :x 5 2x+pand g : x = 3x + q.
If fg = gf for all values of x, find the relation between p and ¢. Given that p = 3,
find the values of x for which

@ =g (b)y g'=t.
Two functions are defined by {:x + 2v — [ and g : x > ——, x # 1. Obtain

x4+ 107
expressions in the same form for fg and gf. Find the value of x for which fg = gf,
A function [ is defined by f: x 5 x + |. Another function g is defined such that
gf : v > x* + 2v + 5. Express gf(x) in the form a(x + 1)* + b and hence write down
the expression for g(x).

Given that f: x +» ax + b and £ : x + 27x + 26, find

(a) the value of a and of b, (b) an expression for *,

Functions [ and g are defined by f: x > —~l—l x# 1, and g:x > av+ b, where
* -

a and b are constants.

(a) Obtain an expression for -,

(b) Given that g(3) = 8 and gf{2) = 3, calculate the value of ¢ and of b.

- 2 -
Functions { and g are defined by f: x — #3,and g : x > ax + b, where
Ry 2
a and b are constants,

(a) Given that g(2) = 5 and gf(1) = -1, calculate the value of ¢ and of b.
(b) Obtain an expression for gf.

: : = > I I X
Two functions are defined by f: x +» ik #F-l,x#z——,andg:x : =
v+ - ¥ — 4

x# 2, v # |. Obtain expressions in similar form for fg and gf. Find the values of
x for which fg(x) + gf(x) = 0.

X+ 1

The function f is defined by f : x - 1 # 1. Show that {*(x) = x, x# 1, and
X -
hence express *(x) and {""(x) in their simplest forms.
- . v 3 2 .
Two functions are defined by I : x = x ~2and g : x > =, v # 0. Express in
similar form, g
@ f, (by © g ) g
A function f; x > - j—’—, a > 0. is such that f(b) = b and {(2a) = 2a. Find the
v — 1

ralue of ¢ and of b. If ff(x) = x, show that ¥° — x - 2 = 0.

S 5 s 2 . .
A function fis defined by f: x = = + k. x # 0, where £ is a constant. Given that
S

f(2) = -il‘(l), calculate the possible values of k.

= . o - . : -2 A
A function f is defined by f : v gk i —1. Prove that {°(x) = Ew—
X 2y +
[ i i o R :
x# -1, x# ——, and obtain a similar expression for f’(x). Hence suggest a possible

expression for "(x).
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9.3 inverse Functions

One-one Functions

The diagrams below show two given functions [ and g respectively.

Fig. (i) Fig. (ii)

For the function f in Fig. (i), each element y of ¥ is the image of only one element x of
X and so the function [ is called a one-one function,

For the function g in Fig. (ii), the element 12 of ¥ is the image of two elements, 2 and
3, of X and so the function f is not a one-one function.

Reversing the arrows, we have two relations depicted by the arrow diagrams as shown.
!

Fig. (iii) Fig. (iv)
From the reverse arrow diagram of a one-one function f, the relation depicted in Fig.
(iii) is a function. This function is called the inverse of f and is denoted by . But the

reverse mapping of the non one-one function g depicted in Fig. (iv) is not a function.

The association between the one-one function and its inverse ' is clearly shown as

follows:
Under Under '
f(ih=2 & '@)=1
f2)=4 & f'@)=2
(=7 & F(MH=3 |
flay=b ¢ f'b)=a
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If £ is a one-one function:

(1) f has an inverse function '

(2) bis the image of @ under { < a is the image of b under £,
i.e. b=1fa) < a=f1'bh)

The arrow diagram shows that
b=fa) < a=f1'b).

A function { is defined by f : x a , x # 2. Find
K-
(@) 1(5), (b) 17'(2).
(@) flx)= -, x#2
x -2
5
f(5) = ==
= 2
T3
= li
(b) Let a=f1"2)
Then f(a) = 2
a — 2
a -2
a=2a-4
a=4
') =4

Let f be a function defined by f: x a 3x+ 1 for 0 = ¢ = 2.

(a) Sketch the graph of f and state the range of f.
(b) Show that f is a one-one function.
(¢} Find f' in similar form and

sketch the graph of ', v

(a) From the graph of f with end 6+
points at (0, 1) and (2, 7), the 54+
range of f is dike {E

i R.z {F}'_: l 5_}1 = 7} . 3.1

— S —————— . 2“/
1 o
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(b) For each y € R, y is the image of only one x € X as shown.

This shows that f is a one-one function.

(c) Let y be the image of x under f.

Then
y=3x+1
1
= —(y-1
3(y )
The inverse function is
iy > x

where x = —%(y -1

or f':iym (y-1).

This process is shown in the diagram.

Replacing y by x for ', we have

ixo g @- 1)

The graph of f' is the line segment y =

I = x =7 as shown.

Graph of an Inverse Function

From the above example, the point B(4, 1) on the graph of
' is the reflection of A(1, 4) on the graph of f in the line
y = x. In fact, any point (b, a) on the group of f' is the
reflection of (a, b) on the graph of f in the line y = x. It is
clear that the graph of f™' is the reflection of the graph of
f in the line y = x as shown.

In general,
@ f: xt—-;y ﬁ f_"

f

-

-%-(x — 1) for
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¥ ; , x # 2. Find in similar

Exan.lple : 14} A function f is defined by f: x =

form ™' and state the value of x for which ' is not defined.

Let y = f(x). Then y = x+;,x¢2

X -

xy-2y=x+1
x(y-1)=2y+ 1
X = 2)"5‘11'}7#1

$mex=f%wJ”w)=2L%Ly¢l
Y-

2x + 1

Replacing y by x, f '(x) = X # 1

X -

zmdsot‘"‘:.\:P-**-zxr—+1

- x 71,

15

A function f is defined by f : x = x* — 2 for the domain
0=sx=3

(a) Sketch the graphs of f and ™.

(b) Find the value of x for which f(x) = f'(x).

' (a) The graph of f is part

of the quadratic curve
y=x-2.

The graph of £ is the
reflection of f in the
line y = x as shown.

Exampl

(b) The graphs of f and f ' meet at A(2, 2) at which f(x) = f'(x).
Since A lies on the line y = x and the curve y = x* - 2,
-  ox=x-2
e, B i
x+1}x~-2)=0
Since0=x<3, =x=2
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Use a graph plotter to draw the graph of the function [ given in Example 14, Is [ a one-
&ne function? Draw the graph of .

Inverse of a Composite Function

E.‘(EU’HIZ)]_G,-:-__]E Two functions [ and g are defined by

f:xm— 1+ —3—..r¢0,undg:.tl-—>lr.
X

Express in similar form,

(a) I, m g (¢) gf,
(d) ()", (e) g

Is (gf)y' =1"'g"

Solutiof (a) Let y = f(v).

Then_\r=1+1,x¢0
X

3

= X= — ¥ # 1
y =1
Since x = f'(»), f'(y)= - 7Y # 1
v~
ie. s 2 s x#E |
x-=1
(x> 3 |
x-1
(b) Lety = g(x).
Then y=2x, x = %
Since x = g '(». g'(y) = :,Ji
1 'I'_I = i
e gl =3
-1, .
g 1x 2

(c) gf(x) = g(f(x))
=g(] + %),x#O

gf:xr--->2+£i,x¢{l'
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(d) Lety= gf(x)
y=2+ ﬁ. x =0
X

= x=

)._'J’y;tz

Since x o= (gf) (),
NE _ 6 :
(gf)'(») = P y#2

ie (gf)'(x) =

L ik 2
x -2

6
x=-2

(gf)" o fllen s ¥E2

(¢) g’y =1"g'x)

- f-'(

Rl 5 N B2
e

6
x-2

Magtax s X #E2

From (d) and (e), we have (gf)" = 1'g™",

The diagram shows that, for any two one-one functions f and g,
(egh' 1z x
and flg' iz x

and hence (gf)" and {'g " are the same function, i.e. (gf)" = '

g

(gf)" = f"'g”" holds for any two one-one functions.
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1.

Each of the following diagrams shows the graph of a one-one function f. In each
case, sketch the graph of .
(@) 7 (b)

(2,6)

() 3 (d) s
4__
44 31 Ci4, 3)
34 fly=x2+ 1 3-/
21 /I'B(u.n
14 t L B e |
ey ACLO Dl 1 2 3 4
Ol 1+ 2 3 4

A one-one function f is defined by f: x > x> = 2v for | < x < 3.
(a) Sketch the graph of f and state the range of f.
(b) Sketch the graph of ' on the same diagram and state the domain of .

Find f ' in similar form for each of the following one-one functions.
(@) fix s 3x-2 (b f:x > ‘],x#l

9
(c) f’:xwxz_'rz,x;tZ (d) f:.rl—)':;it?,.r¢%

A function f is defined by f : v -

(a) Find {'(~1) and £'(1).
(b) Find the value of x for which 4f '(x) = x.

4y -9

2

X 2

X

A function f is defined by f : v > 22* 2

(a) Find f'(3).
(b) Given that  '(p) = kp, express & in terms of p.

x# 1

=1

Given the function f 1 x > 6x — 3, x = 0, find the value of
X

(@) (-1 (b) (-4
For what value of x is f(x) = 1?
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10.

12,

14,

15.

16.

52 ? : s F 1] " ” . -
For the function defined by f: x — - —7 + b, state the value ol x for which f is
,

not defined. Given that £{2) = 3 and {(3) = 2,
(a) find the value of a and of b,

(b) show that [f(x) = x,

(¢) find ['(x).

The functions f and g are defined by f: x 5 2v+3and g : x > —, v # 0. Write
.

down in similar form, expressions for fg, gf, { ', g . Find the value of x for which

fz(v) = g ().

. . . . . 2v+ 1 . z
A function is defined by I : x > A for all values of x except x = . Express
X

the function " in similar form and state the value of x for which [ 'is not defined.
Find the values of
(a) '(3), (b) x for which f(x) = 4f ().

= 2 5 = : . 3
Functions f and g are defined on the set of real numbers by f: x - - Jx#k,
X+

and g1 x = v + L

() State the value of k.

(b) Express fg in similar form and state the value of x for which fg is not defined.
(¢) Find the value of p for which [ '(p) = g(9).

A function f is defined by [ : x -----——‘-? for all values of x except x = 3. Show that
X =

ff(x) = x for all values of x except x = 3. Find {(5) and [ '(5).

A function f is defined by f: x > 27 i, x# LI £7(2) = 3 '(a), find the value
X

of a.

A function { is defined by f: x -—”—-I-. x# 1.
X

(n) Find " in similar form.
(b) If f(a) + '(2a) = 1, find the value of a.

B " . 5 " A :
Two functions { and g are defined by f : x + — i #l,and g x > ——,
v '

x # 0. Find £ in similar form. Given that gf '(3) = 4, calculate the value of a.

2 ; : " 3 I - | _ 7y -
Functions f and g are defined by f : x 2T v+ 2, and gix ==,
c

x # 3. Show that fg : x + x. Evaluate f'(5), g '(4) and ffg(4).

e " W - T J—-x ,

A function 1 is defined by .4 10 ==, 0 # .
=X

(a) Draw the graph of f.

(b) Find the values of x for which f(x) = '(x).

218 Functions




17. Two functions f and g are defined by f : x > r—+—:, x#-l,and g : x = nmx + c,
X
where m and ¢ are constants,
(a) Find an expression for f'.
(b) Given that g '(3) = f'(2) and that { 'g(4) = 1, find the value of m and of c¢.

18. A function f is defined by f : x > 3 i2for1 =x=5,
X

(a) Draw the graph of f.
(b) Find the value of x for which f(x) = f'(x).
{c) Draw, on the same diagram, the graph of f L

19. Given the functions f : x > 2x + 1 and g : x +> 5 — x, express the following
functions in similar form.

(a) ff b) g’ (c) fg
(d) (fg)" () M g'f!
20. A function is defined by f : x > ——1~, X% —l, —3.
2x + 1 2 2

(a) Write in similar form expressions for f* una £,
(b) Show that (F)'(x) = (f')(x).

21. The functions f and g are defined by f: x +> 2x+ 3 and g : x > 3x - 2, where
x € R. Write down, in similar form, fg, ', g”', and show that g'f ' = (fg)".

22. Two functions are defined by f: x 5 3x+ 1, xeRand g: x 2 (for x # Q).
X
Find in similar form
(a) fgand (fg)”, (b) ', g"and g'f".
23. Giventhe functions f: x > 2x -3, xeRand g : x _IT (for x # 1), find in
-

similar form
(n) fgand (fg)", (b) f', g and g'f",
Is (fg) ' = g 'f'"?
x -1

24. Two functions f and g are defined by f: x > 5 -2, xeRand g: x > o
X +

x # —1. Find in similar form, expressions for
(a) f'and g’ (b)y g'f".
Hence write in similar form, an expression for (fg).

9.4 Absolute Valued Functions

The numbers 5 and -5 have the same numerical value 5. The absolute value of a number
x, denoted by |x|, is the numerical value of x.
Thus, we write |5| = 5 and |-5| = 5.
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Given that f(x) = |3x — 2|, find

(a) the value of f(~1) and {(2),

(b) the values of x for which [{x) = 8,
(¢} the value of x for which [(x) = x.

 SolutioNE R R g
f(2)=3x2- 2=||=4
() f(x)=8 & [Bx-2/=8
& w-2=-8Bor3x-2=28§
& 3x=-6o0or3x=10
= .r=—20r.r=¥
(€) f(x)=x [Bx-2|=x

=3
& Brx-2=-xor3x-2=x
& dy=20r2x =2

1
& x=gzorx=1

For the absolute valued expression |v|, we have:

{x,x;-r()
| = -x,x < ()

The function defined by f(x) = |v| is called the
absolute valued function and it has a
V-shaped graph with the vertex at (0, 0) as shown,

o).

Similarly, the function { : x 5 [x — 2| is a V-shaped ¥
graph with vertex at V(2, 0) where x - 2 = (). ]
The graph of y = |v — 2| can be obtained as follows:
(a) Draw the line y = x — 2.
(b) Reflect in the x-axis the part of the line

helow the x-axis. —
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Sketch the graphs of the following functions.
(@) f:x - |x+ 1 Mgy v-1]+2

m (a) The graph of [ is V-shaped with vertex at V(-1, 0) as shown
below.

L

VL O o
0

4
-

{b) The graph of g is V-shaped with vertex at V(1, 2) as shown

below,
§
F-3
\q\/lt— 1+2
Vil 2)
} LY
ol 1

0, i.e. .

Note: In (a), Vis the point where |[x + 1] = v+
=0, ie.x~-1=0.

In (b), V is the point where |x — I

Further, the graph of a function defined by f : x > |2x — 3| is also V-shaped with vertex

at Vwhere 2y—3 =0, ie. x = % as shown below.

|3
— g

Note that the line that slopes upwards is of gradient 2 and the other that slopes downwards

is of gradient -2,
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In general, the graph of a function defined by : x - |mx + ¢|
is a V-shaped graph with vertex at V where mx + ¢ = 0 and the
line that slopes npwards is of gradient |m|.

1) A function f is defined by  : x + [2x — 1| for the domain

-l =x=3

(a) Sketch the graph of f and state the range of f.

(b) Find the range of values of x for which {(x) = 3.

(¢) Sketch the graph v = x + | and hence obtain the values of
x for which [2x — 1| = x + 1.

®
(M4

(a) The graph of [ is V-shaped with vertex V(% 0) as shown
below. )

1
T

12|

Rangeof f= (y: 0=y =35,ye R}

) fx)=3 = |[2x-1/=3
2y —-1=-3 or 2v~-1=3
x==1 or x=2

From the graph, we see that -1 = x = 2 = 0 = f(x) = 3.
Hence the required range is -1 = x = 2,

(¢) The straight line y = x + | cuts the graph of f at (0, 1) and
(2, 3). The values of x for which [2x — 1| = x + 1 are
0 and 2,
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Using graph paper, draw on the same diagram, the graphs of
y=3-|x-2/and y = 2y, for 0 < x < 5.
Find the value of x for which 3 — |[v - 2| = 2x.

The graphs of y = 3 — |x — 2| and vy = 2x are as shown.

1' y=2r
4--
it yE3ofo-2
i
]-._
ey
bl 1 S A

The graphs intersect at x = | and hence the required value of x
is 1.

Using a graph plotter, draw graphs of y = |ax — b| and y = mx + ¢ for various values of
&, b, m and c. Find graphically the solutions of the equation |ax — b| = mx + c.

Exercise 9.4

1. (a) A function f is defined by f: x > [3x - I[ where v € R. Find f(-2), f(2) and
the values of x for which f(x) = 3.
(b) A function f is defined by f : x > |v* — 24| where x € R. Find f(1) and f(3).

2. Solve the following equations.

(@) |2x-3|=x ) x+1/=2v-3
(© [2v+4|=2+1 (d) v+ 1| =2¢-5
3. For each of the following functions, sketch the graph and state the range of the
function.
(@ f:xm -3, for0<x=3 (b) f:x = y+2,for-3=x<3

© f:x |2x=1],for-1 <x=3 (d) f:xm—> 3Bx-5,for0<x=3
(@ frxm -+ Lfor-l<x=3 (M f:x=>2v-5 -2 for0<x=3

4. For each of the following functions, sketch the graph and state the range of the
function.

(@ f:xP>3-|for2<x=2 (b)fixt Jx-2 for-2=sx<4

(e) fox Ryl for2<x=sl_ (df:x>5-2c-3.for-1l<x=2
5. A function f is defined by f : x + |x* — 24 for the domain 1 < y = 3,

(a) Find (1) and {(3).

(b) Sketch the graph of f and determine whether f is a one-one function.
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6. (a) Find the range of the function f : x + |x + 1| for the domain -2 < x < 2. Find
also the value of x for which f(x) = 2x.
(b) A function f is defined by f: x  |2¢ + 3| + | with domain —4.5 < ¥ < 2,
Find the corresponding range. Find the values of x for which f(x) = f(-3x).

7. (a) Sketch the graph of the function f : x > [3x — 5] — 2 and find the range of
values of x for which f(x) = 2,

(b) Sketch the graph of the function g : x = |xr - 1| = 3 and find the range of
values of x for which g(x) > 0.

8. (a) Sketch the graph of y = —|x - 2| for -2 < x < 4, Find the corresponding range.
(b) Sketch the graph of y = 2 — |2x - 1| for -2 < x < 5. Find the range of values
of x for which y = -5.

9. Sketch the graphs of y = 2x — 1 and y = |v — 2| on the same diagram. Solve the
simultaneous equations y = 2x — 1 and y = |x — 2|.
10. Sketch the graphs of y = —2x + 3 and y = [2x - 1| on the same diagram. Solve the
simultaneous equations y = -2x + 3 and y = [2x — 1].

11. Using graph paper, draw, on the same diagram, the graphs of y = 2 + |x — 3| and
y=2xfor0)<x<7.
Find the values of x for which 2 + |[x — 3| = 2x.

*12. A function [ is defined by f : x > [x* - 3x|. Find the values of x for which
() = x.

*13. A function f is defined by f : x > [x — a| + b. Given that f(3) = 3 and f(-1) = 3,
find the value of a and of b.

X X
o a o h o a o b

f is not a one-one function f is a one-one function
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ne function has an inverse. For the one-one function f : x 5 , the
inverse function is f' : y  x. — —
Thatisf: x>y & iy xory=1fx) & x= £
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@ Thepraphof £ is the reflection of the ¥
~ graphof fin the line y = x and vice versa. |

(b) f'f(x) =.-..ff;'(x) =%

(¢) For the composite function gf
gf the inverse function is
) =fp".

4. Absolute valued functions Y
(a) The function f : x > |x] is called the r
absolute valued function.
(b) The graph of y = [mx + ¢| is V-shaped with
its vertex at the point where mx + ¢ = 0.

0 L]
(-50)
¥
(¢) Sketch the graph of y = [f(x)| 1
as follows: ‘ R“Eg;md T
Step 1: Sketch the graph of ¢
¥ = f(x).
Step 2:  Reflect in the x-axis -
that part of the graph ,"/_ ;1@
below the x-axis. /
v=2r+1,/
’f
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Functions [ and g are defined by

fixt ax+ 2, a0

and gy P by ve_1,b>0.
x+ 1
(a) Find in similar form, g and fg ",
(b) Given that fg '(-1) = g[%), find a in terms of b.
#l

If fg'(2) = 12, find the value of a and of b.

Solutié (n) We have [(x) = ax + 2 and g(x) = T z x=-l
.

Let y be the image of v under g.

by

Then y = yx#E =l
x+ 1
vix + 1) =bx
y = bx —xy
=x(b-y)
=2 v#b
h—v¥
vy Y ’
So, g .)f—)b_y,_\;tb
24k 2 X
or & .xl-*—-b_x,x#b.

fg'(x) = f[_‘—) A NTY

b - x b - x
So, g 1 x > bafx +2,x#b
(b) ') = g(5)
b(l]
ey el B e mARA
b+ 1 LR
b
s oHE Ab+1) _ b
b+ 1+ 5
= —a+2b+1)=>H
= A =D+ 2. (1)
fo'(2) =12
o = LB )
h-12
= ' = 8h = M0, nnsns 2)

Solving (1) and (2), we have ¢ = 5, b = 3.
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A function g is defined by y = [x* — 4| for the domain
-4 =x=4
(a) Sketch the graph of g and find the range of g.

(b) Sketch the line vy = x — 2 on the same diagram and find the
root of the equation [x* — 4] = v - 2.

(¢) Find the range of values of m for which the equation
|v* = 4| = mx — 2 has no roots.

(n) We first sketch the graph of v = ¥’ — 4 for -4 < v < 4 and
reflect in the x-axis the portion below the x-axis.
Whenx =4,y = [4 - 4| = 12,
The range is {y : 0 = y = 12, vy € R).

(b) The line y = x — 2, meets the curve y = lv* — 4] at (2, 0). The
solution of the equation [x* - 4| = x - 2 is 2.

(¢) [x*~ 4| = mx - 2 has no roots
= the straight Hine y = mx — 2 does not cut the curve
y=p -4,
= gradient of the straight line y = mx - 2, must satisfy the
condition —1 < m < 1 as shown.
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Miscellaneous EXercise 9=—

1. The figure shows part of the mapping
f:xt> pr+g reR X . ()

Find

(a) the value of p and of ¢, =
(b) the image of 3 under f,

(¢) the element whose image is 8.

12

2. Giventhatf:x = 2+ ﬁ, x# 0, and that f"(%] = -2, find the value of a. Find
X ¥

also the elements which are unchanged under [,
3. Given the functions f: x > 2 —xand g : x 3 where v € R, x # 0, find in
X
similar form,
@ 1, (b) ff, () gg, (d) fg, (e) gfg.
4. Functions f and g are defined by
f:x > 4x-3,

gx E—E.xi{}.

X
where x € R,
Find an expression for the function
(2) ff, (b) gf, (c) I, (d) g, (e) (fe) "
5. Functions f and g are defined by
f:xm— 'r:3,.re R,

g Y kel
x4+

(a) Find '), gf(-1), fef(2).
(b) Express in similar form, the function
G gl (i) fg (iii) gfg.

,x# L

6. A function [ is defined by f : x > : !

- X

X

(@) Show that £ : x > o for v = L 4.

- 2LX
(b) Obtain f*in a similar form.

7. A function h is detined by h i x — jfi (Tor x # 3).

(n) Show that h(3 + p) + h(3 — p) = 2 where p is a positive number.
(b) Find the positive number ¢ such that h(g) = ¢ — 1.

Functions 229




9.

10,

11,

14.

Functions [ and g are defined by
[ix > 4d4¢-3
£ 10 py+ g, where p > ().
Find the values of p and ¢ [nr which gg(x) = f(x) for all values of .

Functions f and g are defined by
f:xt> av+ b, xe R aand b are constants,

;X 2,

r—-2
Find expressions for fg and gf. Given that fa(5) = 5 and g '(2) = f(2), calculate the
value of a and of h.

gix B

The functions f and g are defined by
3y + 2

f:x —~——-, x#0,
X
gy L 0.
X

Show that
(@) fx) = 2g(x) + 3, (b) (x) = 2gf(x) + 3
Sketch the graph and find the range of each of the following functions for the
domain -2 = y = 3,
(@) f:xbs |20+ 1 b)) gixvim ¥ -x-2
(€) h:x [ -y d) k:x 3-|y -2

For each of the following functions, state the range that corresponds to the given
domain.

() () = |2x - 9] for the domain 0 < ¥ < 6

(b) g(x) = (x —2)° = 3 for the domain 0 = x = 5

(€) h(x) = |2 = 3(x - 1)’| for the domain -] < x < 2

The diagram shows the graph of v = f(x). ¥

The scale is the same on each axis. Copy t

the dmnmm and on it sketch the graph of i

v =1"(x), indicating the point on v = f '(x) T

corresponding to the points P and Q. State 61 03.6)
the relationship between the graphs of ST

v = f(x) and y = ["'(x). Hence calculate the 4+

element whose images under f and ' are 34
the same.

2_..
1 il
21, 0)
>
O 1 2345678
Two functions [ and g are defined by f : x > %[l —x)and g :. here
xe R,
Sketch the graphs of f and g on the same diagram. Solve the simultaneous equations:
Iy=1-x
v e 1,
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x+2
Syx#2and gy = omx 4, where

15. Functions { and g are defined by [ x

x el
(1) Obtain an expression for [ .
(b) Given that g '(2) = f(3) and gf '(2) = 5, find the value of m and of c.

16. A function f is defined by f: x + |[x* — a| + b for the domain -2 = x = 3.
Given that {(-2) = b and f(3) = 8, find the value of a and of b. Sketch the graph of
f and state the corresponding range.

17. (a) Using graph paper, draw, on the same diagram, the graphs of
y=2-|-12],

|
y= ?I + 2,

for -1 = x = 5.
How many pairs of values, (x, y), satisfy both equations?
(b) On graph paper, using the same scale on each axis, draw the graph of
2y +2 ;
h:x > = for the domain -1 = x = 3.
x+2
(i) By drawing the appropriate straight line on the graph, obtain a solution of
the equation h(x) = h'(x).
(i) State the domain of h'(x).
(iii) Using the same axes as for h(x), draw, on the same diagram, the graph of

h'(x). (C)
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3 - 27 10
() A=) and B = [ :
) =2 16 6

(i) Evaluate 2B - 3A.
(ii) Find A", the inverse of A.
(iii) Given that AX = B, find the matrix X.
3 2
(b) Find the inverse of the matrix | q}. Hence solve the simultaneous
equations —3x + 2y = 14 and x — 2y = —10.

The vertices of a triangle are A(L, 1), B(5, -1) and C(0, 9). Find

(a) the equation of the perpendicular bisector of AR,

(b)  the coordinates of F. the foot of the perpendicular from C to the perpendicular
bisector of AB,

(¢) the area of the triangle ABF and hence, deduce the area of the triangle ABC.

In the rectangle ABCD, lettered anticlockwise, A and B are the points (-1, 2) and
(2, —1) respectively. Given that C lies on the line v + y = 13, find

(a) the equation of BC, (b) the coordinates of C,

(¢} the coordinates of D, (d) the area of the rectangle ABCD.
Experimental values of x and y are given in the following table.

[ T
x 025 | 05 ‘ 0.75 [ 1.25 1.5
y 148.11 33.89 L 12.88 5.50 2.08 0.22

. r 1 s |
It is known that x and y are related by x°y = ¢ — by’. Plot v against — and use the
X

graph to estimate the values of a and b.

. . . 4+
It is known that the variables x and y are related by the equation v = =2 where
X+ g
p and g are unknown constants. Express this equation in a form suitable for drawing
a straight line graph and state which variable should be used for each axis, Explain
how the value of p and of ¢ could be determined from this graph.

(a) Given that f: v — r—+—-1 (for x # «a) and that 2f(4) - 5 = 0, find
1 il

(i) the value of a, (i) f'(-2).

lia

(b) Two functions are defined by f: v +> 3y + 1, gix , v # 1

B
(i)  Solve the equation f(2x + 3) = * — 6.
(if) Find in similar form, gf and gg.
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Sketch the graph of y = [3x — 7|, Find
() the range of y corresponding to the domain 0 < v = 4,
(b) the range of values of x for which y >4,

|
0

(a) Given that A = (

N ' .
(]]’ find A°, A" and A*. Hence deduce A™.

. . . a+ | 23
(b) The determinant of the matrix | is 4.
20 -1 o«
- “ . . . 2
(1) Form an equation in a and show that it reduces 1o a° + 50 - 6 = (.
(ii) Solve this equation,
(iii} For the smaller value of «, find the inverse of the given matrix.

Find the coordinates of the foot of the perpendicular from A(-1, 3) to the line
3x = 2y = 4 and hence, calculate the perpendicular distance from A to the line. If
the point B is the reflection of A in the line, find the coordinates of B.

Given that A(L, 0), B(5, 2) and C(3, 4) are the vertices of a triangle, find
(a) the equations of the perpendicular bisectors of AC and BC,

(b) the coordinates of D, the point of intersection of the two bisectors,
(¢} the coordinates of £, the midpoint of AB,

(d) the gradient of DE and show that DE is perpendicular to AB.

(2) The function f is defined by : ¥ > a + 2, where a and b are constants.
:

Given that f(3) = 2 and f '(7) = -2, find the value of @, b and the image of the
element -3 under f.
. - . 2y =l . . . -
{b) Given the function g ' : x —1'1-——%, v# =3, find g in similar form.
i g ol

Two functions fand g are defined by f: x > 2x + I, g:x - (v— 1) + 1. Find, in
similar forms, gf and fg. Another function h is defined by h : x lgf(x) — 2fg(x),
Find an expression for the function h and sketch its graph.

The table shows experimental values of two variables x and y.

" X | 2 3 4 5

| y 6.57 10.79 17.75 29.16 | 47.92
=—1 _ _ |

It is known that y = ab’. Express this equation in a form suitable for drawing a
straight line graph. Draw this graph for the given data and use it to estimate

(a) the value of ¢ and of b,

{b) the value of x when v = 25,
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7. The diagram shows a straight line graph -
representing the curve x° — 2vy + ay = (), b
together with the coordinates of two points on /\/(b. 17
the line. Calculate the value of a and of b. 7
#2,7
/
—
0 ¥

wd

. (a) Given that A s =l 0 dB 4 2r'd

. L P { — [[ e o] N

H | Jiven thal £ —l 5 _2 n __3 —l 11}
(i) BA, (i) BA - 3A.

a b

If B°A =
[--|3 -16 ¢

], find the values of a, b and c.
(b) Use a matrix method to solve the simultaneous equations 5x — 2y = 17 and
—3x + 2y = —11.

2. Given three points A(-1, 2), B(2, 1) and C(h, k) such that the gradient of BC is
twice the gradient of AC, show that (h — 5)(k — 3) = 6. If C lies on the line
x — v = 1, find the coordinates of C.

; ; TR
3. Given the functions f : x + 2v + 3 and g : x > =, find in similar form
R
(a) fg, (by gf.
Show that there are no real values of x which have the same image under fg and
ef.

4. Function { and g are defined by f: x e S T g:x b jr-2
5.

3
(a) Evaluate gf(1) and £(8).
(b) Find {T in similar form.
(¢) Sketch the graph of v = gg(x). State also the range of values of & for which the
equation gg(x) = & has only two real solutions.

5. Function fis defined by f: x > (x— 1)°, | = x = 3. Sketch. on the same diagram,
the graphs of f and f'. State the domain of .

6. The diagram shows part of a straight line graph obtained by plotting xy against
X + v, together with the coordinates of two of the points on the line. Express y in

terms ol x, Xy
4 (2, 6)

\(-L 3)

BX4Y
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7. Experimental values of x and y are tabulated below.

1.

X

D ;

0.47

2.03

2.87

3.45

Revision Exercise 8

If y = In (ax’ + b), where x > 0, plot ¢ against ¥’ and use the graph to estimate
(a) the value of a and of b,

(b) the value of x when e' = 3,

(c) the value of y if x = 2.5,

Two shops sell the same type of diskettes and inkjet paper. A box of 10 diskettes
costs $3.70 at Shop A while a ream of inkjet paper costs $6.50 at Shop B.
Peter and Mary plan to buy the following quantities:

Diskettes (in boxes) | Inkjet paper (in reams)

Peter 6 2

Mary 4 3

Peter needs to pay $35.80 for his supply regardless of whether he buys from
Shop A or Shop 8.

s gven it o [0 2 e P70 ) g o 2580 3580
s give = 5 o H = .
WENELHR 43 5 esel ™ 3520 34.70

(a) Write down an equation connecting P, Q and R,

(b) What is the significance of the elements in the second row of the matrix R?
(¢) Find P

(d) Find the values of ¢ and b and explain the significance of these values.

The figure shows a triangle ABC with A(2, —1) and B(-1, 1). The gradients of
AC and BC are 2m and m respectively. Find

(a) the equation of AC and of BC in terns of m,
(b) the coordinates of C in terms of m, A

(¢) the coordinates of C if BAC = 90°.

L}

A
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3. ABCD is a parallelogram where A(3, 5), B(2, -1) i
and (5, 2). Find D
(a) the coordinates of D,
(b} the equation of AD. A

If the point P lies on AD such that the area of the
trapezium PABC is 9 square units,
find the coordinates of P.

0 17 -

i

4. Two variables x and vy are related by x"y = A. Experimental values of y are obtained
for various values of x and tabulated as shown below.

X 0.2 0.4 0.6 0.8 1.0

¥ 32.50 4.06 1.20 0.51 (.11

One of the readings is subject to an abnormally large error, Plot a suitable straight
line graph for the given data and uvse the graph to

(a) identify the abnormal reading and estimate its correct value,

(b} estimate the value of A and of n.

5. If the function f defined by f(x) = —*_ x E, satisfies ff(x) = x for all real
Jvr -3 2

. 3 ;
values of v except 5 lind the value of a.

6. Sketch the graph of y = |v* ~ 5x|. Find the range of values of x for which
|x* ~ 51| < 6.

7. Two variables x and y are related by a certain equation. This equation may be
expressed in two forms suitable for drawing straight line graphs. The two graphs
are shown, with the variables plotted at each axis and the coordinates of a point on
each line. Find the equation relating x and v.

(1, 10
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In this chapter, we shall see how the definitions of the cosine, sine and tangent ratios for
acute angles can be extended to any angle and how these ratios are in turn related to
those of acute angles. Some properties of these trigonometric functions will then be
studied using their graphs followed by a discussion on how to sketch simple trigonometric
curves. Finally, we shall introduce three more trigonometric functions.

Further discussions on trigonometric functions and their properties are covered in
chapter 11.

1 0..1 Trigonometric Ratios and General
Angles

Trigonometric Ratios of Acute Angles

The diagram shows the right-angled triangle OPQ with ZPOQ = 6. P
The three trigonometric ratios, namely cosine, sine and tangent, of the
acute angle 6 are defined respectively as follows:

¢ adjacent side oQ

CBxE= hypotenuse = op ]

N 0 0
in 6= opposite side _ Q
8l B= hypotenuse — Op
opposile side PO
tn = —7———— = —
adjacent side (o]
C

Given the right-angled triangle ABC
and that tan 6 = 2, find sin @ and cos 8.

A I
Of Since tan 8 = % let BC = 2 units and AB = | unit.
By Pythagoras’ Theorem, AC = /5 units.
oo BC 2 § P
sin 0 = ic =T and cos 8 = =

¥ v
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Trigonometric Ratios of Some Special Angles

The trigonometric ratios of angles measuring 30°, 457 and 60° can be obtained using the
right-angled triangles formed by taking ‘half” of a square and an equilateral triangle.
(See diagrams below).

t &/ L
45° ,—
|
cos 45° = % cos 60° = % cos 3)° = Q
sin 45° = — sin 60° = L3 sin 30° = 1
tan 45° = | tan 60° = 3 tan 30° = ?fl?

Trigonometric Ratios of Complementary Angles

In the triangle POR in the diagram, ZP and ZR are complementary angles as
ZP + LR =90°.

E)\ammp '- Using the right-angled triangle in the diagram, show that
sin (90° — 8) = cos 6.
Hence deduce the value of

cos 20°
cos 20° + sin 70°°

¢

i

Soluti We have cos 8 = ‘;—‘ and sin (90° — ) = =
§in (90° — @) = cos @
Since sin 70° = sin (90° - 20°)
cos 20° _. _cos 20°
cos 20° + sin 70° 2 cos 207

cos 20°,

m-|._. 1

Note:  From the diagram we see that for complementary angles
6 and 90° - 6:

.5in (90° - 6) =cos 0
cos (90° — ) = sin 0
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General Angles

So far our discussion has been on acute angles, 4
Let us now consider angles in a cartesian plane, 2nd Quadrant I st Quadrant
First, observe that the x- and y-axes divide the Px, v)
plane into the Ist, 2nd, 3rd and 4th quadrants in
an anticlockwise sense as shown in the diagram. .\9
0 A o~

An initial line segment OA on the positive
x-axis is rotated in the anticlockwise sense until 3rd Quadrant 4th Quadrant
it reaches OP. The angle @ is measured from the
positive x-axis and it is said to be in the quadrant
where OP lies.

The following four diagrams show some values of 8 in the four quadrants, with an acute
angle oc = 45°. Observe that all the angles @ are in the anticlockwise sense as indicated
by the arrowheads and the values of 8 are said to be positive.

¥ ¥ ¥ ¥
& A 3 A
Pl 1) P-1, 1
_ qeo = 135° 6 =225° 1 =075°
s XN\ . il ; 7 o
(9] o : o o W
P(-1,-1) o0
PO, -1)

In the following four diagrams, o = 45°. Observe that the angles @ are negative in value
because they are in the clockwise sense as indicated by the arrowheads.

3 y 2 )
A A A A
P(-1,1) Pl 1)
< v * R—— ij N
0 0= -45° / f=-135° 0 =-225° 01 6=-315°
P(l, -1} P-1,-1)

In the above eight diagrams shown, « is the positive acute angle between OP and the
x-axis. The angle a is known as the basic angle, associated acufe angle or reference
angle.
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Given that 0° < 8 < 360° and € has a basic angle of 40°, find 8
if it is in the
(2) 3rd quadrant, (by 4th quadrant.

v ¥
| SolutioNI® “ (b |

Exercise 10.1

1. For each of the following triangles, find the values of cos 6, sin € and tan 6.

() (b) 2 (c)
8

3

2. For the given right-angled triangle below,

complete the table of trigonometric ratios cos 0 | sinf | tan 6
on the right. ‘
(a) 17
|
(b) !
; 7
(c) 55
(d) 3
3. Given that sin 8 = —_1; find the value of sin @ cos (90° - 8).
4, Given that tan A = 2, find the value of 2 tan A + tan (90° - A),
5. Without using a calculator. evaluate
sin 45°
W s (b) tan 45° + fan 30° tan 60°.
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0.

10.

*11.

Without using a caleulator, find the value of

(@) sin 63° (b)

T tan 75° tan 15°.

State the quadrant of the angle € and find the value of the basic angle « if
(a) 6=250° (by 6= 390°, () 8=-060° (d)y 6=-100°

For each of the following diagrams, find the value of the angle 6.

(a) ¥ () v
o :
0\ =0 /“\ B Y
I\ Jeoe
(¢) A () 4
[
LN b e
%5 Wy
)

Find all the angles between 07 and 360° which make a basic angle of e with the
x-axis if
(a) o=20° (b «a=70° () &= 35~

Find all the angles between —180° and [80° with basic angle a = 10°.

Given -3607 < A << 720° and that A has a basic angle e = 80°, find all the values
of Aif A is in the

(2) 2nd quadrant, (b) 3rd quadrant, (c)

I'st quadrant.

1 0.2 Trigonometric Ratios of Any Angles

We are now ready to introduce trigonometric ratios for any angle. We begin with the
case where @ is acute by drawing a right-angled triangle as shown below.

Observe that @ is in the st quadrant, OQ = x,

‘\"

: 3 Z l Plx, v)
PO=vand OP = r= yx + v .
Using the triangle OPQ, we have: .
' = V9 mag PU pnog. PO A
cos B= op Sin f= OP,tdn fi= 00 A
o - 0 =X
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In terms of x, y and r, we have:

cos B= <, sin 8= ¥, tan 6 =
r r

= =

Thus, by defining the ratios in terms of the coordinates (x, y) and the length r, the
definitions of trigonometric ratios are extended to any angle.

Find the values of cos 6, sin @ and tan & when 8 = 135°,

m When 8 = 135°, P has coordinates (-1, 1).

So,x=-1,yv=1

and r = 1}(“])2 + 12 = -\/E P, |J“

cOos ISSO = i =—+ 135°
j" \Ilz -\\-.
sin 135°= & =+ 0
r ‘2

tan 135°= % ==1

Signs of Trigonometric Ratios in the Four Quadrants

Observe from the above example that the signs of the trigonometric ratios depend on the
signs of x and y and hence on the quadrant in which the angle @ lies.

We shall now examine the trigonometric ratios of angles in the four quadrants. Take note
of the signs of the trigonometric ratios and how these ratios are related to the positive

ratios of the basic angle a.
.

(a) In the diagram on the right, 8 is in the 1st Pla, b)
quadrant, & = € and P has coordinates

(a, b), where a = 0 and b = 0. Qe

5 b

cos 8= 2 = £ =¢cos

r r 2l

v .

sinf=2=2_gina 0 a0

r r
tun9=l=’:—:=luntx j‘;

4 Pl—a, )

9 r e
(b) In the diagram on the right, 8 is in the g iundirit

Ind quadrant, o = 180° — @ and P hag
coordinates (—a, b). So,

b 4

9= gino=L wnoo b
cos 8 = r,smB-- r,tdnG— o \9

B 0 7 7]
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From AOPQ,
15

cos o= f:—, sin @ = ;—:, tan a =

So, cos @ = —cos o, sin O = sin @,
tan 6 = —tan &

Using these results for Example 4, 6 = 1357 and a = 180° — 8 = 45°. So,

o

"/5!
sin 135° = sin 45° = 7':

cos 135° = — cos 45°

tan 135° = — tan 45° = -1, as before.
¥y
(¢) In the diagram on the right, 8 is in the 3rd 4
quadrant, o= 6 180° and P has coordinates
(—a, —D). So, .
cos 8= "% = _cos o
" I
sin 0 = =t = _sin «,
r 3rd Quadrant
tan € = = _ an
-
)I
For example, when 8 = 240°, o = 8 - 180° = 60°. A
cos 240°= - cos 60° = —%,
2 & = 2407
_ B il oy
sin 240° = — sin 60° == N
tan 240° = tan 60° = /3.
(d) In the diagram on the right, 8 is in the 4th ¥
quadrant, a = 360° -0 and P has
coordinates (a. —b). So, 9
a (1IN =y
cos 8= - =cos o, O/
sin @ = 2 = sin o b
r r
tan 6 = bt
¢ 4th Quadrant Pla, -b)
y
For example, when 6 = 3307, i
o = 360° — 8= 30°.
cos 330° = cos 30° = ﬁ, 6 = 330°
et . . i C-\\ % SN
sin 330° = - sin 30° = -1, 0
tan 330° = — tan 30° = — =

R
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Notice that in the Ist quadrant, all three ratios are positive,
in the 2nd quadrant, only sin 6 is positive,
in the 3rd quadrant, only tan @ is positive,
in the 4th quadrant, only cos # is positive.

These results are summarised below using the initial letters of the positive ratios in the
four quadrants.

S(sin@) | A (all)

T(und) | C(cos @)

With the aid of the diagram above, we can easily write down the trigonometrie ratios of
8 in terms of those of the basic angle a as follows:

sin 6 = sin a, if 81is in the Ist or 2nd quadrant
sin 6 = —sin o, if 8 1s in the 3vd or 4th quadrant
cos B = cos a, it @ is in the Ist or 4th quadrant
cos 8 =—cos o it 0 is in the 20d or 3rd quadrant
tan 6 = tan o, it @1is in the Ist or 3rd quadrant
tan 6 = — tan «, it 8is in the 2nd or 4th quadrant

Given that cos 8 = —% and 180° < @ < 270°, evaluate tan @ and
sin 6.

180° << 8 < 270° = @ is in the 3rd quadrant and so

cos 0= ~cos o = 2+
5 v
= COs5 & = % t
3 A
. . o 4 M0
Let OQ = 4 units and OP = 5 units. Y0 "
Then 1“'Q3 = 5 ~- &4 g
PO =3 2 ’
Sootan 0= tan w = -?T P T (19
sin 8@ = —sin a=-—%
5
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Given that tan 6 = —% and that tan 6 and sin 8 have opposite

signs, find the value oﬂf cos 8 and of sin 6.

m Since tan @ and sin 6 have opposite signs,

tan 8 < 0 = sin 8 > (. y
@ is in the 2nd quadrant and so 4

P S A
tan 8 = —tan & = —

= lun & =

to]—
olL

19—
2
2

Let PO = | unit and OQ = 2 units.
By Pythagoras” Theorem, OP = J5 units.

3
Cos @=—-Co5 = —="
\.'5

; 3 1
gin @ = sin ¢ = ~—
V5

Express the trigonometric ratios of =707 in terms of the ratios of
its basic angle.

Soluti' f = ~70° is in the 4th quadrant ; i A
o= 70° .
cos (-70°) = cos o = cos 70° OKY_440
sin (=70%) = —sin & = — sin 70°
tan (~70°) = —tan @ = - tan 70° T C

The above results are particular cases of the following more general results:

For any angle 6,
cos (- ) = cos O
sin (— @) = —sin 0
tan (- 0} = - tan 0

Thus, cos {(—150%) = cos 150°, sin (- 40”) = —sin 40° and tan (-300%) = — tan 300°.
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& = 300° is in the 4th quadrant and
o = 360° - 300° = 60°.

Without using a calculator, evaluate the trigonometric ratios of
300°. Hence deduce the trigonometric ratios of 660°,

cos 300° = cos ax= cos 6()° A
syl s A
2
’ : o 300°
sin 300° = —sin @ = — sin 60 ol i
\-'II3 w o
—m g
= T C
tan 300° = —tan @ = — tan 60°
= ---\‘I"I 3

Note that both the angles, 300° and 660° (= 300° + 360°) are in
the 4th quadrant and they have the same basic angle @ = 60°.

‘!

cos 660° = cos 300° =5 i

sin 66(° = sin 300° = _%

tan 660° = tan 300° = -, 3

Basic Trigonometric Equations

Basic trigonometric equations of the forms sin 8 = &, cos 8 = k and tan 0 = k, where &
is a constant, are solved as follows:

(a)
(b)

(c)

By considering the sign of k. identify the possible quadrants in which 8 lies.
Find the basic angle, . Remember that e is acute and sin ¢, cos e and tan « are
all positive.

Find all the values of @in the required interval. Remember that @ must be measured
from the positive x-axis.

Find all the values of & such that

(a) sin 8= -0.5, where 0° < 8 < 360°,
(b) tan 8 = -1, where 0° < 8 < 360°, ¥
(¢} cos B =046, where -360° < 8 < (°.

(a) sin @ = -0.5,
0° < 8 < 360°
sin 8 < (0 = #is in the 3rd
or 4th quadrant.
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For the acute angle o,
sin @ = 0
and so sin = 0.5
= o= 30
6= 180° + . 360° — ¢
= 210°, 330°

(b) tan 8 = -1, 1
0° < < 360° Y A
tan 8 < 0 => Bis in the 2nd
or 4th quadrant. @R &
tan @ = 1 = @ =45° TR
0 = 180° - @, 360° - -
= 135°% 315°

(¢) cos @ =046, -360° < 0 < 0°
cos 8 >0 = @isinthe Ist 5

A
or 4th quadrant. /
cos =046 = o =062.6" u -
5 0= —a, —(360° - a) @ \K

= —62.6°, ~297.4° . "

Exercise 10.2

1. Without using a calculator, determine whether the following trigonometric ratios are
positive or negative.
() sin 230° (b) cos 140° (¢) tan 215° (d) cos 350°
(e¢) tan 340° () sin 160° (g} cos (—-60°) (h) tan (=155°)

2. For each of the following conditions, determine the quadrant or possible quadrants
in which 8 must lie.
(n) tan 8 >0
(b) cos 8> 0 and sin 8 < 0
(¢) cos 8 and tan B are of the same sign
(d) sin 8 and tan 8 are of opposite signs

For questions 3 to 11, do not use a calculator,

3. Evaluate the following:
(a) tan 300° (b) cos 330° (¢) sin 150° (d) tan 315°
(e) sin 225° (f) cos 210° () tan (-120°) (h) sin 405°

4. If Bis acute and cos 8 = % find the value of sin @ and of tan 6.
5. Given that A is obtuse and that tan A = —%, find the value of cos A and of sin A.
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6. Given that sin A = —% where 180° < A < 270°, find the value of tan A and of
cos (—A).

7. Given that sin A = 2, and 90° < A < 180°, find the value of cos A and of tan A.

75

8. Given that cos A = -,],- and that cos A and sin A have the same sign, find the value

of sin (-A) and of tan A.

9. Giventhattan A = — '155 and that tan A and cos A have opposite signs, find the value

of cos A and of cos (90° — A).

10. Given that cos A = \E where 180° << A < 360°, find the value of

(n) sin A, (b) sin (90° — A), (¢) tan (90° — A).
*11. Given that sin 20° = £, express the following in terms of k.

(a) sin 200° (b) cos 20° (¢) tan (-20°) (d) sin 70°
12. Find all the angles x where 0° < x << 360° such that

(n) cos x=-071, (b) tan x = 1.732,

(£) sin x = 0.866, (d) tan x = -2,

(€) 10cosx—-3=0, () 4(tan x - 1) = 3(5 - 2 tan x),

(g) 2 sin (—x) = 0.3, (h) 2 cos’x =1,

3 _ - ;5 Beosx+ 1 _

(i) 3 sinx+ 2 =tan 75°, (i S 3
13. Find all the angles between —360° and 180° such that

(a) sinx = -% (b) cosx= 3?-

(¢) tan(-x)+1=0 (@) V2 sin (90° —x) + 1 =0

14. Positive angles x and y are such that x + 2y = 300° and tan y = 2 cos 160°, Find
their values.

10.3 Graphs of the Sine, Cosine and
Tangent Functions

() Graph of the Sine Function

The diagram shows a circle of radius 1 unit. y

A
From triangle OPQ, sin 6 = % and y = sin 6 P | (=fi_“_@__*(9 i
defines a function known as the sine function. / Lo\ { -
Observe that y is related to 8 and the value of o o o -
y can be plotted against the value of @ as
shown.
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By plotting the values of y against the corresponding values of 6, the graph of

y = sin @ for 0° = @ = 360°, is obtained

as shown below.

¥ Quadrant
3rd 4th
T I} { ’9
¥ k& 270° | 3B07360°
i
————————— h—

From the graph, observe the following:

(a) At the horizontal axis, sin @ = () when 8 =

0°, 180°, 360°.

{(Iy) The maximum value of sin @ is 1 when 8 = 90°,
The minimum value of sin 8 is =1 when 8 = 270°,

Hence -1 = sin 8 = 1.
As P moves round the circle in either

()

the clockwise or anticlockwise sense, the sine

curve above repeats itself for every interval of 3607 on either side. The length of
the interval over which the sine curve repeats itself is called the period. Hence the
sine function has a period of 360° as shown below.

1 eycle 1 eycle

! I !
I |
I !

1 t.y:.lc. 1 cyt.le

nANA.

A
e

it Y|

L

0°

NivavaN

period |

() Graph of the Cosine Function

The diagram shows a circle of radius 1 unit. From triangle OPQ, cos 6 =

cosine function y = cos @relates yto 6. T

of 8 as shown.

% and the

he value of v can be plotted against the value
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By plotting the values of y against the corresponding values of @, the graph of
v =cos 8for 0° =< 8 =< 360° is obtained as shown below.

Quadrant
Ist 2nd 3rd 4th

=
30°360°

ta
—
=
4
frt
o S ——
[ i

From the graph, observe the following:
(a) At the horizontal axis, cos 8 = () when 8 = 90°, 270°.

(b) The maximum value of cos #is | when 8 = 0°, 360°.
The minimum value of cos @ is =1 when 8 = 180°.
Hence -1 = cos 8 = 1.

Note: There is no value of 8 for which cos 8 < -1 or cos 6 > .

{¢) As point £ moves round the circle in either the clockwise or anticlockwise sense,
the cosine curve repeats itsell on either side. The cosine functmn also has a period
of 360° as shown below.

¥

Leyele 21 eyele | cyc.le

R NS S SR S,

\AARAAL .
VR VR VIV avids

Jperiod

s

ml‘) Given that (sin 8 — I)(cos € + 2) = 0, find the value of & where

07 = 8 = 360°.

o e ———

e sime-heosern =0

= sinf@-1=0 or cosB+2=0
sin 8= 1 or cos 8= -2 (no solution)
6= 90°
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If 0° = 8 = 360° find the range of values of 3 ~ 2 cos 6. Hence
state its minimum and maximum values.

m For 0° < 8 < 360°, -1 < cos < |

Multiplying throughout by -2 (<0), the inequality signs are
reversed.

“2(=1)= -2 cos 8 = -21)
= 2+3= 2cos8+3=-2+3

1=<=3~-2c0s0=<35

Its minimum value is 1 and its maximum value is 5.

Sketch the graph of ¥ = sin x + 2 for 0° = x = 360°.

Example

m From the graph of y = sin x, 2 is added to the value of v uat each
value of x. Hence the graph of v = sin x + 2 is that of y = sin x

shifted 2 units upwards.

Pi
3T y=sinxr+2
2 y=2
+2
| ] \/

y=sinxy

t t t =x
v 90° 13Wn°
1t

Note:  Observe that the line v = 2 passes through the ‘middle’
of the curve y = sin x + 2. It is called the axis of the

curve.
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1+ Sketch the graph of y = 4 cos x for 0° = x = 360°,

At each value of x, the value of y is obtained by multiplying

cos x by 4. The graph of y = 4 cos x is sketched as follows:

x

y=4cosx

T Y= 05X
} v

360°

The distance of the maximum (or minimum) point from the axis

of the curve is called the amplitude.

From Examples 12 and 13, we see that the curves y = a sin x + ¢
and y = a cos x + ¢. where a > {}, have axes y = ¢ and amplitude

a. Hence their graphs are as follows:

y=asinx+c¢

c+q

amplitude = a

Y=dacoosx+ o

axis of curve

y=¢
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Sketch the graph of y = 3 cos x + 5 for the domain (° = x = 360°
and state the corresponding range of y.

Observe that ¢ = 3 and ¢ = 5. So, the curve y = 3 cos x + 5 has
axis y = 5 and amplitude 3 as sketched below:

90° 180°

e 360°

From the graph, the range of y is {y: 2 =y = 8,y € R}

Sol utio___

Sketch the graph of y = |2 sin x — 1| for 0° = x = 180°.

We first sketch the curve y = 2 sin x — 1 which has axis y =-1 and

amplitude 2. The part of the curve below the x-axis is then reflected
in the x-axis to obtain y = | 2 sin x — 1| as shown.

y

A

2.‘—

N

\=25in.‘r-—[

axis v=-1
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(IS Ni———— R — m——————ae S |
() Graph of the Tangent Function

The line / is a tangent to the circle, radius 1 unit, at the point Q. OP is produced (o meet
! at T and from triangle OQT,

or _ o, —
aa—ldfl‘lg = QT—MH 6.

For angles in the 2nd or 3rd quadrant such as €', P’O is produced to meet / at 7”7 and so,
QT = tan #. The value of tan € can then be plotted against the value of 8 as shown.

tan
f A
F i 6
. , T . tng| x {6, tané)
1
1
) |
o tan § :
4 ! O ey
7] 1 Jo o
]
I
tan 6° |
]
i tan ¢’

reanr=s = = 6 1un ')

The graph of v = tan 8 for 0° = 6 = 360° is obtained as shown below.

tun Quadrant
& "
I st 2nd rd 4th
{
___________ L - - 4
pA =% 1457 1)-— 225P, 1)
e A
1
3(;0 1 | } ! | i 7
) T T L) T gl
C O 300 60° 90°i 180° 270° 360°
SRR\ SISO, e i L
! I
1
e —}L (13F°, = 1) ====-—1 % (315°, 1)
I
I

From the graph, observe the following:

‘(a) The curve is mot continuous; breaks occur at 8= 90° and 8 = 270°, where the
function is undefined.

(b) The curve approaches the lines 8 = 90° and 6 = 270°. Such lines are called
asymptotes,

254 Trigonometric Functions




Observe also the following:

(a) At the horizontal axis, tan 8 = 0 when 6 = 0°, 180°, 360°.

() Note that tan 8=1 = 6 =45° 225°
and tan 8=-1 = &= 135° 315°

(¢) Unlike sin @ and cos 6, there are no maximum or minimum values for tan 6. So
tan € can take any real value.

(d) As P moves round the circle in either the clockwise or anticlockwise sense, the
curve repeats itself for every interval of 180°. Hence the tangent function has a
period of 180° as shown below.

tan 6

180 Wl
T b H
0 —450° =270° -90° /10 g 270° 450° 630°

J -6

DSRIOCRVIPNR . 1| NP e o aryr v

Period

Sketch the graph of ¥ = 3 tan x for 0° = x = 360° and state the
corresponding range.

Each value of y is obtained by multiplying tan x by 3. When
X =45° v =3 tan 45° = 3. Note the values of x when y = 3 and

y=-3.
¥
|
i
3 ——
i
I
! 135° i
0 45 90° 180°  225°
B e e

the corresponding range = R
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mjg L7 On the same diagram sketch the graphs of v = tan r — | and
' y =2 cos x for the interval 0° = x = 360°, State the number of
solutions, in this interval, of the equation tan x = 2 cos x + 1.

w The two graphs are sketched as shown.

A II :
5 ! y=2cosx
\
l -
I
+ oo 225° I
() ‘ T T r X
/5” ! 180° 270° 360°
| |
Al 5. ST R A A i
I
]
2t b yv=tanx— |

tan x=2cos x + 1
= tanx - | =2 cos x

The required solutions are the values of x at which the graphs of
y=tan x — I and y = 2 cos x intersect. Since the graphs intersect
at 2 points A and B, the equation has 2 solutions.

Exercise 10.3

1. Find the values of 6, where 0° = 8 = 360°, such that

(a) (sin 8- 1)sin @+ 1) =10, (b) (cos 8- l)(cos O+ 1) =0,
(e) sin B(2 cos 8- 3) =0, (d) tan {2 cos 8- 1) =0,
(e) sin'B(tan 6+ 4) = 0, (f) (3sin 8- D(tan B+ 1) = 0.

2. If0° = 6 = 360° find the minimum and maximum values of
() 7 sin 8-3. (b) 5cos 8+ 2, (c) 4 —-3sin6.

3. Sketch. on separate diagrams, the following curves for the domain 0° < x = 360°
and state the corresponding range of v.

(1) v=sinx-2 (b) v=35cosx (¢) v=4sinxy—2
(d) v=2cosx+ 1 (¢) v=23(cos x - 1) (f)y y=[3sinx-2|
() »=|5tan x| (hy v=2tanx -3 (i) vy=|3tan x + 2|

4. Sketch, on separate diagrams, the following graphs.
(a) y=4cosx—3for0° = x= [80°
b)) y=06tanxfor0” = ¢ = 180
(©) y=3+2sinxfor0® =y = 270°
(d) v=cosx—1 for0° = x = 720°
() y=1+3sinyxfor-360° =y = 720°
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9.

=140,

On the same diagram, sketch the graphs of y = |2 sin x| and y = |2 sin x| + 1 for
0° = x = 360°.

cos x| — 2 for 0° = x = 360°.

Sketch the graph of y = 3

On the same diagram, sketch the graphs of v = 3 cos x and v = 2 sin x — | for the
interval 0° = x = 360°. State the number of solutions, in this interval, of the
equation 3 cos x + | = 2 sin x.

Use a graphical method to determine how many solutions there are to the equation
|2 tan x| = I + sin x in the interval 0° = x = 360°.

Sketch, on the same diagram, the graphs of v = tan x and y = cos x, for the values

of x from 0° and 360°. Hence state

(a) the number of roots of the equation tan x = cos x in the range 0° to 360°,

(b) the range of values of x, between 0° and 270°, for which tan x and cos x are
both increasing as x increases. (C)

Sketch, on the same diagram, the graphs of y = 3 cos x — 2 and y = 4 [sin x| for the
domain 0° = x = 360°. Hence deduce the value of & for which the equation
3 cos x — 2 = |4 sin x| + & has 3 solutions in this domain.

(a) Use a graph plotter to obtain the graph of v = cos x tan .
This graph looks like another graph we know. Make a conjecture.
(b) Obtain the graphs of y = sin’x and y = cos’ x.
Next, obtain the graph of v = sin’x + cos’x and you may be surprised by its
shape.
The above graphs illustrate 2 important results which we will prove in the next
chapter.

10.,4 Three More Trigonometric Functions

Three more trigonometric functions are defined by taking the reciprocals of the three
trigonometric functions that we have learnt so far. We have:

the secant function, sec 8 = —‘—]—u, cos 820

cos 6

g 1 ;
the cosecant function, cosec 0 = i sin 820

the cotangent function, cot @ =

no

1
— 0.
tan 8° tan 6 #
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Given A is obtuse and cot A = =3, find the exact vilue of
(a) sec A, (b) cosec A.

m cofA=-3 = -1 =3 = tan A = -1,
tan A 3

A is in the 2nd quadrant and so tan A = —tan @ = —

vy

]
= i = —
tan @ 3

oP= I +3 =410

3
a) cosA=-cos @ = ——=—
@) V10

P s A
.
o A — L d1 ]

(MsmA=mna=7%

|
sin A

cosec A = = \frm

Solve the equation sec (—v) = 2 for 0° = v = 360°,

; | I
Ol sec (-v) =2 = =2 = cos{-x)= - = cosx=
m =0 cos (-x) ) 2 ¥

12—

cos x > 0 => xisin the Ist or 4th quadrant.
cos rx:% = o=060° Y
X =a 360° - ¢ 5 A
= 60°, 300° /
83
=1
O]~
r C
Exercise 10.4
1. Find the values of sec 6, cosec 8 and cot @ given that
(1) cos 8= -g-, 8 is acute, (b) tan 8= _f}’ g is reflex,
{¢) sin @@= :lj—, O is abtuse, (dy twn 0=3, 90" < 0 < 270°.

2. Given that tan 6= -2 and that tan € and cos 6 have opposite signs, find the value of
(n1) cot B, (b) sin 6. (c) sec 6.
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3. Given that sec @ =3 and that 0 is acute, find the value of
(1) cos 6, (b) cosec 8, (¢} tan (90° - 8).

4. Given that cot 6 = A:/l;— and that @ is obtuse, find the value of

(a) tan (—8), (b) sec 6, (¢) cosec (90° — @),

5. For each of the following conditicns, state the possible quadrants in which 8 must
lie.

(n) cot 8 <0

(h) cosec 8 > 0

(¢) sec @ and cosec @ have the same sign

(d) cot O and sec @ have opposite signs

6. Solve the following equations for x between 0° and 360°,

(1) coseec x = -2 (b) 3cotx=4
(¢) sec v =5 sin 20° (d) cot (—x) = 2 + cos 1657
(e) cosec’x = | (f) secx=2cosx
() cotPy =3 (h) sin x(cosec x — \E) =0
(i) cotx(cossx —4) =0 (j) cot 30° sec(—x) =2
7. Without using a calculator, evaluate the following:
{(a) sec 60° (b) cosec (-30°) () cot 45°
(d) sec 150° (e} cot 330° (I cosec 240°
8. Sketch the graphs of y = |cos x| and y = 3 sin x + 1 on the same diagram for the
domain 0° = v = 360°. State the number of solutions in this domain of the equation.
() |cos x| +2=3(sinx+ 1) (b) [sec x(3 sin x + 1) = 1

b
\\
\
2 P ==
==
U "
P i 3
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2. General angles
(a) For an angle @ measured from the positive x-axis:

(i) Y (ii) ¥
Lt
O[~rg
9 Lt 8
(8]
anticlockwise direction clockwise direction
e8>0 6<0

(b) The quadrant of 8 is determined by its value. For 0° < 8 < 360°, we
have;
y

4
2nd Quadrant 1st Quadrant
90° <0< 180°| 0°<@h<90°

= X

O
3rd Quadrant 4th Quadrant
180° <@ <270°| 270° < @ < 360°

3. Trigenometric functions of any angle s I A
With the aid of the following diagram: i

we have, for any angle 6 with basic angle o
sin 8 = sin @, if Gis in the st or 2nd quadrant
sin = —sin o, if O is in the 3rd or 4th quadrant

cos 0 = cos a, if B1is in the 1st or 4th quadrant
cos 8 =—cos a if @is in the 2nd or 3rd quadrant

tan @ = tan «, if @is in the Ist or 3rd quadrant
tan 6 = —tan &, if O is in the 2nd or 4th quadrant

4. Three more trigonometric functions are defined by:

sec 0 = ,cos B0

i
cos @

1
sin 6

cot 8 = ~]—. tan 6 ()
tan &

cosec # = ,sin 8% 0

(a) Negative angles: B cosF(_-é) = cos“9
sin (-0 = —sin 8
tan (-0) = —tan &

5. Useful relationships:
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() Complementary angles:

cos (90° - 6) = sin @

sin (90° — @) = cos O
tan (90° - 6) = o tan 80

6. Graphs of trigonometric functions
For the interval 0° = 8 = 360°:

8 = 0°, 180°, 360°
6 =90°
0= 270°

period = 360°

= cot @

(a) y=sin @
~-l=smnO=I
il =0""—=
sin 6 =1 =%
sin f=-1 =

;
=
OD
-1+
(b) y=cos 0

-1=cos 8=1
cos =0 =
cos8=1 =
cos 0=-1 =

90°  180°_270°

6= 90° 270°
8 = 0°, 360°
0 = 180°

period = 360°

360°

(c) yv=tan 8

tan @ can take any real value.

tan =0 =
tan 6 = 1 =
tan =-1 =

0 = 0°, 180°, 360°
0 = 45°, 225°
0= 135°, 315°

tan & is undefined for 8 = 90°, 270°

&

period = 180°

. / )
ST s 4 315°

|
T T T 1
00457 90 Ligoe  a70c L3600
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(d) y=asinx+candy=acosx+c, where a > 0
These curves have axis y = ¢ and amplitude a:

3
“ y=asinx+c¢ Y=acosy+c

'f CHadt=g-————mepmg———————————— ==

amplitude

c e XIS V=€
N\ = .
T =

360°

() y=atanx+¢,a=>0

C—ld e

y=atanx+¢

Take note of the values of x for whichv=¢, v=c+aand v=¢ - a.

7. Solution of basic trigonometric equations of the form sin 0 = k, eic,
Step I ldentify the possible guadrants in which 6 lies.
Step 2: Find the basic angle a.
Step 3: - Find all the values of @ in the required interval. Remember that 8
imust be measured from the positive x-axis,

8. Graphical solution of equations
4

y=1(x)

y=g(x)

I

I

|

|
e — e = e

h 4

The solutions of the equatioﬁ 0 >y
fx) = g(x)
are the values of x at which the graphs of y = f{x) and y = g(x) intersect.
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Miseelbineons Baunales

E\ample j__() Given that sin @ = s and 6 is acute, find, in terms of s,
) (a) tan 6, (b) sec 6.

m 6 is in the 1st quadrant and sin 8 = %

Let PO =5 and OP = 1, y

Then 0Q = V1 - 57 s A

(a) tan 8=

‘l)

! z

e [}

h) cos 8=+l — &

= sec 0= L = — !
cos ) 1y _ ¢

Note: As 6 is acute, s = 0 and the length PO = [s| = s.

Exampl ' Solve the equation |5 cos x + 2| = 3 for 0° = x = 360°. Hlustrate
o your answers by sketching on the same diagram the graphs of
v =[5 cos x + 2| and y = 3 for this interval.

|5cos x+2/=3

= S5cosx+2=-3 or S5cosx+2=3

cos x= —I| Cos X = é
x= 180° x= 360" - &
= 78.5%, 281.5°
¥ ¥
8§ A 7-\v\=i5 cos v+ 2|
" 3 ¥y=3
5T
o] 78570 180°/ 281 5° 360°
"3__ \‘_"‘/
1. Solve the following equations for 0” = x = 360°.
(a) Scotx+ | =cos 70° b)) 2sinx+ 1D2cosx+35)=0

(¢) 4cos x -3 = cosec 220° (d) |2-3tan x| =05
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9.

:5:10.
11.

*13,
14,

15;

Without using a calculator, evaluate
(a)

sin 120° + 2 cos 210° (b) tan 120° + 4 5in 240°
see 300° ) cot 315° + 2 tan 225°°

Given that tan A = ¢ and that A is acute, find in terms of ¢,

(a) sin A, (b) sec A,

(¢) tan (90° — A), (d) tan (A — 90°).

Given that tan A = i, cos B=-3 and A and B are in the same quadrant, evaluate
4 3 Jua

(a) sin A, (b) cot (-B), (c) tand

cos A’

If y=7-3cos x, where 0° = x = 360°, find the maximum and minimum values
of ¥ and the corresponding values of x.

Sketch, on separate diagrams, the following graphs for the given domains and state
the corresponding range.

(n) y=3sinx-2, 0° = x = 360°
by y=1+2cosuy, 0° = x = 720°
(¢) y=4tanx -3, 0° = x = 180°
() y=4sinx-1, 0° = x = [80°

(¢) v=tanx -1, —180° = x = 180°
) y=6(cosx+ 1), =360° = x = 180°

On the same diagram, sketch the graphs of y = 3|sin x| and y = |3 cos x| + 1 for the
interval 0° = x = 270", Hence find the number of solutions, in this interval, of the

equation [sin x| — |cos | =

| —

Solve the equation 2 sec x = cot 160° for values of x between —180° and 180°.

If sin A = —~% and -90° < A << (0°, evaluate cos (-A) and cot (90° — 4) without
using a calculator.
If sin 130° = £, express sin 50° and tan 40° in terms of k.

Sketch, on the same axes, the graphs of y = tan x and y = 2 cos x — | for the interval
0° = x = 360° and hence find the number of solutions of the equation
(1 + tan x) sec x = 2.

If 0° < o < 360° tan & < 0 and cosec o < 0, find the range of values of %

Solve the equation (4 + 3 cot x) tan x = 2 for values of x between —360° and 360°.

The function f(x) = @ sin x + b, where ¢ > 0, has a maximum value of 7 and a
minimum value of -3, Find the value of ¢ and of b. (C)

{8) Solve the equation 2 sin x + | = 0 for 0° <= v = 360°.

(b) Sketch the graph of y = 2 sin x + | for the interval 0° = x = 360°. Hence state
the range of values of x in this interval which satisfies the inequality
2sinx+ 1 = 0.
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1 1 .1 Simple Identities

Basic Identities 4
Plx, y)
Recall the definitions: ¥
2 - X
cos 8= = s eerereeerreraaaeateenhreeaate et e rrenerrersaneeas (1) \9 5
BEIEIEDS o v A A Voo A O (2) R
r
tan 0= i. (x20)... (3)
where r= a4yt

Using the above definitions, we shall prove the following two important identities.

tan 9— §in ,cos&:eﬂ

s 0
sin® 9+cos =1

Proof: 1If cos 0% 0, dividing (2) by (1) gives:

2
sin = il
cos 8 -
r

= B

X

I

tan 6 (By (3))

Also, sin” § + cos® § = (-{)2\+ (l)l

= == (As r = v'll_xi +-y_3-)
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Given that cos 0 = %, find the possible values of
(2) sin 6, (b) tan 6.

Note that the quadrant in which @ lies is not given.
(n) Using sin’ 0 + cos™ 0 = 1, we have:
sin® 0= 1 — cos™ 0

13

B
-

—
o

sin ) = =

g W

Hence the possible values of sin # are 4 and —%.

5
o _ sin @ s gy
(b) Using tan 0 = g e have:
4
i1 — i " == i -} i
sin ) = 5 and tan 0 = 3 3
3
_4
s = —:}« H H = —3. = -i
or sin f = E and tan 6 3 3
5
Hence the possible values of tan 6 are % and —%.
Given that x = 2 gin # and v = cos 0 + 1, show that
L +4y- 1Y =4,
SOlu[id r=2sin ! = sin = %
y=cosf0+1 = cosf=y-1
sin" 0 + cos” 0= 1
X % 2
[.5) +(y—1P=1
Xz 1
—+(y-1y=1
7 0 1)
X+dy-1y =4
Recall that:
o — ] ¢ g _ 1
. sec ﬁ_..m, cnsec A = e cot "a"""'—'mﬁ'ﬁ‘ - . ‘
i cos 6
SU, cot fl = S=ng = on @
cos #
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Two more identities may be obtained by dividing sin®  + cos® 6 = 1 by cos’ # and sin® ¢

respectively:
o 4 ] 2
sin” @ cos” 0 _ | sin” @ cos™ 8 |
it T = g —— t == = —
cos”™ # cos” 0 cos” 0 sin” @ sin” sin” #
2 2 2 2
sin & I Y cos 8 I Y
25 ¥1=m9) =) = 5s)
(C()ii 6) cos @ L+ sin @ sin @
e, | +tan® 0 =sec’ ie. | +cot’ # =cosec” O
cot 6= 59 where sin 6 # 0
sin 0

1+ tan® 6 =sec’ 0
1+ cot’ 0 = cosec’ 6

mj Simplify (sec @ — tan #)(sec 0 + tan @) and deduce the value of

sec f) + tan @ if sec € — tan § = 2,

m (sec 0 — tan O)(sec 0 + tan O) = sec’ O — tan’ 0

= (1 + tan® 0) - tan’ 0
= |

- b 3 _—!-_-_-l‘
sec ) + tan 0 = sec - tan @ 2

| - cosec’ x
— sinx)(l + sinx)”

N I — cosec” x _ —cot’ x
SO]UUQ (1 = sinx)(1 + sinx) —

.
I — sin"x

Simplify (

2
[ cos X ]

= sin X
= 2L
cos” v

|
2
sin” x

2

= -—=Co0s5¢Cc Xx

Proving ldentities
The basic identities may be used to prove other identities as shown in Example 5.
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Prove the following identities:
(a) sec x — cos x = sin x tan x
(b) (1 +tan 0)° + (1 - tan 6 = 2 sec’ 0

. |
| SolutioHN R R RN
5 cos X

1 — cos™ x

cos X
i3
_ §in® x
cos v
sin x
CO5 X

= §in x

= sin x tan x

M) (I+tan O+ (1 —tan ) =(1 + 2 tan 6 + tan’@) +
(1 =2 tan 0 + tan’ 0)
=2+2tan’ 0
= 2(1 + tan® )
= 2 sec” )

Note:  In proving trigonometric identities, one usually starts with
the more complicated side.

Exercise 11.1

1. If sin 6= —%, find the possible values of
(a) cos 8, (b) tan 0.
Given that x =2 sin 0 - 3 and y = 2 cos 0 + 1, show that (x + 3" + (v - 1)’ = 4.

3. Given x = 3 cos @ and y = 2 tan 6, find sin € in terms of x and y. Hence or
otherwise, show that 4¢° + v’ = 36.

4. Show that (sin 8 + cos )° = 1 + 2 sin @ cos 6.

Hence find the possible values of sin 8 + cos 8 if sin 6 cos 8 = 2

18"
5. Given.x =3 tan fand y = 2 cos” 6, show that ¥’y + 9y = 8.
6. Simplify the following:

(a) sec xcoswx (b) sinxcotux

. . _ sin x
() (secx+ 1)(secx L (@) (I~ cosx)l + cosx)

* 7. Given cosec A + cot A = 3, evaluate cosec A ~ cot A and cos A.
Prove the identities in questions 8 to 25.

|l +cosx —
1 +secy
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9

10.
11.
12.

13.
14.

15,

160
17.

18.

22,

23.

24,

#25.

*260
27.

1 - 2sin’x=2cos” x— |

CI)S2 X

| - ——— =sinx
I + sinx

cot x + tan x = cosec x sec x

sin x
cosec.y — cot.y

=|+cosx

sin* x — cos® x = sin® x — cos® x

sin* x — sin® x = cos* x — cos” x

(l—cosx)(l-i- ] = §in x tan x

cOs X
sin x + tan® x sin® x = tan® x

tan® x — cot’x = sec” x — cosec® x
1 — tan® x
I+ tan’ x

! _ 1
sin 8+ 1 sin 6~ 1

o 3 P
= CO08™ x — SIn° x

2 sec’ @

]

(1 + tan x — sec x)(1 + cot x + cosec x) = 2

sin .x SINXY _ — 9 ooty
secx — | secx+ | =
SO0 g M0 = 5t

sec A+ tan @ sec 6 — tan @

cos A + sec B = cos A sec B
cos f + sec A

3-6eosty i
———— = 3(sin x + cos X)
5mM X — COs Y

1
1
1

I
I — see~x

= sec’ x

1 -
1 -

If x=asin —bcos #and y = a cos § + b sin 0. show that x* + y* = a* + b*,

Sketch the graphs of y = l‘iﬂm—‘g:r—“ﬂi for 0° < x = 360°.

11.2 Trigonometric Equations and

More Graphs

In Chapter 10, we solved the basic trigonometric equations sin x = k, cos x = &k and
tan x = k. We shall now consider equations which can be reduced to this basic form by
simplifying (Example 6) or by factorising (Examples 7 to 9). Variations of this basic
form are considered in Example 10.
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Find all the angles between 0° and 360° which satisfy the equation
3cosx+2sinx=0

m Jcosx+2sinx=0
i 8§ A
2siny =-3cos x !
. .
sy — 3 cos x #0) 2R .x
Cos ¥ 2 04
) _ 3

tan x < 0 = xis in the 2nd or 4th quadrant.

tan & = %

= = 563"

So, x = 180° — &, 360° — o = 123.7°, 303.7°

Note:  1If cos x = (), the given equation would lead to sin x = 0.
However, there is no value of x for which both sin x and
cos x are zero. Hence cos x 2 (0 and we could divide the
equation by cos x.

Find all the angles between 0° and 360° inclusive for which
(a) 2 sin x cos x = sin x,
(b) cos’ y~cos y=2.

(a) 2 sin x cos x =sinx, 0° = x = 360°
2s5inxcosx—siny =0

. 8§ A

sinx(2cosx - 1) =0

Solutios

7 =

=09 180° 360° ¥ = @, 360° —
= 60°, 300°

x = 0, 60°, 180°, 300°, 360°

= sinx=0 or cos x =

(b) cos’y—-cosy=2 0°=y= 360°
cos’ y—cosy—-2=0
(cos v+ Dcos vy —-2)=0
= cosy=-1 or cosy=2 (no solution)
y= 180°

Noete:  In (a), we could not cancel sin x because sin x might be
zero and division by zero is not possible.
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Find all the angles between 0? and 360° which satisfy the equation
sin v =4 tan y.

siny =4 tan y, 0° < y < 360°
sin vy
cos Y
sin v cos y =4 sin y
sin y(cos y —4) =0
= siny =0 or cosy=4 (no solution)
y = 180°

Find all the angles between 0° and 360° which satisfy the equation
2 cos” vy — | = sin y.

i . y
2co8 v—1=siny., 0°<y<360° 4

Using sin® v + cos’ y = 1,

. . 8 A
20l —sin"y) - I =siny
28in" y+siny-1=0 o a=30°

(sinv+ D2siny~1)=0

= siny = -1 or siny:% T c

y = 270° y=30°, 150°
Ly = 30°, 150°, 270°

< () Find all the angles between 0° and 360° which satisfy the equation
() cos (x + 30°) = 0.3,
(b) sin 2v = 0.866,
(¢) tuan (2x — 50°) = -0.7.

w (a) cos (x + 30%) =-0.3 3

cos (v + 30°) < 0

=

= x + 30 is in the 2nd or 3rd quadrant S\ | A
and 0° < x < 360° a=725°
= 30° < x + 30° < 390° -
For angle x + 30° in this interval, *
x + 30° = 107.5°, 252.5° L] c

x¥= T7.5° 220.8°
(b) sin 2x = 0.866
sin 2v > 0 1
=> 2xis in the 1st or 2nd quadrant
and 0° < x < 360° g
= 0° <2< 720°
For angle 2x in this interval, i >x
S 2y = 007, 120% 6U° + 3007, | T -
1207 + 360° T c
= 607, 120°, 420°, 480°
L x=30° 60°, 210°, 240°
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(¢) tan (2x — 50°) = -0.7
= 2x - 50° is in the 2nd or 4th quadrant
and (° < x < 360°
= -50° < 2x - 50° < 670°
For angle 2x — 50° in this interval,
2x — 50° = -35.0°, 145.0°, - 35.0° + 360°,
y 145.0° + 360°
= -35.0°, 145.0°, 325.0°, 505.0°
;W =185 95, 18757, 2T1E°

¥ ]

The answers in Example 10(b) are illustrated graphically as follows:

¥
1+ y=1{0.806
i
|
o + 4 \S0° 180§ ¢ \270°, ,
e 60 ' 210°240° ‘ 3607
=s5in 2
14, period yEhe

Observe that the graph of v = sin 2x is of a similar nature to that of y = sin x. However,
the curve v = sin 2x has a period of 3—2@- i.e. 180° and there are 2 cycles in the interval

0° = x = 360°

If b is a positive integer, y = sin bx

and ¥ = cos bx have periods —3%0—
¥
L3
y=sin bx ¥ =cos bx
] /
180°
o b f > X
?.‘.’f\ \/270“ /3w=
b == ,
= somse s e
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Skeich the graph of v = cos 3x for 0° = x = 360° and hence
(a) find the number of solutions of the equation cos 3x = 0.5,
(b) deduce the solutions of the equation cos 3x = —1.

m ¥y =cos 3x has a period of % = 120° and there are 3 cycles in

the intervai 0° = x = 360°. The curve is sketched as follows:

y
)
period
l_'\ ; N /\v:cus 3x/}
' y=05
60" / ‘R 18[]" \ "H)U“/
0

3n° 120° YA S '
i
-1 = y=-1

pcr:ud C

t:::

{n) The line y = 0.5 cuts the curve y = cos 3x at 6 points.
the equation cos 3x = (0.5 has 6 solutions in this interval.

(b} The line y = —1 meets the curve y = cos 3x at 3 points A, B
and C.
Socos 3y =-1 = x=60° 180°, 300°.

m{-z Sketch the graph of y = 3 cos 4x - 2 for 0° = x = [80° and state

the corresponding range of y.

S()luti_o- The graph of y = 3 cos 4x — 2 has axis y = -2, amplitude 3 and

period = % = 90°.

\"'/l‘r\' ‘/1—':.':

O Ll v I " | T
| \ 45° 90° 115° /
I [}
¥ ] I \ /

The corresponding range of yis {y: =5 =y = 1,y ¢ R)
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Recall that y = tan x has a period 180°. So:

".'
'y

eriod
P = ¥ =lan bx
If 6 is a positive integer, = 1o 270°
0 | b b > =
. o 180° ! 1 X
y = tan bx has period e L/180° 360°
5 e e b B

Egg{-;uﬂpﬂ |1 Sketch the graph of y =4 tan 2x for 0° < x = (80",
Solut_i; v =4 tan 2x has a period of @ =90°,
y
4
4
450 67.5° / 135°
0 f f t ' A S
22.5° 90~ 180
i e

Note:  When sketching trigonometric curves, take note of the
required interval.

Exercise 11.2

1. Find all the angles between 0° and 360° which satisfy the equation
(n) Scosx+2sinx=0, (b) 3(sin x — cos x) = cos X

2. Find all the angles between 0° and 360° inclusive which satisfy the following

equations.
(a) 4sinxcosy=cos.y (b) 2cos’x—cosx=1
(¢) 2tanxr=4 —sec’x (d) 2sin.xcosx=tan.x

3. Find all the angles between 0° and 360° which satisfy the follnwing equations.

(a) cos2¢=0.5 (b) tan {(x — 60°) = %
(¢) 3sin2x+2=0 (d) cos (2v-40°) =038
(e) cot(2x+ 10°)=-0.5 (f) cosec (v +60°) =4
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4,

*9,

10,

11.

13.

Find all the angles between 0° and 360° which satisfy the equation

(a) sin -,17.1 = ',- (b) 3cosy=2secy, (¢) duanz+cotz=35.

Find all the angles between 0° and 360° which satisfy the equation
(a) tan 2y —-60°)=-1, (b) 2sgin y=tany, (¢) sec’z=4 secz-3.

Solve the following equations for angles between 0° and 360° inclusive.

(1) 2cos2v+ 1 =42 (b) 3 cot’ x = cosec x cot x

(¢) 2cos*x+3siny=3 (d) 3siny+2tanxy=0

(e) |sec (x—350|=3 (f) sec’x+2tan*x =4

() 2 sin.xcosx+cos’ x=1 (h) 3 cos (x + 40°) = 4 sin (v + 40°)

(i) (cos v —2)cos x + [) = sin” x (j) 2sinxtan x =3

(k) cot (% - mo) = % () 2 sin” x - 5sin x cos v = 3 cos’ x

Find the values of x, where 0° < x < 180° such that
() 2 cos x+ sin 20° = 1. () sin (3x + 70%) = 0.2,
(¢) 8 cosec 2x cot 2x = 3, (d) |2 cos x + 3 sin x| = sin x.

Factorise the expression 2 sin x cos x - cos x + 4 sin x — 2. Hence solve the equation
2 sin x cos x — 2 = cos ¥ — 4 sin x for =360° = x = 360°.

Il 6 is obtuse and 2 tan” 6 = 5 sec 6 + 10, find the value of tan § without using i
calculator.

Sketch, on separate diagrams, the following graphs for 0° = x = 360° and state the
corresponding range of v.

(a) y=sin 2x - | (b) v = 3jcos 2y

(¢} y=4s5sin3x+2 (dy v=3+4cos 2

i

Sketch, on separate diagrams, the following graphs for 0° = x < 180°.
(n) v =2sin 3x (b) vy =4cos 2y — |
(¢) v=2tan 3x -2 (d}) v=5+ 3 sin2x

Sketch, on the same diagram, the graphs of v = 4 sin 2x and y = 2 cos x — | for
07 = x = 360°. How many solutions are there in this interval such that
4 sin 2x + 1 = 2 cos x?

On the same axes, sketch the graphs of v = |2 cos 2x|and v = | + sin x for
07 = x = 360°. Hence find the number of distinct values of x, in this interval, for
which

(a) 2jcos 2x] =sinx + I, (b) 2cos 2x =1 + sin x.

Use a graphical method to determine the number of solutions of the equation
cos 3x = sin x in the interval 0° = r = [80°.

Sketch for 0° = x = 180° the graphs of v = 3 cos 2x — I and y = tan x on the same
axes. Hence find the number of solutions in this interval of the equation
(a) sec 2x(l + tan x) = 3, (b) tan x(3 cos 2x — [) = tan’x.
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; y=asinbx-3«c y=a cos b_x +c

0 907
b

1800 2700 3608
b b b

| + cosx

X

B A —————

=
s
i

i
il

siny  _ 2

Prove the identity

s5in

X 14 cosx sin x

Hence or otherwise, find all the angles between 0° and 360° for

which [+‘c05x + sin x -
sin.x I + cos.x
|+ 2 sl
| +cosx siny (1 + cosx)” + (sinx)
sin x I +cosx sin x(1 + cos.x)

(1 + 2cosx + cos’ ,r) + sin® x

sin x(1 + cos x)
I +2cosx+ |
sin x(1 + cos x)
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21+ cos x)
sin x(1 + cos x)
7

5in x




| + cosx sinx 2
Thllﬁ, - + =3 = .
sinx | + cos x sin x

Il
e

2
3
x = 41.8°% 138.2°

sin x =

The points (15°, 2) and (#, 2.5) lie on the curve y = & sin 2x + 1,
where 0° = x = 90°, Find /i and sketch the curve for this interval.

Solutio; (15°, 2) lies on the curve = 2=k sin 30° 4+ |
(2

-
Il
-3

.oy =2sin 2y + |

At (I, 25),2sin2h+ 1 =25
sin 2 = 0.75
2h = 48.59°, 131.41°
= 24.3°, 65.7°

3+ (24.3%2.5) (65.7°, 2.5)

1. Find the relationship between x and y given that
(@) x=2cos f,y=4sin* 6|, (b) x=tan @, y =2 sec 0.

2. Given that sin # = s, find in terms of s,
(a) cos 0, (b) cot 6, (¢} sec (90° — ).

3. I x=asin 6, where a > 0 and € is acute, simplify

@ @ -2 (b) (I = ]

a

4. Sketch the graph of v = -25'";]% for 0° = x = 360°. Find the values of x in

this interval for which y = 2,

5. Find all the angles between 0° and 360° inclusive which satisfy the equation.
(a) sec 2x =2, (b) 4 sin ycosy=tan y, (¢) (tanz+ D2 tanz—1)=35.
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9,

10,

11.

14,

15,

16.

17,

18.

+19,

Find all the angles between 0° and 360° which satisfy the following equations.
() 2 tan 2v + sec 40° = 1 (b) 2+sinycosy=2 sin’ ¥

(¢) 2cos’z—sinz+1=0 _

Find all the angles between 07 and 360° inclusive which satisfy the equation.
(a) 3 sinx- 2 cosecx=I, (b) tany =2 sin v sin 40°,

(¢) cos (2x-70% = 0.5.

Find all the angles between 0° and 360° which satisfy the equation

(1) 5 cos’ x— 8 sin x cos x = 0,

(b) Stan”y+7 =11 secy,

(¢) 1+2sin [‘T " ?5“] =1, (C)

. 3 . - . 3 . .
If 8 cos” x + 2 sin x — 35 = 0, show that sin x = = and sin v = —=. Hence find the

1
2
possible exact values of cot x.

Given that 0° < x < 360°, cos 2x = 0.4 and tan 3x is positive, find the values of x.
l4cosd 1 cosd
I ~cosA 1 4+ cos A

Prove the identity = 4 cot A cosec A, (C)

Given that sin x and cos x have the same sign and that sin %.\' = (.75, caleulate the
value of x which lies between 0° and 360°.

Solve the equation 8x' — 2¢* — 5x — 1 = 0. Hence find the values of 6, between (°
and 180°, which satisfy the equation 8 tan* 6 — 2 tan 6 - 5 = cot 0. (C)

5
Show that —————— = 22— .
cosec” A + 2cot A sin A + cos A

— cosec” A sin A — cos A (C)

Prove the identity cos® x + cot’ x cos® x = cot’ x. Hence solve the equation
cos® x + cot® x cos’ x = 4 for all values of x between 0° and 180°.

Prove the identity sec 6 cosec 6 — cot § = tan 6. Hence find all the angles between
0° and 360° for which sec 2x cosec 2y — cot 2x = [,

Prove the identity 1 —siny 4 Losy
ct

— = 2 sec x. Hence find all the angles between
HHLIY I — sinx *

0° and 360° which satisfy the equation l::'i—‘ + T“":i']‘;-—‘~ = tan 80°.
COs X - 5.y

The quadratic equation in x, 3x* — (4 cos #)x + 2 sin 0 = 0. has equal real roots.
Find the value of 6, where 0° < # < 360°.

Solve the following equations for 0° = x = 360°.

(@) log, (cos x) = 0.1 (b) (sin x)™™ "=
(¢) 3tan x + cot x = 3 sec x (d) 2sinxtanx=3sinx+ 5cosx

If x = a sin @ cos B, y=a sin asin Band z = a cos @, show that X" + ¥ + 2 = @’
Given that sin x + sin y = @ and cos x + cos v = a, where ¢ # (), find sin x + cos x in
Wit ui‘. .

If sin A —cos A = IT evaluate

(a) sin A cos A, (b) sec A —cosec A.
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31

points on these graphs. Given that the

Sketch the graph of y = 3 sin 2x — 2 for 0° = x = 360° and state the corresponding
range ol y.

Using the same axes, sketch v =tan x + | and y = |2 cos 2v + 1| for 0° = x = 180°.
Hence find the number of solutions, in this interval, of the equation

(@) [2cos 2¢ + 1| =tan x + 1, (1) fcos x(2 cos 2v + D)| = [sin x + cos 1.

F—. _ | . cos dx . . N . —_— .
Given f(x) = S show that f(x) = tan 2x. Hence sketch y = f(x) for

0° = x = 270°.

Solve for 07 = x = 1807, 0° = y = 180, the simultaneous equations x + v = 150°,

tan (x - y) = /3

If k= LESinX prove that + = 125 Hanee find sin x and cos x in terms of &,
cos ¥ A COs X
. sin® A 3 = - sin A
Given that ————— = =, where %° < A < 180°, find the value of —2L2
I + 2cos” A It I +2cos A

without using a calculator.

Given that x = sin -2 cos fand y = 2 sin # + cos 0, find sin # and cos ¢ in terms
of v and y. Hence find a relation between x and y independent of 6.

The diagram shows parts of the graphs M
of y=4cos 3rand v =2 sin x + £. Points !
P and Q are the respective maximum {f

two graphs intersect at the v-axis, find
the coordinates of P and of (. Sketch the
two graphs on the same diagram for the
interval 0° *-‘-'f x = 180°.

v=2sinx+4k

0 \
/ y=4cos

Sketch, on the same diagram, the curves y = tan x and y = 2 sin x for the interval
0° = x = 360°. Find, in this interval,

(1) the exact coordinates of the points of intersection of the two curves,

(b) the range of values of x for which tan x < 2 sin x. (C)
The following shows the left hand sides (LHS) and right hand sides (RHS) of 3
identities. They have been jumbled up. With the help of a graph plotter, match the
right hand side to the left hand side of each identity.

. ] ) - il
(Hint: Plot y = ——————_ y = cos’ x — sin” x, etc and match these graphs.)
tan x + cotx 7
LHS RHS
1) . —— cos’ ¥ — sin® x

tan x + col x
(h) _(sin v — cos.x)(tan.g 4ol x).=|  sin.x.cos.x
(L" cot x — tan x -

S5€C X — cosec x
cot.v + tan x

After matching, prove these identities.
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12..1_ Radian Measure

Introducing the Radian

To further our study on trigonometric functions, especially
in the calculus (Chapters 18 and 20), a radian measure is

cm
introduced as follows: ﬁ
@

The diagram on the right shows three sectors of circles with
radii | cm, 2 cm and 3 ¢m, having arcs of lengths | cm,
2 cm and 3 cm respectively. Notice that the three sectors
have the same angle. This angle is defined to be 1 radian.

The ;cmgle subtended at the centre l

of a circle by an arc equal in length A

to the radius is 1 radian. &

ir 3.6r
- \ \
D 7 ( .
E
Fig. (a) Fig. (b) Fig. (c)

~ In Fig. (a) to (c), we have:
Length of arc APC = 2r and ZAOC = 2 radians
Length of arc APD = 3r and ZAOD = 3 radians
Length of arc APE = 3.6r and ZAOE = 3.6 radians
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In general, if the length of the arc is 5 units and the radivs is r
units, then 6 = % That is, the size of the angle is given by the
ratio of the are length to the length of the radius.

. &
For example, il s =3 cm and r = 2 em, then 6 =

~|

{l=

(U B

CIn
cm
I

1.5

ta

adians

The radian measure of the angle is 1.5. Note that r and s are measured in the same unit,
the radian measure of an angle is a number without dimension, although the word ‘radian’
is often added.

Relation between Radian and Degree Measures

Consider the angle ) in a semicircle of radius r as shown below.
We have:

Yy =

(2mr) = nr

and so f) = = = ; radians )
&

= |= I\-'I‘_'

In degrees, # = 180°.

7t radians = 180°
From this we get:

g radians = 90° % radians = 30°
95- radians = 270° £ radians = 45°
21 radians = 360° ;—‘ radians = 60°
Furthermore,
I radian = % ~ 57.3°
and 1° = TE{T = (0.017 45 radians.

~Trigonometry of Angles in Radians |

In Chapters 10 and 11, we discussed trigonometry of angles measured in degrees. The
rules and identities also apply to angles measured in radians.
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Sketch the graph of the function [ : x + 4 sinx + 2 for the domain
0 = v = 2x and state the range corresponding to this domain.

S()luti_ Observe that x 1s measured in radians,
. The graph of y = f(x) = 4 sin x + 2 has axis y = 2, amplitude 4 and
period = 2.

So, its sketch is as follows:

y

v=dsiny+2

Rangeof f={y: -2 =y = 6,y € R}.

in

Examp]_gﬁ; Sketch the graph of y =3 cos 2x for 0 = x = 5
-'- The graph of v = 3 cos 2x has axis y = 0, amplitude 3 and
period = %ﬂ = 1. So, its sketch is as follows:
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Solutiol

Example 58

 Solutiod

Find the exact value of cos ‘%“

basic angle,

o 5n ¥
CL—TE:—? 4
T § A
=% 52
xS 6
g cames BT o \ -
e 05 3 cos O 0 i {
— cos &
= —C0s5 3
T C
=\ 3

2

Note:  In writing sin % and cos 2, it is clear that the angles -2—

and 2 are in radians. Hence cos 2 # cos 2°.

Find the values of x, where 0 < x <2 21, which satisfy the eguation

sin v+ 3 cos v =10,

sinx+3cosy =0

g ¥
sin x = -3 cos x A
tan x = -3 ) A
tan x < 0 = xis in the 2nd or 4th quadrant. 4 x
tmo=3 = o=1249 o \ -
O\ o
SLoX=n-oo2n - o
= 1.89, 5.03 T c

Find all the values of x, between 0 and 2, for which sin (mtx) =
where 7 x is in radians.

1
?1

sin (my) =

¥

taf—

sin (mx) > (0 = mxis in the Ist or 2nd quadrant,

T - =
sin@=5 = a=g "
Now, 0 <x <2 = 0< mx<2m i
DR SEeR § A
T Sm
56 13 .
0
= x=13
6 6
T C
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1. Convert the following angles to degrees.
i n ., . ic St
() 7 rad. (b) = rad. (c) B rad. (d) T rad,
2. Convert the following angles to radians. (Leave your answers in terms of 1.)

(a) 210° (by 240° (e) 315° (dy 330°

3. Sketch, on separate diagrams, the following graphs for the interval 0 = x = 2 and
state the range of y.

(#) y=2cosx—1 (b) y=sinx|+1 (¢) y=|[2sinx-1|
(d) y=sin2x+3 () v=5cos 2 H y=tanx+1

4, Sketch, on separate diagrams, the following graphs for the interval 0 = x = 1,
(1) y=3cos2v-1 (h) y=1+.‘~ii[12x
(¢) y=|tan 2x| + | (d) v=4sin3x-2

5. By considering the appropriate basic angles, evaluate the following without using a
calculator.

. 3n a2 ’ scon TR s I
(a) cos 5 (b) sin = (c) tan = (d) sin +
6. Using a caleulator, evaluate
(a) sin | + 2 cos (0.6, (b) tan 1.2 - sin 40°, (c) 2 cos % + 3 tan n°,
7. Find the values of x, where 0 = x = 2m, which satisfy each of the following
equations.
(a) cosx= @ (b) tanx =1
(¢) sinx=-0.5 (d 6siffx—-1=0
(e) 2Zsinx-cosx=0 () 3sinx+2cosx=0
(g) 2 sin x cos x = cos x cos 40° (h) 10cos2x=7
(i) cosec 2x — 1.2) = 1.2 (j) 2 cos’ x+ sinx=1
8. Find all the values of z, between 0 and 10, for which 2 sin (%) = |, where % is
in radians. (C)

1 2.2 Arc Length and Area of a Sector
Length of an Arc

From our definition of the radian, we have;

~ | b=

v

s = r0, where 6 is in radians
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For example, il ¢ = 2.1 radians and r = 3 cm,
length of arc AB, 5 = 10
=3x21cm
=6.3 cm

Note: s and r have the same unit.

The diagram shows part of a
circle, centre O, radius r cm.
Calculate 24 ¢m
(a) the value of r,

(b) £BOC in radians.

Solutic__‘_) (a) In the sector AOB, s = 2.4 cm
and @ = 1.2 radians

A

s=rf = r

12 T
I

12

n
S -

(b) In the sector BOC, s = 1.4 cm and =2 cm.
7]

— ==
Wi

= (.7 radians
ZBOC is 0.7 radians.

Area of a Sector
In the diagram, the angle of the sector POQ is 8 radians.

By proportion:

area of sector POQ _ angle in sector
area of circle angle in the circle

Let the area of sector POQ be A.
Thus, Aﬂ

o

1l

2
n
A=-_-?-xrcr
i

Now as ¥ = r8, we have:
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The area, A, of a sector is given by:

A= %rzﬂ, where 6 is in radians or

A= Lo
2

A sector cut from a circle of radius 5 cm has a perimeter of 16 cm.
Find the area of this sector.

Perimeter of sector = 16 ¢cm

r+r+s =106
/
Area of the sector = %r.'r
= Llxsxe -
=l—5 cm?

m In the diagram, arcs AB and CD are arcs of D

concentric circles, centre O, If OA = 6 cm,

AC =3 c¢m and the area of sector AOB is

12 em?. calculate

(n) £AOB in radians,

(b) the area and perimeter of the
shaded region.

m () Let ZAOB = 0 radians.

Area of the sector AOB = 12 cm®
Lioaye =12

O

4 fcm—=— 3 cm—>

2

ulla E

T xe*xo
7]

(b) NowOC=0A+AC=9cm
Area of the sector COD = L(0C)'0

| 2 2
S x 9 x 5
=27.cm’ —
. area of shaded region = area of sector COD — area of sector AOB
=27-12

=15 em?

286 Circular Measure




Solutioh

Now, arc AB =6 x = (Using s =r0)

3
=4 cm

and arc CD =9><%

=6 cm

" perimeter of the shaded region = arc AB + BD + arc CD + AC

=4+3+6+3
=16 cm

The diagram shows a circle,

centre O, radius 5 cm. The

tangent 1o the circle at A meets

OB produced at 7. Given that 0

the length of the arc AB is B
6 cm, calculate the area of the 5cm
shaded region, correct to 2 6
decimal places. A

Let £ZAOB = ¢ radians
g =3
-
o
3
=12
For AOAT, note that 2 OAT is 90°.
AT _ .
So, = tan @
AT = 0A tan 6
=5tan 1.2

Area of shaded region = area of the triangle OAT
— area of the sector AOB

= %X OA x AT — %rs

1 3 1
—5x5x5[4n1.2—~2—x5><6

17.15 cm?®

The diagram shows a circle of radius c

6 cm with a chord AC of length 10 cm. 4
Calculate, to 3 significant figures, the
area of er

(a) the minor sector AOC,
(b) the shaded segment ABC.
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m (@) Let LAOC = 0 radians

Since AAOC is isosceles, the height OD bisects AC at right

angles.
So DA = 1AC=5cmund za0D = Lo,
C
o0 _ 5
In AAOD, sin B == 5
[¢]
‘E 0.985 | ¢
6= 1.970 p
0 6 A
. area of the sector AOC = %1'36
= 1 xe6*x 1.970
= 35.5 cm*

(b) Area of the segment ABC = area of the sector AOC
— area of the triangle AOC

=355-Lx6x6sing
= 18.9 em?
Note: (1) The segment of a cirele is the portion enclosed by a
chord and an arc.

(2) The area of any triangle given two sides
and the included angle, 8, is given by

A= %ab sin 6.

Exercise 12.2

1. The diagram shows a semicircle OABC. i
[f the arc AB has length 3.2 cm, calculate
(a) the length of the radius, 5
(b) the length of the arc BC. 0.8 rad
C il ) r A

2. The diagram shows a sector AOB whose angle is

0 radians. Find

(a) the value of 8if arc AB has length 14 cm,

(b) the length of the arc AB if 8= 0.6,

(¢) the area of the sector if the arc AB has
length 5 cm,

(d) the length of the arc AB if the area of the
sector is 30 cny’,

0 10 cm B
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10.

the area of the sector if § = (1.8,
the value of @ if the area of the sector is 50 cm®.

(e)
()

A sector cut from a circle of radius 3 cm has a perimeter of 12 em. Find the area of
this sector.

A piece of wire 20 cm long is bent to form the shape of a sector. If the arc has length
8 cm, calculate the angle of the sector and the area enclosed by this sector.

The diagram shows part of a circle, centre O,
radius 10 cm. Given that the length of the arc AB

is 14 cm, calculate, to 3 significant figures, A /,,.-3“”
(a) the angle AOB in radians, i #S .
(b) the area of the shaded region. \"\/_,-"" »
0
OAB is a sector of the circle, centre O, with
LOAC = -25 radians and Z0OCA a right angle. /_/x:,rt\
Given that the arc AB has length 5 c¢m, "imdj’ \
(a) show that OA = 9.55 cm, P } ' \5 BE
(b) calculate the perimeter of the shaded region, _ /” 4
(¢) express the area of the shaded region as = O~ C B
percentage of the area of the sector OAB.
C

The figure shows two sectors in which the arcs AB 539’/\\
and CD are arcs of concentric circles, centre O. A
BD=AC=4cmand LAOB = é radians. If the W A\
perimeter of ABDC is 16 cm, calculate /:i/“'
(w) OB, . e (');j_ T B 4em D
(b) the area of ABDC.

Ii] C
The diagram shows a rhombus ABCD with sides & — 4

7 cm. An arc BD, centre A, has length 5 cm.

3 / Sem \— 4
Calculate the area of the shaded region.

OAB is a sector with £ZAOB = 0.4 radians. C is =4

the midpoint of OA and D lies on OB. o \

If OC = 3 cm and the area of the shaded region is 7R

4.5 cnv’, calculate the length of DB. P =
’ I

The figure shows a circle centre O, radius 6 cm. # \

The tangent to the circle at A meets OB produced /

at T. If the area of the triangle OAT is 15 cm’, | g

calculate the area and perimeter of the minor \ '

sector OAB. L L
A



14,

15.

M POr]

1.

OAB is a right-angled triungle with OA = 6 em and
08 = 8 cm. An arc AC is drawn with centre at O.
Calculate

(a) the angle AOC in radians,

(b) the area of the shaded segment.

The diagram shows part of a circle, centre O, of
radius 10 m. The tangents at the points A and B
on the circumference of the circle meet at the point
P and the angle AOB is 0.8 radians. Calculate

(a) the length of the perimeter of the shaded
region,
(b) the area of the shaded region. (C)

The diagram shows a semicircle with centre at O,
The lengths of the arcs AB, BC and CD are in the
ratio 2 : 3 ¢ 1. If the length of arc BC is 15 cm,
calculute the area of the sector AOB and that of
the shaded region.

C
6 em |l S
|
L] ]
0 §cm

10m_~

(¢ l{} 8 rad

10 m“x

~ "

A hollow cone has base radius 10 cm and height 24 em. The cone is unrolled to
form a sector of a circle. What are the angle and area of this sector?

The diagram shows three points A, 8 and C on
a circle, centre O and radius 10 cm. The line
AD is a tangent to the circle. Given that angle
AOB = 60°, find, to one decimal place,

(a) the length of the arc ACB,

(b) the area of the segment ACB.

Given also that the length of AD equals the
length of the arc ACB, find

(¢) the area of the shaded region ACBD,
(d) the length of BD. (C)
[ant Notes

Radian measure

(a)

radius 1s 1 radian.

(b) We have:
L =30p° T =
5 30 >
g = T =
T = 60° 3m _
3 2
i
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90°

180°
2702
360°

The angle subtended at the centre of a circle by an arc equal in length to the



(¢) Trigonomeiric functions can be defined for angles in radians. Hence, the
methods for
(i) solving trigonometric equations,
(i) sketching trigonometric curves,

2. Circular measure L

For a sector POQ whose angle 6 is in radians, 0<"] 5
arc length, s = 18

area, A = _—;—.rs =

Sketch on the same diagram, the graphs of y = 2 cos x and
y= % — 1 for the interval 0 = v = 2mx, labelling each graph clearly.
Hence state the number of solutions, in this interval, of the equation
X =2 Cos X =TT

m Note that y = [%)1 — 1 is of the form y = mv + ¢. To sketch this

line, we need 2 points such as those given in the table.

X 0 2n

¥ v -1 |
A
24 y=2cosxy
e ol
1+ '\’—F -1
T
5
0 " T } } &
T an 2n
2
<1
3

The given equation, x — 2R cos x =1 = -‘E- —2cosx =1
— -;%— | =2 ¢osx “

Its solutions are given by the values of x where the two graphs
intersect,
Hence there are 2 solutions to this interval.
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Miscellaneou

|+ Two circles of equal size, each with radius 13 cm, overlap each
other. If their centres are 24 cm apart, calculate the perimeter and
area of the common region, correct to 3 significant figures.

From ACAE, AE = 1AB
=1

|

b b

cos 8 = = 8=0.394 8 rad.

>l

Perimeter of common region = 2 X arc CD
=2x13x28
= 2(L.5 em

Area of common region = 2 X area of segment CDF
2(area of sector ACD — area of AACD)

2[4 x 13260 - £ x 13* 5in 26

= 13.4 cm?

Sketch, on separate diagrams, the graph of
(a) y=3sinx-2for0 = yx=2m, (by y=2cos3xfor0) <x<m.
Sketch, on the same diagram, the curves y = 2 sin x and v = cos 2x for the interval
0 = x = 2x, labelling each curve clearly.
State the number of solutions, in this interval, of the equation
(a) cos 2x =0.6, (b) cos 2y = 2 sin x,
(¢) cos2x—2sinx=1, (d) |eos 2x cosec x| = 2.
Sketch the curve y = sin 2x, for values of x from 0 to 2x. Using the same axes, draw
the line v = -;- and hence state the number of solutions there are, between 0 and 2m,
of the equation x = ® sin 2.

N
On the same axes, sketch the graphs of y = 2 cos x — | and y = m% + 1 for

0 < x = 21 Hence state the number of solutions, in this interval, of the equation
-2x + 31 =312 cos x - 1).

Use a graphical method to determine how many solutions there are of the equation
2y — 1 =mtan 2y in the interval 0 << x < 1. Deduce how many solutions this equation
has in the interval O < x < 20m.
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9.

10.

11,

13.

) 13 » - - 5 »

Sketch, on the same diagram, for 0 = v = 57, the graphs of y = cos 2x and
2% ? = - ; :
==, Hence state the number of roots of the equation 51t cos 2x = 2v which are

2T

It

12| wn

5
(a) between 0 and >, {b) greater than

A curve has the equation y = 5(1 - cos 2v) and is defined for 0 = x = I radians.
Find

(a) the value of y when x = |, (b) the value of x wheny =3. (C)
Find the value(s) of x, where 0 < x = m, for which

(2) dsinx+3cosx=0, (b) 2sin2x=1,

(€) d4cosx=1+3secy, (d) 2cos® x=5cos xsin x.

(a) A sector of a circle has an arc length of 20 cm. If the radius of the circle is
12 cm, find the area of the sector.
(b) Find the value of tan 2x if x = 1.6 radians.

Two circles of equal size, each of radius 10 cm, have centres at A and B respectively
and the length of AB is 16 cm. The circles intersect at C and D. Find the angle CBA
in radians and the area common to both circles.

In each of the following figures, PQ is an arc of a circle, centre O. Calculate the
perimeter and the area of the shaded region.

(a) P (h) 9]
2 \\.,‘ A ‘!T
£\ g~ |
& - £ =9 5cm
II.' J \\ 2 I
| X —
e _1. e H‘ e =
Q f— i (7 pt— — 12 em ] P
6em
A j . C
The diagram shows concentric arcs AB and CD of A\
concentric circles, centre O, with radii 18 cm and » cm L
g i . 1 . , et
respectively. Given that the angle AOB is c: radians ynd /.,)‘_D/‘/ \
that the perimeters of the regions P and Q are in the ()23_3"',3. il p 0 ]
ratio 6 : 5, calculate W 3
(a) the value of r, T L
. + . 2 LS e
{b) the ratio of the areas of the regions P and Q. U L /
x_\{{ B
D
Fig. 1 shows the cross-section of a uniform cylindrical y
log with centre O and radius 15 cm. Points A, ¥, B and . — \’{1;
X lie on the circumference of the cross-section and the /N 24em /
chord AB is 24 cm in length. \//15 cm
() Show that angle AOB is 1.855 radians to 3 decimal 0
places. ‘\ ¥
(b) Find the length of the arc AXB. /
(¢) Find the area of the shaded region. P, sk
X Fig. I
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Fig. 2 shows the cross-section of the same log with the J N B
section ADCBYA removed throughout the fength of the /1 ]
log. Given that AD = BC = 13 cm and that ABCD isa /| 13em \
rectangle, find ll ’
(d) the area of the new cross-section, AXBCDA, \p_24em o
(e) the percentage volume of wood remaining. \
(C) :

X Fig, 2

14, The diagram shows the shape XAYBX formed by two intersecting circles. The radii
of the circles, centres P and @, are 5 cm and 3 cm respectively. At each of the points
of intersection, A and B, the radius of one circle is perpendicular to the radius of the

other. -
(a) Show lh_al angle APB is approximately : \ A
]-.‘[}8 radians. ‘ . ’ / ;"
(b) Find the perimeter of the shape XAYBX. ' 6 S \‘\-’% ' \
(¢} Find the area of the shape XAYBX. ( o L)
X P< )0
(Ccy | /
! \

15. A chord of a circle subtends an angle of 8 radians at the centre of the circle. The
area of the major segment cut off by the chord is 75% of the area of the circle. Prove
that 2 sin & = 20 — w. Show how the solution of this equation can be obtained
graphically.

16. ABC is the segment of a circle, centre O. This 0
segment is enclosed in a rectangle APQC.
Given that AC = 32 ¢cm and AP = 8 em, -
“aleulate A .
(a) the radius of the circle, 3 ;

(b) the angle AOC in radians, Aier _ _.
(¢) the area of the shaded region. P S 0

17. The diagram shows two circles, Ci, and Cs, touching at A. Circle Cy, has radius
9 e¢m and centre X; circle C> has radius 4 ¢cm and centre Y. A tangent touches the
circles C, and C; at the points P and Q respectively.
Calculate the length of PQ and show

that angle PXY. to 3 decimal places, is E f:
1.176 radians. Find / N\
(a) the length of the minor arc AP of \\
circle Ci, ( X |
(b) the length of the minor arc AQ of \ f = g;j NG
circle Cs, A 9 cmg A ¥ l
(¢) the area of the shaded region. N b _L'LL}_
(C} P Q
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“18. A semicircle of radius 10 cm has diameter AB. AP and AQ are chords of lengths
6 cm and 8 cm respectively. Caleulate the area bounded by these two chords and

19.

#20.

the arc PQ.

In the given figure, AXB is an arc of a circle

centre O and radivs 12 cm with angle

AOB = 0.6 radian. AYB is an arc of a circle

centre P and radius 6 cm with angle APR = ¢,

Calculate

(a) the length of the chord AB,

(b) the value of @ in radians,

(e) the difference in length between the arcs
AYB and AXB,

(d) the area of the shaded segment.

In the figure, OAB is a sector of a circle

with centre O and radius 24 em. The circle

POR with centre C and radius r cm is

inscribed in the sector. Show that r = 8 and that

00 =843 cm.

Calculate, in exact form,

(a) the area of the sector OAB,

(b) the area of the quadrilateral 0QCP.

Hence show that the area of the shaded region

is %(Sn - 6+43) em?,

Two circles of equal size, each of radius 5 cm,
touch each other externally. Both of them touch
another circle, centre O and radius 20 cm,
internally as shown in the diagram. Calculate
the area of the shaded region.

i
AR
£ NG 2y
B Ny I
.I \ "‘-\-\..\__H-_
ol M\ ~——
} ,\;l o or J,_::u
| o —
\\ '.\\ /:QBC" — L
s
A
A
A
P\
p /')._.\\
_ T
0 \j 2 7 R
x‘\ C
-H- \ 7
RS
O™~ )
B
0
"R
\\
20 em
e - _\‘\
L X
o !
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13.1 The Basic Counting Principle

Counting is easy when you have a list of the items to count. It would be more difficult
when you do not have a list of the items or when the number of items is large. In this
chapter, we shall learn more efficient ways of counting.

Consider the following example.

Kiam Lui has 5 different shirts and @ ' QM@ n m %
3 different pairs of pants as shown.

In how many different ways can he match his shirt and pants? We can use a tree diagram
to systematically list the various possibilities as shown below.

/l\ﬂ\/\/l\ﬂ\

A[Y\lﬁ Hmﬁ IHKXE l\[ﬂﬁ ﬂmﬁ

RUT AR RETANE RIT

With the possibilities clearly listed, we can count the number of ways he can match his
shirt and pants, i.e. 15. It is amazing that with just 5 shirts and 3 pairs of pants, Kiam Lui
can actually have a different look each day for more than 2 weeks! (If he washes them
after use, of course.)

To go out dressed in shirt and pants, Kiam Lui has to decide which shirt and pair of pants

to wear. The first task of deciding which shirt can be performed in 5 ways. This is
illustrated by the 5 ‘branches” in the first leve!l of our earlier tree diagram.-His-next task '
is to decide which pair of pants to wear. This can be performed in 3 ways and we see

that, in the second level, each shirt has 3 further ‘branches’ because of the 3 pairs of pants.

Hence there are 5 X 3 = 15 ways of performing the two tasks in succession.
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This illustrates the Basic (or Fundamental) Counting Principle:

If task A can be performed in m ways, followed by task 8 which can
be performed in n ways, then task A followed by task # can be
performed in (m X n) ways.

This principle can be extended to more than 2 tasks: To find the number of ways of
performing several tasks in succession, multiply the numbers of ways in which each task
can be performed.

| Alfred is caught by a surprise test which consists of 4 true-or-
fulse questions. Ilustrate on a tree diagram the possible ways in
which he can answer all the questions purely by guesswork, Hence
deduce the number of possible answers for a 10-question test.

He can answer the Ist question in 2 ways, that is, true (T) or
false (F).

He can also answer the 2nd question in 2 ways and so forth.

.~ his possible answers are:

o T
Ist question: //T:\ /]:x
A TR ,,./' i "
2nd question: T F
/ \ //\\ / \ i \
3rd question: T F T F T

/\/\/\/\/\A/\/\

4th question: T F T F T F T F T F T FT
Using the basic counting principle, we see that there are
2 X 2 x 2x 2 =16 possible ways.
Hence for 10 questions, there are

2x2x2x...x2=2"=1024 possible answers.

10 factors

ML 7 In how many ways can Amy, Bernard and Carol arrange
' themselves in a queune?

Let us use 3 boxes to represent the 3 places in the queue.

N

The 1st box {or place) can be filled in 3 ways, i.e. by any of the
3 persons.
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The 2nd box can be filled in 2 ways, i.e. by any of the 2 remaining
persons.
The 3rd box will go to the last person.

So, we have
[3[2]1]

By the basic counting principle,
the number of arrangements is 3 X2 x | = 6,

Can you work out the 6 possible arrangements of these 3 people using a tree diagram?

1.

10.

A coin is tossed 3 times. Each toss results in a head or a tail. Find the number of
possible outcomes (results) for the 3 tosses. Illustrate these outcomes on a tree
diagram.

A quiz on the topic of Gnotosrulb consists of 5 multiple-choice questions. Each
question has four choices, of which one is the correct answer. In how many ways
can Sally, who is totally unfamiliar with this topic, answer all the questions?

There are 3 feeder bus services plying to and from the nearby town centre. Joe can
ride on one of these services or walk to the town centre. However, he decides that
on his way back, he will ride on one of these services. In how many ways can he
go to the town centre and be back?

Find the number of ways to arrange in a row

(a) 5 people, (b) 6 people.

Claire has to do the following during her lunch break: take lunch, post a letter, go
to the bank, buy the afternoon papers. In how many ways can she do all these?

Six men and five women are available to form a mixed doubles pair for a tennis
match. How many pairs are possible?

Three friends decide to have dinner together and then go shopping. Five restaurants
are proposed for the dinner and four nearby shopping centres are suggested. How
many possibilities are there?

A big company classifies its employees according to sex, age-group (6 divisions)
and employment type (10 categories). How many classifications are there?

At a restaurant, a complete dinner meal consists of an appetizer, a main course, a
dessert and a beverage. The choices for the appetizer are soup or juice; for the main
course are chicken, fish, steak or lamb; for the dessert are Cherries Jubilee, Fresh
Peach Cobbler, Chocolate Truffle Cake or Blueberry Rolypoly; for the beverage are
coitee, tea or milk. How many complete dinner meals are possible?

Eight people have been shortlisted for an interview. In how many ways can the
interviewer see them one after another?
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1 3.2 Permutations

Recall Example 2. The 6 possible arrangements of the 3 persons (using their initials) are:
ABC ACB BAC BCA CAB CBA

These arrangements are also called permutations. A permutation is an arrangement of
objects in a definite order, To permute objects is to arrange them in a certain order.

Extending Example 2, the number of permutations of 8 different (or distinguishable)
objects would be 8 x 7x 6 x5 x4x3 x2xI.

A neater way of writing this long string of numbers is 8! (read as 8 [actorial).
Hence we have:

The number of permutations of n different objects is
nl=nn-1)n-2)x...xIx2x1

Note: (1)} nflactorial, nl=nn-Dn-2)x...x3Ix2x1
=nin— 1)
(2) How should we define 0! so that the above result would still hold?

(3) Factorials can be evaluated on a scientific calculator.

Exam" =) Find the total number of different permutations of all the letters of
s the word SMART.

Soluti' Notice that all the letters are different.

. the total number of permutations = 5!
= 120
. =i In how many ways can 9 different books be arranged on a shelf?
If another book is added, what is the total number of permutations?

The number of ways = 9!

= 362 880
With the addition of the 10th book,
the total number of permutations = 10!
=10 x 9!
=3 628 800

Permutation of r objects from n different objects

In Examples 3 and 4, a/l of the given objects are used in the permutation. We shall now
consider permutations which use only some of the given objects.
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For a school concert, 6 items are proposed. Only 4 items will be
put up at the concert. How many permutations of 4 concert items
are there?

Let us use 4 boxes to represent the 4 concert items.

For the Ist item, there are 6 choices, i.e. any of the 6 proposed
items,

The 2nd item can be any of the 5 remaining items.

The 3rd item can be any of the 4 remaining items.

The 4th item can be any of the 3 remaining items.

So, we have

6 3 4 3

and the number ol permutations is 6 X 5 x 4 x 3 = 360,

We say that the number of permutations of 4 from 6 is °Ps where
Pi=6x 3 %4 %3
_—v_l

4 factors
Using the factorial notation, we have
"Pr=6x5%x4x3
6% 5 xdx3Ix x|
- 2x1
6!
T ar

Similarly,
Py =nn-Dn-2)x, .. xm-r+1)

nin—1)n-2yx...x m=r+n=rin-r-10x...x2x1
m-rmn-r-Dx.,.x2xl1

it
(n-n!

In general, the number of permutations of r objects from n different objects is
"Pr=nn-1Dn-=-2)x...xn-r+1)

r faétors
_ n!
“m=-r
Note: (1) If your calenlator cannet evaluate P, directly, use the above result.
(2) When r = n, we have "P, = M~ pt since 0! = 1.

{n—n)t
(3) When r = 0, we have "Py, = —""— = |
(n - [])!
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Find the number of 5-letter permutations that can be formed from
the letters in the word SINGAPORE.

Notice that all the 9 letters are different.

the number of permutations of 5 letters from the given
9 letters is
Py =15 120

A club has four officials: president, vice-president, secretary and
treasurer. If a member cannot hold more than one office, in how
many ways can the officials be elected if the club has

(a) 12 members, (b) 16 members?

Since a4 member cannot hold more than one office, there will be
4 people in the committee.

(1) The number of possible committees is *P, = 11 880

(b) The number of possible committees is P, = 43 680

Permutations with Restrictions

Often there are restrictions on how the objects are to be arranged. With this type of
problems, we settle the restrictions first and apply the basic counting principle.

Calculate how many different 5-digit numbers can be formed from
the eight digits 1, 3, 4, 5, 6, 7, 8, 9 used without repetition.
How many of these 5-digit numbers are

(a) less than 40 000, (h) even?

There are "Ps = 6720 different 5-digit numbers.

(a) For the number to be less than 40 000, the st digit must be
1 or 3.
So, the Ist box (digit) can be filled in 2 ways:

2

The other 4 digits can come from the remaining 7 digits in
P, ways.
Hence by the basic counting principle,
the number of such numbers = 2 x 'P, = 1680
() For the number 10 be even, the last digit must be 4, 6 or 8.
So, there are 3 ways to fill the last box:

3
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The other 4 digits can come from the remaining 7 digits in
‘P, ways.

Hence by the basic counting principle,
the number of such numbers = 3 x 'P, = 2520

Find the number of permutations ol all the letters in the word
HISTORY.

Find the number of these permutations in which

(a) the letters O and R are together,

(b) the letters O and R are not together.

The number of permutations of the 7 different letters = 7! = 5040,
(a) To ensure that O and R are together, we gather them together
to form one block. Within this block, the 2 letters can be
permuted in 2! ways.
This block with the remaining 5 letters form 6 objects which
can be permuted in 6! ways.

Hence by the basic counting principle,
the number of such permutations = 2! x 6!
= 1440

(b) The number of permutations in which O and R are not together
total number of permutations without restrictions

~ the number of permutations with O and R together
5040 - 1440

3600

4 boys and 5 girls are to form a line. In how many ways can this
be done? Find also, the number of permutations in which

(a) the f[irst two are girls,

(b) the first is a boy and the last is a girl,

(t) the boys are together,

(d) no two girls stand next to each other.

Without any restriction, the 9 people can be permuted in

9! = 362 880 ways.

(a) If the st place must go to a girl, it can be filled by any of the
5 girls.
The 2ad place can be filled by any of the other 4 girls.
Thus far, we have

B 4
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The remaining 7 people can then be permuted in the rest of
the places in 7! ways.

Hence by the basic counting principle,
the number of such permutations = 5 x 4 x 7!
= 100 800

Alternatively,
the first 2 places can be filled by 2 girls from the 5 girls in
P, ways and so we have P, x 7! = 100 800, as before.

(b) The Ist place can be filled by any of the 4 boys.
The last place goes to any of the 5 girls.
Thus far, we have

4 B IE

The remaining 7 people can then be permuted in the rest of
the places in 7! ways.

Hence by the basic counting principle,
the number of such permutations =4 x 5 x 7!
= 100 800

(¢) To ensure the boys are together, we gather them together to
form one block. Within this block, these 4 boys can be
permuted in 4! ways.

This block and the 5 girls then form 6 objects which can be
permuted in 6! ways.
Hence the number of such permutations

4! x 6!
=17 280

(d) If no two girls are together, the positions of the 5 girls relative
to the 4 boys must be as follows:

GBGBGBGBG
The girls can be permuted in their positions in 53! ways.
The boys can be permuted in their positions in 4! ways.
Hence the number of such permutations = 5! x 4!
= 2880

s 7 If no two boys stand next to each other, would our answer in
i“ (d) hold good? State your reason.

1. Find the total number of different permutations of all the letters of the word
(a) SIMPLE, (b) SECONDARY.

Permutations and Combinations 303




10.

11,

12.

13.

14.

15.

16.

17.

Find the total number of different 4-digit numbers using all the digits in the number
4129.

The following duties need to be carried out: clean the board, arrange the tables,
sweep the floor and clear the waste paper basket. Find the number of ways of
assigning these duties to 4 students, given that each student will perform only one
duty.

In a particular division of a soccer league, there are 9 teams. How many different
end-of-the-season rankings are possible? Assume that there are no ties.

There are five finalists at an oratorical competition. In how many ways can they be
arranged to give their speeches?

Four students go to dinner and order a hamburger, a fish burger, a cheeseburger and
a beef burger (one burger for each). When the waitress returns with the food, she
forgets which student orders which item and simply places a burger before each
student. In how many ways can the waitress do this?

Without using a calculator, evaluate

w 3 w2 o
Simplify

g = (n—3) SR U
(@) n 7 (b) o ©) (n— Dn-2)"

Without using a calculator, evaluate
@ Py, (b) "P,, (¢) °Ps.

In a Mathematics class with 30 students, the teacher wants 2 different students to
present the solutions to problems 3 and 5 on the board. In how many ways can the
teacher assign the problems?

A shelf will hold only seven books. Given that 11 different books are available,
find the number of different arrangements that can be made to fill the shelf.

In how many ways can a judge award first, second and third prizes in a contest
with 9 participants?

In a survey, 10 characteristics of a teacher are listed. You are asked to indicate in
order of importance which 4 of these characteristics make a good teacher. How
many possible responses are there?

How many five-digit numbers can be formed from the digits 2, 3, 5, 7, 8 and 9 if
no digit may be repeated?

5 actors and 8 actresses are available for a play which requires 3 male roles and 4
female roles, Find the number of different possible cast lists.

In how many ways can 3 boys and 2 girls line up for a group picture? In how many
ways can they line up if a boy is to be at each end?

A race has a first prize, a second prize and a third prize. 8 runners enter this race
and the pt‘i;c\u are awarded for the first, second and third runners in order of merit
Find the number of ways in which these prizes could be won.

Mei Fong and Evelyn are 2 of the 8 runners. Find the number of different ways in
which the prizes could be won if neither of them wins a prize.
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Amy, Brian, Chieryi, Dunny and Eric went o a concerl. How many arrangements
are possible when they sit in five adjacent seats if

(a) Eric insists on sitting next to Cheryl?

(b) Brian refuses to sit next to Danny?

Each of 7 children, in turn, throws a ball once at a target. Calculate the number of
ways the children can be arranged in order to take the throws.

Given that 3 of the children are girls and 4 are boys, calculate the number of ways
the children can be arranged in order that

{n) successive throws are made by boys and girls alternately,

(b) a girl takes the first throw and a boy takes the last throw. (C)

Calculate the number of arrangements of the letters of the word INCLUDE if
(a) all the consonants are together,

(b) no two consonants are together,

(¢) each arrangement beging with a consonant and ends with a vowel. (C)

How many numbers between 2000 and 5000 can be made from the digits 1, 2, 4,
5, 7 and 8 if each digit is used only once?

At an art exhibition 7 paintings are to be hung in a row along one wall. Find the

number of possible arrangements, Given that 3 paintings are by the same artist,

find the number of arrangements in which

(a) these 3 paintings are hung side by side,

{b) any one of these paintings is hung at the beginning of the row but neither of
the other 2 is hung at the end of the row. (C)

Caleulate the total number of different permutations of all the letters A. B, C, D, E,
I when

(21) there are no restrictions,

(b) the letters A and B are to be adjacent to one another,

(¢) the first letter is A, B or C and the last letter is D, E or IV, (C)

9 different books are to be arranged on a book-shelf. 4 of these books were written
by Shakespeare, 2 by Dickens and 3 by Conrad. How many possible permutations
are there if

(a) the books by Conrad must be next to each other?

{b) the books by Dickens are separated from each other?

(c) the books by Conrad are separated from each other?

1 33 Combinations

Having studied permutations where the order of each object is important, let us turn our
attention to combinations. A combination is any selection of objects where the order of
the objects is immmaterial (of no concern).

For example, the different (ordered) permutations ABC and CAB are considered as the
saime combination when we disregard the order of the letters and realise that both contain
the same three letters.
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Consider the permutations of 2 people from 4 people, P, Q, R and S. We have learnt that
there are ‘P> = 12 such permutations.

But if we consider the number of
handshakes between any 2 of these
4 people, it does not matter whether

Permutations Combinations
(erder important) (order not important)

P shakc.s Qs hand or Q shakes P's | PO oP _ PO

hand, it is counted as only | ————— -

handshake. Observe that the order PR RP PR |
of P and Q is not important here. In PS SpP PS

such a situation, we are interested in

the number of combinarions, not | _Q_R kO - (:)E E—
permutations. oS SO ) oS
RS SR RS

¥ = " — -

Using the letter C for combination, we have:

The number of combinations of » ohjects from n different objects is "C,.

Can you see from the table above that *P;="*Cyx 2! ?

In general, to permute r objects from # different objects, we could first select the r objects
in "C,ways and then arrange these r objects in r! ways.

Hienee: = P, n!
"!)r = "(-Tr X r! — n( F = rl -

(n=r)r!

Note:  Some scientific calculators can evaluate "C, directly. Otherwise, use the above
result.

A committee of 5 members is 1o be selected from 6 seniors and 4
juniors. Find the number of ways in which this can be done if
(a) there are no restrictions,

(b) the committee has exactly 3 seniors,

(¢) the committee has at least 1 junior.

Observe that the order of the members in the committee is not

important.

(a) If there are no restrictions, the 5 members can be selected
from the 10 people in "'C = 252 ways.

(b) If the committee has exactly 3 seniors, these seniors can be
selected from the 6 seniors in "C, ways.
The remaining 2 members must then be juniors which can be
selected trom the 4 juniors in C, ways.
By the basic counting principle.
the number of committees with exactly 3 seniors is
C, % 'Cy= 120,
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9.

10.

11.

(¢) Number of committees with no junior (i.e. all 5 members are
seniors) = "Cy x "Cs= 6
So, the number of committees with at least | junior
total number of committees — number of commitiees
with no junior

32-6

. - s " L v
Without using a calculator, evaluate °C, and °C, .
3 3

N
Using the result"C, = g

(a) evaluate "C, and "C, ,

(b) find "C, and "C, in terms of n,
(¢) prove that "C,="C, ,.
In a soccer league consisting of twelve sides, each team plays every other team
once. How many matches are there?

A club has 14 members. It has to send a delegation of 5 members to represent them
at a particular event. Find the number of possible delegations.

At the library, Peter found 6 books of interest but he cun only borrow 4 books. How
many possible selections can he make?

The second section of a Mathematics paper contains 7 questions and a candidate
must answer any 4 questions. In how many ways can the 4 questions be chosen
(without regard to order)?

On a piece of paper, 8 points are marked such that no 3 points lie on the same
straight line. How many lines can be drawn passing through any 2 of these points?
Seven points lie on a circle. How many triangles can be drawn using any 3 of these
points as vertices?

A group of 4 adults and 3 children are to be formed from 8 adults and 5 children.
How many possible groups are there?

To promote reading, a teacher decides to feature 3 classics, 4 contemporary novels
and 2 non-fiction books on a notice board. How many selections can she make
from 5 classics, 6 contemporary novels and 4 non-fiction books?

Calculate the number of ways in which

{a) 5 children can be divided into groups of 2 and 3,

(b) 9 children can be divided into groups of 5 and 4,

Hence calculate the number of ways in which 9 children can be divided into groups
of 2, 3 and 4. (C)
For a community service project, 10 students volunteer to do some cleaning up at
an old folks’ home. The teacher in-charge wants to split them into 3 groups. One
group will consist of 5 students to clean the rooms; another group of 3 students to
clean the toilets; the last group of 2 students to sweep the corridors. Find the
number of ways the teacher-in-charge can form the groups.
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13.

14,

16.

17.

18.

A club contains the President, the Secretary and 8 other members. The club is
asked to send a group of 4 representatives to a conference. Calculate the number of
different ways in which the group can be formed if it must contain

(a) both the President and the Secretary,

(b) either the President or the Secretary, but not both.

A particular firm has 6 vacancies to [ill [rom 15 applicants. Calculate the number
of ways in which these vacancies could be filled if there are no restrictions.

The firm decides that 3 of the 6 vacancies shall be filled by women and 3 by men.
The applicants consist of 7 women and 8 men. Calculate the number of ways in
which the 6 vacancies could be filled under these conditions.

One of the 7 women is the wife of one of the 8 men. Calculate the number of ways
in which 3 women and 3 men could fill these 6 vacancies, given that both the wife
and her husband are among those appointed. (C)

A delegation of 4 people is to be selected from 5 women and 6 men. Find the
number of possible delegations if

(a) there are no restrictions, (b) there is at least 1 woman,

(c¢) there are at least 2 women.

One of the men cannot get along with one of the women. Find the number of
delegations which include this particular man or woman, but not both,

A chess club has 10 members, of whom 6 are men and 4 are women. A team of 4
members is selected to play in a match. Find the number of different ways of
selecting the team if

(a) all the players are to be of the same sex,

(b} there must be an equal number of men and women.

Given that the 6 men include 2 brothers, find the total number of ways in which the
team can be selected if either of the brothers, but not both, must be included. (C)

Five different letters are chosen from the letters A, B, C, D, E, F, G, H, [ and J. Find
the number of choices. '
How many of these choices contain

(a) exactly 3 consonants, (b) no vowel, (¢) at least one vowel?

An art gallery has a total of 11 paintings by a particular artist; of these, 3 are oil
paintings and 6 are watercolour paintings. The art gallery is asked to provide i
special exhibition of this artist’s work but is restricted to showing only 5 paintings.
Calculate the number of ways in which the 5 paintings can be selected for the
exhibition if

(a) there are no restrictions,

(b) one particular painting must be included,

(v) there must be exactly 3 watercolour paintings,

(d) there must be more watercolour paintings thun oil paintings. (C)

mportant Notes

I. Basic counting principle
To find the numbers of ways of performing several tasks in succession,
multiply the numbers of ways in which each task can be performed.
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(h} W"lh res‘bi’cnom :
Settle the restrictions first and apply the basic cmmtmg principle.

Misealbinaous By

2 Mathematics books, 4 Science books and 3 Literature books are
to be arranged on a shelf. In how many ways can this be done if
(a) there are no restrictions?

(b) the 2 Mathematics books are not together?

{¢) books of the sume subject must be placed next to one another?
If 5 of these 9 books are to be transferred and arranged on another
shelf, in how many ways can this be done if the first and last
books on this shelf are Literature books?

Example it ’

S()ll.ltio_ 15 (a) If there are no restrictions, number of ways = 9! = 362 880.

(b) We shall first find the number of ways in which the 2
Mathematics books are tc:lgether:'
Gather. ’ i e Pae kit _ -
Wlthm thls block lhese 2 books can be permuted in 2! ways.
This block and the other 7 books then form 8 objects which
can he permuted in 8! ways,
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So, the number of such arrangements = 2! x 8! = 80 640
number of ways in which the 2 Mathematics books are
not together = 362 880 — 80 640

= 282 240

(¢) We gather books of the same subject together. This results in
3 blocks which can be arranged in 3! ways.
Within the block of 2 Mathematics books, there are 2!
permutations.
Within the block of 4 Science books, there are 4! permutations.
Within the block of 3 Literature books, there are 3!
permutations.

Hence by the basic counting principle,
the required number of ways = 3! X 2! x 4! x 3!
1728

5 books are to go to another shelf.

The Ist place can be filled by any of the 3 Literature books.
The last place can be filled by any of the remaining
2 Literature books.

Thus far, we have

3 2__|

The remaining 3 places can be filled by 3 of the remaining
7 books in "P; ways.
the required number of ways =

x2x'P,
1260

|
il

| 5 A committee of 5 members are to be formed from 5 married
couples. Find the number of committees if
() the selection is random (i.e. there are no restrictions),
(b) a particular couple is in the committee,
(¢) there are more men than women.

(2) Note that there are 10 people (5 men and 5 women) in the 5
married couples. 5 of these people are to be in the committee.
So, number of committees with no restrictions = "°C = 252

(hy If o particular couple (that is, 2 peaple) is already in the
committee, we need to select 3 more people from the remaining
8 people.
- number of committees with a particular couple = °C, = 56
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(¢) If there are more men than women, we have the following

cases:
[ No. of men | No. of women | No. of such committees i
t —— ; !
;. 3 | 4 Lax’G =100
| 4 l C X 70, = ‘
5 ‘ 5Cs iC” =1

100 + 25 + 1
= 126

.~ the total number of such commitiees

Tammy wishes to contribute three items to a charity gift box. She narrows her
choices to seven particular items. Find the number of ways she can select the three
items from these seven items.

How many 5-letter words ending with a consonant can be formed using letters
from the word EDUCATION? (A word here need not appear in a dictionary.)

A book store’s bestseller list shows its 10 most popular books. Kenneth wishes to
buy 4 of them as gifts. How many possibilities are there?

Eight friends are to make a journey in 2 taxis, with 4 people in each taxi. In how
many ways can this be done?

A particular class consists of 25 Chinese, 6 Malays, 4 Indians and 2 Eurasians. Two
students from each race are to be selected for a Racial Harmony Day concert item.
In how many ways can this be done?

There are 6 males and 6 females in the finals of a talent competition. A contest is
held to pick the top 3 winners in both the male and female categories in order of
merit. How many different entries must be completed to ensure a winning order?

A certain contest awards three top prizes of $50 000, $20 000 and $10 000 and five
consolation prizes of $1000 each. Twenty people have each submitted one winning
entry and a draw is carried out to pick the eight different winners.

Firstly, the five winners for the consolation prizes are drawn. How many outcomes
are possible?

Next, the three winners for the top prizes are drawn. How many possible results are
there?

Find how many numbers between 2500 and 5000 can be formed using digits from
1, 2, 3,4, 5 and 7, with no digit being repeated.

Find the number of ways 3 boys and 4 girls can be arranged in a row if
(a) there are no restrictions,

(b) a particular boy and a particular girl must be next to each other,
(c) the first and last persons are of the opposite sex.
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1.

14,

15.

" 16.

Calculate in how many ways each of the following choices can be made:

(a) 4 books are 1o be chosen from a list of 9 titles to take away for reading during
a holiday.

(b) 15 people have sent in winning entries for a magazine competition, and three
are to be chosen and placed in order of merit so as to receive the 1st, 2nd and
3rd prizes.

(¢) A committee of 3 people comprising the president, secretary and treasurer are
to be chosen from 8 possible candidates,

Find the total number of arrangements using all of the letters in the word
LOGARITHMS.

How many of these arrangements

(a) start with H and end with A?

(b) have three consecutive vowels?

(¢) have the consonants G and H separated?

A committee of 6 members is to be chosen [rom 6 women and 5 men. Calculate the
number of ways this can be done if

(a) the selection is random,

() a minimum of 4 men must be chosen,

A tennis team of 4 men and 4 women is (o be picked from 6 men and 7 women.
Find the number of ways in which this can be done.

It was decided that 2 of the 7 women must either be selected together or not at all.
Find how many possible teams could be selected in these circumstances.

The selected team is arranged into 4 pairs, each consisting of @ man and a woman.
Find the number of ways in which this can be done. (C)

From a group of 6 girls and 7 boys, how many 5-member committees consist of

(a) 3 girls and 2 boys? () 3 boys and 2 girls?
(¢) members of the same sex? (d) more boys than girls?

Find the number of ways in which a team of 6 batsmen, 4 bowlers and a wicket-
keeper may be selected from a squad of 8 batsmen. 6 bowlers and 2 wicket-
keepers.

Find the number of ways in which

(a) this team may be selected if it is to include 4 specified batsmen and 2 specified

bowlers,
(b) the 6 batsmen may be selected from the 8 available, given that 2 particular
batsmen cannot be selected together. (C)

Which of the following statements are incorrect? Give your reasons,

(a) Group A and Group B are to be formed from 7 people. Group A is to have
4 people and Group B is to have 3 people. This can be done in 'C, ways.

(b) From a set of 6 distinct elements, °P, subsets of 4 elements can be formed.

\L} 9 }J'L'U]J'}L. aic W Torn three queues of sizes 2. 3 and 4. This can be donic in
°C, x 'C, x 'C, ways.

(d) P, different codes can be formed from the letters in the word FREE.
(Hint: Use a tree diagram to list the possibilities.)

312 Pernuiations and Combinations



17,

18.

19,

The number of applicants for a job is 15. Calculate the number of ways in which
6 applicants can be selected for interview.

The 6 selected applicants are interviewed on a particular day. Calculate the number
of ways in which the order of the 6 interviews can be arranged.

Of the 6 applicants, 3 have backgrounds in business, 2 have backgrounds in education
and 1 has a background in recreation. Calculate the number of ways in which the
order of the 6 interviews can be arranged. when applicants having the same
background are interviewed in succession. (C)

Calculate the number of ways of selecting 2 points from 6 distinct points,

Six distinct points are marked on each of two parallel lines. Calculate the number

of

(a) distinct quadrilaterals which may be formed using 4 of the 12 points as vertices,

(b) distinct triangles which may be formed using 3 of the 12 points as vertices.
(C)

(a) A shell is to contain 7 different books, of which 4 were written by Dickens
and 3 by Hardy. Find the number of arrangements in which
(i) no two books by the same author are adjacent,

(ii) the first two books at the left-hand end are by the same author.

(b) A concert pianist agrees to take part in a charity concert. She offers a choice
of 10 works, of which 5 were composed by Chopin, 3 by Liszt and 2 by
Schumann. Calculate the number of ways these 4 works can be selected if
(i) there are no restrictions,

(ii) there are 2 works by Chopin, | by Liszt and | by Schumann,
(iii) there must be at least one work by each composer,
(iv) the selection contains works by exactly two of the three composers.

(C)
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14 .1 The Binomial Expansion of (1 + b)"

Expressions such as (x + y), (1 —x) and (a + b) which contain two terms each, are called
binomials. Let us take a binomial (I + ). If we keep on multiplying (1 + &) by itself,
we get (1+5b), (1 +b)7, 1+ L+ (1+b), ...

We know L+ = +b)l +b)
=1+2b+
and (1 +bY =0 +b( +b)

=(1 +b)(1 +2b+ b))
=1 +3b+30+0

Similarly, we may obtain, by long multiplication, expansions for (1 + b), etc. Is there a
pattern in such expansions? To answer this, we list the following expansions of (1 + b)".

Number of terns

n=70 I i
= 1+b 2
n=2 1 +2b+b* 3
=2 1 +3b+3b°+ b 4
n=4 1 +4b + 6b* + 4b° + b' 5
n=5 1 + 56+ 10b* + 10b° + 5b* + b° 6

Based on the expansions above, we draw the following rules concerning the expansions
of (1 + )",

(a) There are (n + 1) terms.

(b) The power of & starts with 0 and increases to n, i.e. its powers are in ascending order.

For each of the above binomial expansions, we list the coefficients, which are known
as binomial coefficients, as follows:

n=>0 1

n=1 I—T—'I

yeid 1___-3;_2+1

=3 I'T¥3IT3F1 ¥
o R S (R R

n=4 1+4+6 +4+1
ey Ty

n=>3 1 5 10 10 5 1
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The array of numbers on page 314 forms the Pascal’s triangle. What do you observe
about it? Firstly, the ‘sides’ of the Pascal’s triangle consist of *1's’. Secondly, the numbers
‘inside’ the triangle are formed by adding the two numbers just above it as illustrated.
Once you have recognised the pattern formed by the numbers, you can deduce subsequent
rows of binomial coefficients. For example, the binomial coefficients in the next row
n = 6 are obtained as follows:

n=>5 1+5+10+10+ 5 +1
3 S e oy i e ]
n=0 1 6 15 20 15 6 1

(1+ D) =1+6b4+ 150" +200" + 15b + 66° + b°

However, there is an inherent weakness in this method. To find any binomial coefficient,
you need the two coefficients just above it. A more direct way to get any binomial
coefficient is to use the "C, notation introduced in Chapter 3.

For example, when n = 4, there are 5 terms: W T, T, T, Ts
Their coefficients are: 1, 4, 6, 4, 1
Using the "C, notation, they are: Co, ‘0, Gy, Gy, Gy

Using this notation, the Pascal’s triangle becomes:

n=1 ICn lCl

n=2 o i G

n=3 1'C“ -‘CJ ic, ‘C1

n= o oy % e G
n=>5 Cy e Yty e G, G

Thus, we can easily see that the coefficients of the 3rd and the 5th terms in the expansion
of (1 + b)° are °C and °C; respectively.

1

In the expansion of (1 + #)", the coefficient of T, ,; = "C..
Recall that "Cyy = 1, "C, = 1 and "C, may be evaluated using a calculator.
Hence the binomial expansion of (1 + b)", where n € Z*, is given by:
1+b)"=1+"Cid" +"Cob* + ... +"CH' + ... + b"
This result is known as the Binomial Theorem.
Use the Binomial Theorem to expand (1 + b)°. Hence deduce the

expansion of
(a) (1 —h). (h) {1 +2x)5

1 +3C1b + °Cab* + °Cib® +°Cib* + °Csb°
1 +5b + 106% + 10b° + 5b* + b°

(1+b)
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(@) (1=bY°=[1+hP
=1 + 5(=b) + 10(=b)* + 10(=b)’ + 5(-b)* + (-b)°
=1-5b + 10b* - 106° + 5b* - b°

(b) Let b = 2x.
(1 + Zr)s =1+ 5(2x0) + 10(2¢)* + 10(2x0)° + 5(2¢)* + (0_;;)5
=1+ 10x + 40x* + 80x* + 80x + 32x°

Note:  The binomial expansion of (1 — b)" is the same as that of
(1 + b)" except that the coelficients have alternate + and
— signs.

Find, in ascending powers of x, the first 4 terms in the binomial
expansion of (a) (1 +4x)% (b) (1 -3x).

(@) (1 +4x)° = 1 + °Ci(4x) + °Co(dx)? + *Cxdx)’ + ...

=1+ 6(dx) + 15(16:{2) + 2(](6413) + ...
=1 + 2dx + 240x% + 1280x° + ...

(b) (1-39)" =[1+ (3]
=1+ 7Ci(=3x) + TCo(=3x)* + "C3(-3x)° + ...
=1+ 7(=3x) + 21(9x7) + 35(-27¢) + ...
=1~ 21x + 189x% - 945x> + ...

Find the first 4 terms in the expansion of (1 + x°)* in ascending

powers of x. Use your result to estimate the value of (1.01)%

(1 +20) = 1+ Q107 + PO + ) + ..
=1+ 8¢ + 28¢* + 56x° + ...

Comparing (1.01)* with (1 + *)*, we note that:
l+x*=1.01 = x=30.1.
S (LoD =11+ (0.1
=1+ 8(0.1" + 28(0.)" + 56(0.1)° + ...
=1+ 0.08 + 0.002 8 + 0.000 056 + ...
= 1.082 856

Note:  To estimate (1.01)%, one could also use x = — 0.1,

i } Find, in ascending powers of x, the first 3 terms in the expansion
= of (@) (1-2), (b) (1 + 3x).

Hence find the expansion of (1 — 2x)°(1 + 3x)” up to the terms
¥ 2

in x".

(@) (1-2x0)"=[1+20)P
=1 43C(2%) + °Co(-20) + ...
=1-10x + 40x* + ...
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by (1+3)"=1+"Ci(3x) +"Cr(3x) + ...
=14 27x +324r% + ...
(1 = 2x)°(1 + 3x)’
= (1= 100 +400° + (1 +27x +324x° + ...)
= 1(1 + 27x 4+ 324x%) — 10x(1 +27x) + 40%(1) + ...
=1+ 17 + 942 + ...

Instead of expanding from the first term, one can find a specific term using the following
result:
In the expansion of (1 + )", T, ., ="C¥".

Find the terms in +* and .’ in the expansion of (I - -,:-) . Hence

find the coefficient of +° in the expansion of (3 + er){l - ;) "

For (] - i)lz = [1 + (-— %J] ‘, the term in X'is 7,4 1 = 'ZC,[_ %Jr

For 2, Ty = ”C’:(— -ﬁ—) 5 v
5 5
For ¥, Ty = lngg(— é) = ?92(— 3_"] - —% %

.:G+2ﬂ0—%f=@+lﬂ(n+£f_%f+m)

s,

ios e 3(— %xs) + 2x3(£.r3) Fo...

2

I

165 s
3 4x+...

*, coefficient of x° is —%.

Exercise 14.1

1. Expand each of the following:
(@ (-2 M (1 +3x) © (1 -ax)

2. Show that (1 + ¥x)* —(1 — ¥x)° = 104x + 20x+/x + 2:3Yx. Hence deduce the
value of (1 + 42)° ~ (1 — 42

3. Find the first 4 terms, in ascending powers of x, in the following expansions:

@ (1+07 (b) (1-x)" (© (1-29 q
(d) (I + 2’ () (I - 3x)° @ 1+

16 2y 8
(® (1-2¢) (h) (1—%9) M (1+-7]

Rinomial Theorem 317




9,

10,

11.

14,

15,

16.
17.

18,

Find, in ascending powers of x, the first 4 terms in the expansion of (1 + 3x)'". Hence
deduce the first 4 terms in the expansion of
() (1-30" (by (1 + 3xH",

Obtain the first 4 terms in the expansion of (1 + 2x)” in ascending powers of x. Use
£p
this expansion to find an approximate value of (1.02)".

Find, in ascending powers of x, the first 3 terms in the expansion of

(@) (1 + 40", b (120"

Hence find the first 3 terms in the expansion of (1 + 4x)°(1 — 2x)".

Expand (I — 6x)*(1 + 2x)" in ascending powers of x up to and including the terms
£ 3
m ..

8
Obtain the binomial expansion of (2 - .\')(! + %\] in ascending powers of x as far
as the term in x’. Use your result to estimate the value of 1.9 x (1.05)",

Expand (1 + 2x)* — (1 — 2x)™ in ascending powers of x up to the term in x° and use
this result to evaluate (1.02)* — (0.98)* to 3 significant figures.

In each of the following expansions, find the indicated term.
(@) (1 + 4x)’, 5th term b (1 - N, 8th term
(¢) (1 -2x)" middle term (d) (1 + 2 term in x"

Find the coefficient of ¥’ and of x* in the expansion of
410
@ (1 -3y, M) (1 + 20", ©) [] _-r_] .

In the expansion of (I - 2x)"" the coefficient of x* is & times the coefficient of x°.
Evaluate £. (C)

(a) Find the ratio of the coefficients of the 4th and 6th terms in the expansion of
(1 + 2x)'°,

(b) The coefficient of x* is 69 in the expansion of (1 — ax)*', where a > 0. Find the
coefficient of x°,

Find the expansions of (1 — x)" and (1 + 2xv)® as far as the terms in x*. Hence expand

(1 + x - 2x))® up to the terms in .

When (1 — x)(1 + ax)° is expanded as far as the term in «, the result is 1 + bx*. Find
the value of @ and of b.

Find the coefficient of x* in the expansion of (1 - 3x)(1 + x%)"".

Expand (1 - x)*. Hence find § if
S=01 - =41 -2V +6(1 =) =401 =) + 1.

If x s sulficiently small such- that the terms-in-x’ and higher powerss-of x may be
neglected, show that (1 + x)°(1 - 4x)* = | — I1x + 26x°. Hence or otherwise, expand
the following up to the term in x°.

(@) (1-x°(1 +4x)’ () (1 +xX(1 - 209%1 + 20
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14 2 The Binomial Expansion of (a + b)"

We shall now derive a more general form of the Binomial Theorem for the expansion of
{a + b)", where n is a positive integer.

. _{{ L3
(a+b)' = [a[l + ;:]]
= a"(] + -{1)"
{a

b by by by

= a1+ () ) +re() +soa(2)]

o o [t 4 :

s Z 3 "

= a"ll P L B o ”ngi; + o ¥ b—"}

I o a” o £

@+ by =a"+"Cia"~ b +"Coa" b + "C3a" b + ... + "

Observe that the rule is similar to the expansion of (1 + &)" except that now we include
the powers of a, descending from # to 0. Observe further that in each term, the powers
of @ and b always add up to n, the power of the binomial.

Expand (a + b)’ and hence find the expansion of (2 + 3x)’.

(a+b) =a’ +7Cia’b +°Caab’® + b°
=a’ +3a’b + 3ab® + I’

Leta=2and b = 3x,
Then, (2 + 3x)* = 2% + 3(29)(3x) + 3(2)3x)° + (3x)
= 8 + 36x + 54x* + 27x°

Find, in descending powers of x, the first 4 terms in the binomial
expansion of

@) Q2x-3), (b) (.‘c+ - )ﬁ,

(@) (2x-3)°
=T2v+ 3)1° )
= (20 + °Ci20=3) + "Co20)(3) +°CH20N=3) + ...
=320 + 5(16x)(-3) + 10(8x)9 + 10(4x"W=-27) + ...
= 32¢% - 240x* + 720x° — 1080x* + ...
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H 2 3
(h) (x + -%) ="+ "C1.\‘5[ l:] + "C«,r“[%] + "C_w"[i,) ..
& X X 2

.,
=x“+(w3+15+-;-';+...

Note:  In (b), the third term, 15, is independent of x, i.e. the power
of x is zero.

i
Given that (p - —i—t] =7r-96x + 53’ + ..., find p, rand s.

f

Solutiof (p w %x]ﬁ = [p " («-%\:H

i pt‘: & ﬁclpﬁ[_%x] + ﬁczp“‘[»——_[)-,f] b AP

=p" -3+ %pfrﬁ + .

Pt = 3piy + %p*xz =r - 96x + st°

Comparing coelficients:
x-3p'=-96 = p’=32
= p =2

x[I: = i

=
P

e Ty

Yrigs -:?—p“ =60

Finding a Specific Term

In the expansion of (@ + bY', 1., ="C.a""'}".

m.j In each of the following expansions, find the indicated term.

2

i 12
(a) {2 + ‘7) , 7th term (b) (2x = L] term in x%
X

B xg r
m (a) For (2 + f’] S =“Cr2”"(2)

0O
LT = “Cﬁ?.s(' J !

— 462(2%) (%]f @)

(E]

I-J{"‘,J

= 281x¥
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12
(b) For ['3-\‘ I—) s Tra 1= 020" (=7

Powerofxin7,,, =12~r-2r
=12-3r

| .
For ~i5 (i.e. x By, 12 - 3r=-15

r=9
- the term in Il-q- = 2Co(2x)(—x*)!
X
e AN
- ¥l
Expand the following:
) LY
@ (-2 h) @+ @ (2-4)
s 5
Find, in ascending powers of x, the first 4 terms in the expansion of
LY I ;
(a) (2+3x), (b) [4 —-\') ; (¢) [-“ ’lf] :
2 2x

;
. " . . - . . - X

Obtain, in ascending powers of x, the first 4 terms in the expansion of {?- ;] ;

Hence find the value of (1.995) correct to 4 decimal places.

Find the non-zero values of @ and b for which (2x — a)’ = 8x' — by’ + :}b_r —a’.

Find the first 3 terms, in ascending powers of x, in the expansion of (1 —2¢)” and of
(2 + x)". Hence expand (1 - 2x)°(2 + x)° up to the terms in x°,

Find the indicated term in each of the following expansions.

(0) 2+ 0" 7th term (by (3x — 2)’, 4th term
12
- 1 .
(c) (v- 29", 5th term (d) [.1‘ + ;—;] , middle term
=X
" 1o
In the expansion of (.\"‘ = -':] , find
X
. N o
(a) the term in x", (b) the coefficient of g (¢} the constant term.

5
1 F 3 = iy ;
Expand [; E Zx] up to the term in x°. If the coefficient of x* in the expansion of

_ a(l ,,_f.‘w el
(1 +ax+3x)| - — 2x]| is =, find the coefficient of x°.

N / -

In the expansion of (1 + x)(a - bx)"%, where ab # 0, the coefficient of x* is zero.

Find in its simplest form the value of the ratio ;—:
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_ -
The third term of the binomial expansion of (I ¥ ﬁ) is twice the

Example 18

fourth term. Calculate the value of 1. Hence evaluate the middle
term of this expansion.

o o ) 1 i . _om 1y
bt)lutlol;l For [l + 4] o = C~(ZJ
T4 = C3(%J

Given T,=2xT,

o) =200l

nin = 1) (l]z =12 x M= 1Mn-2) (1]3
\ 4/

2t 3! 4
Simplifying,
1 . 6=-2 [l)
2 3 4
A _ 3Ix4d
n—-2-= 5
N n=8

Since nn = 8, there are n + 1 = 9 terms in the expansion,
" the middle term = T
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Write down and simplify the expansion of (I — p)’. Use this result
to find the expansion of (1 — x + %)’ in ascending powers of v as
far as the term in x". Find the value of x which would enable you
to estimate (1.11) from this expansion.

' (1-p)=1=-35p+ 10p* - 10p + 5p* - p°

Comparing (I - x + x")° with (1 - p)’;
l-p=1-x+x
p=x—r

Substitute p = x — X" into the expansion:
(1 —x+ ¥
=1 =50 -2+ 10 - x)° = 10— 52 + ...
[—5x+ 507+ 100F7 - 207 + %) - 107 + ) + ...
(ignoring powers higher than 3)
[ =50+ 57+ 1007 - 20x" = 100" + ...
I = 5x+ 15x° = 300" + ...

]

i

Let 1 — x + x* = I.11. Therefore x* — x — 0.11 = 0.

s JED? - a0
= 21)
=—01orl.l

(by quadratic formula)

. to estimate (1.11)", we use x = — 0.1 so that higher powers of
x can be ignored.

Note:  We cannot use x = 1.1, as higher powers of 1.1 cannot be
ignored.

Write down, in ascending powers of x. the first three terms in the

expansion of (2 + ax)’. Given that the first three terms in the
expansion of (b + 2x)(2 + ax)’ are 96 — 176x + cx’, find the values
of a, b and ¢,

2+ ax) =2 +°C2%ax) +°C.2%ax) + ...

= 32 + B0ax + 80a’c® + ...

b+ 202 + ax}s

= (b + 20)(32 + 80ax + 80a’y" + ... )

= 32b + 80abx + 80a’bx’ + 64x + 160ax” + ...
= 32h + (64 + 80ab)x + (804’ + 160a)x” + ...

Comparing this resuit with 96 — 176x + cv’, we have: :
32h =96 = bh=3
64 + 80ab=—-176 = 64 + 80a(3) = -176
a= -1
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s

and ¢ = 80a’b + 160a
= 80(-1)*(3) — 160
= 80
a=-1,b=3and ¢ = 80

1. Find the first four terms in the expansion of (1 — x)° in ascending powers of x.
Using this expansion, or otherwise, find the first four terms in the expansion of

a6
X
i)

4 2, Use a graph plotter to obtain the graphs of
y=(1+ 2t
and y =14 8x+ 24x" + 64x" + 16",
Deduce from the graphs whether (1 + 2¢)* = 1 + 8x + 24 + 64x” + 161",
Given that the binomial expansion of (1 + 20% — (1 — 2x)* = ax + by, find the
values of a and b.

i

4]
3. Expand (2 + %] in ascending powers of x up to the term in x’. Hence find an
approximate value of (1,997 5)°.
4. Find the coefficient of x* in the expansion of

(a) [1+1)H, (b) (.r %Ju.

2 x

5. Find, in ascending powers of x, the first four terms in the expansion of
(@) (1 + 3%, () (1 - 4x)’.
Hence find the coefficient of x° in the expansion of (1 + 3x)°(1 - 4x)’,

6. Find the term in X’ in the expansion of (1 + 50°(1 - 2x)°

238
7. Find the first 4 terms in the expansion of (x-‘ - i] in descending powers of x.
X

B
Hence find the coefficient of x" in the expansion of (' + l)"[.ﬁ = 3] X
X

8. Write down and simplify the expansion of (1 + p)*. Use this result to find the
expansion of (1 + x + x*)* in ascending powers of x as far as the term in x’. Hence
evaluate (1.11)" to 3 significant figures.

nl h . -
9, Expand (2 - p)°. Use this result to find the expansion of (2 -5+ 23’*] in ascending

- . e
powers of x as far as the term in x°.
10. Write down, and simplify, the first three terms of the expansion, in ascending

powers of x, of

() [1 + 1_“) (b) 2 -’
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15,

16.

17.

18.

Hence, or otherwise, obtain the coefficient of x° in the expansion of
3’
[2 + 2x - = ] : (C)

Given that the coefficient of x’ in the expansion of (a + x)° + (I — 2x)" is ~120,

calculate the possible values of a. (C)

In the expansion of (2 + 3x)", the coefficients of x’ and x' are in the ratio 8 : 15.

Find the value of n.

Given that the coefficients of x and x° in the expansion of (1 + ax)'(2 + bx)’ are

112 and 80 respectively, find the integer values of a and b.

Write down and simplify the first four terms in the expansion, in ascending powers

of x, of (2 + 3x)’. Use this expansion to

(a) estimate the value of (2.03)",

(b) obtain the expansion of (2 — x + 3x")(2 + 3x)’ in ascending powers of x up to
the term in X~

L300
Find the coefficient of x* and of ¥* in the binomial expansion of (] + %\] :

10
- - o . . » T 4
Hence find the coefficient of +" in the expansion of (24" + 3}(] + %u] ;

10

11 2
z it . I . 2y x”
Find the coefficient ol o7 in the expansion of [— = -"]
¥y X

|

@ A ]8_

Find in terms of a, the coefficient of L in the expansion of [Jt
r X
(a) Evaluate the coefficient of x” in the expansion of (1 + 2x)(3 + x)"

4
)
< G L. e i . 1) -
(b) Evaluate the coefficient of x" in the expansion of {-1 - ~—] .
X
(¢) The first three terms in the binomial expansion of (@ + )", in ascending
: 2n

powers of b, are denoted by p, ¢ and r respectively. Show that 4 = =y
pr -

Given that p =4, g = 32 and r = 96, evaluate n. (C)
Obtain the binomial expansion of (2 + +3)” in the form a + 543, where a and b
are integers. State the corresponding result for the expansion of (2 — v3)" and show
that (2 - +3)° is the reciprocal of (2 + 3 )’.

Write down the third and fourth terms in the expansion of (a + bx)". If these terms
are equal, show that 3a = (n ~ 2)bx.

When (1 + ax)’ is expanded in ascending powers of x, the series expansion is
A+ Bx+ C¥ + 7+ + ... Find the values of a, A, B and C.

Given that (1 + ax)' = 1 — 12¢ + 63x" + ... , find a and n.
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23,

o
=

oy
2
|

Given that the equation 28x" — 30x* — 1 = 0 has a root slightly greater than 1. By
substituting ¥ = | + i and neglecting ' and higher powers of A, find a closer
approximation to this root.

; : R - . 12
In the expansion of (2 + .\‘)”[] + -:-] . find the coefficient of x".
.

(] +ax+ b =1+ 8¢+ 32¢ + ..., find a and b.

¥
Find the term independent of x in the expansion of [l + X+ "7] ¢
X
Read the following argument to explain why the coefficient of b in the binomial
expansion of (1 + b)Y is °Cy:
(1 4+ b)Y =1+ b)(1 + b1 +b)1+ b)Y +b)

. 3 - . &
To obtain a ' term, we need to get a b from 3 of the brackets and a | from the
other 2 brackets. One way this can be done is shown below:

(1 + D)1 + D)l + bl + bl +b)

R

bx 1 xb x b x1=b

The b’s can be chosen from the 3 brackets in °C, ways and the 1’s come from the
remaining brackets.
It follows that there are *C, terms of the form b, that is the coefficient ol blis °C,.

Use a similar argument to explain why:
@ (+b=1+"Ch+"ChH*+"Ch' + ... +"Ch + ...+
B (a+b)'=d +"Cd" b+ "Cd D+ W' W +"Cd L+ D

1
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[ Revision EXErcise o,

1.

™~

OAB is a sector of a circle, centre O and radius 10 cm. C lies on OA ’5:/.‘.“\
such that AC = 3 cm. If AOB = 1.2 radians, calculate P
(a) the length of arc AR, ’ \
(b) the area of sector AOR, ~J 1T i

(¢) the area of the shaded region.

Find all the angles between 0° and 360° which satisfy the equation
(n) tan (x + 45°) = 1, (b) sec 2y = -2, (¢) 2coszcotz=3.

Sketch, on the same diagram, the graphs of y =2 sin x + 1 and y = 3 cos 2x for the
interval 0° = x = 360°. Hence state for this interval the number of solutions of the
equation

(a) 2sinx+ 1 =3 cos 2x,

(b) |2 sin x + 1] = 3 cos 2x,

(¢) |2 sinx+ 1| = 3|cos 2x].

(a) Without using a calculator, evaluate sin 225° and tan (-240°).

(b) Given that A is acute and cos A = ¢, express sin A and cot A in terms of c.

Sophia is interested in the following CCAs: Choir, Band, Drama Club, Badminton
and Tennis. However she feels that she has time only for 3 of them. In how many
ways can she decide on her 3 CCAg?

Having decided on her CCAs, she wants to run for Secretary or Treasurer in each
of these 3 CCAs. How many choices are open to her?

Find the number of ways 4 boys and 5 girls can be arranged in a row if
(a) there are no restrictions,

(b) a particular boy and a particular girl must be next to each other,
(¢) two particular boys must not be next to each other,

(d) the first and last persons are of the same sex.

Write down the first three terms, in ascending powers of x of the expansion
(1 - 2x)°. Hence find the coefficient of x° in the expansion (3 + x)*(1 — 2x)*.

(a) Prove the identity (1 — sin x)(1 + cosec x) = cos x cot x.
(b) Sketch the graph of y = 2 + 3 cos x for the interval 0° = x = 360° and state
the corresponding range of y.

i

With the help of an equilateral triangle, prove that sin % = —3—. Hence find the

exact value of sin %}E

“ind all the angles between 0° and 360° inclusive which satisfy the equation

@ 25 =2 4in x, (b) cot (2y — 60°) = 1 — tan 65°,
- = Sinx
() 9sin”z-tan’z=0, (d) 2(cos x + 5 sin x) = 3 sin x.

Revision Exercise 327



4.

5.

6.

7.

2

3.

1
5. Two sticks. AC and BD are cach 60 ¢ Tong and both are usced i
to form the framework of a kite. BD is bent in the shape of an B | oD
arc of a circle with centre C. If BC = 40 ¢m, find 3

, ) ; : ; ; o
The diagram shows two sectors in which AB, CD are arcs ol o D

concentric circles, centre O. The arcs AB and CD have lengths _ "\\
10.8 cm and 15.6 cm respectively. If AD = 4 cm, calculate P E \
5 h th
N : <)8 o =
(n)  AOB in radians, L §| .'] 2
(b) the area of the shaded region ABCD. - E
B '

There are 6 men and 4 women.

(a)
h)
(c)

()
(b)

¢
Find the number of possible committees which can be formed from 5 of these
people.

Find the number of possible queues which can be formed by 5 of them.
Find the number of possible groups of 4 if the groups must consist of at most
3 men.

1l

" o ; . 2
Find the term in 1" in the expansion of [1 + ) ;
X

Given that the first three terms, in ascending powers of x, in the binomial
' - 5  EEh . .
expansion of (3 + ax)’ are 243 — 810x + b, find the value of a and of b.

Write down and simplify the expansion of (2 — p)'. Use this result to find the

. . ,\‘:
expansion ol {2 + 4x -

}
] in ascending powers of x as far as the term in x°,

2

n Exercise 11

Find all the angles between 0° and 360° which satisfy the equation

(a)
(c)

Sketch, on the same diagram, the graphs of y =3 cosx + 1 and y =

2 sin2¢+ 1 =0, (b) sec’ y—tlan y =3,
|3 sin z — cos z| = 2 sin z.

(x-m) — 1

3| -

for the interval 0 = x = 27 Hence state the number of roots in this interval of the

equation 6 cos x + 4 = (x — )",

3 sin 6 - 2cos’d

: » £ ) H a2 H P T e e A 1. e E 2 - ] )" : TAl 3
(a) Prove the identity P o cosec @
(b) If acos’ 8+ b sin® 6 =c, show that tan® § = £ —!5
S 4]
The perimeter and area of the triangle ABC L
are P cm and Q cm’ respectively. P e
(n) Show that @ = 32 sin 8 cos 6. /
(b) Express P in terms of 6. /\9 e
(¢) Given that (P - 8)* =40 + 80 cos @, find Al oo =B

(a)

the value of 8, where 0 < 8 < %

BﬁD in radians, (b) the area of the shaded region. N,

328 Revision Exercise



¢ 7

1.

7

Ty

A

4,

.

6.

7.

(a) Find, in ascending powers of x, the first three terms in the expansion of
(2 - 3x). Use the expansion to find the value of (1.997)', correct 10 the nearest
whole number.

12
3 s S : . Iy
(b) Find the term independent of x in the expansion of (’2,1‘-‘ - —-] .
X
How many 4-figure numbers can be formed from the digits 1, 2, 5, 6, 7 and 9 if

each digit is used only once? How many of these numbers are
(n) even? (b) less than 60007

Four letters are to be chosen from the letters in the word PROJECTS. Find the
number of choices. How many of these choices contain
(a) the letter J, (b) no vowels, (c) at least one vowel?
How many 5-letter code words can be formed from the given 8§ letters?
A cultural cvent is to showcase 2 song items, 2 plays and 4 dance items. Find the
number of possible arrangements.
Find the number of arrangements
(a) which begin with a song item,
(b) in which the 2 plays are not consecutive,
(e) in which the 4 dance items are separated.
(a) Find all the angles between (° and 360° which satisfy the equation
(i) cot 2x — 40°) = -0.7, (ii) 8cosy=1++tan y.
(b) Find the values of x, where 0 << x << 1, for which sin x(6 cos x — 1) = tan x.
(a) Prove the identity cos® x + col® x cos’ x = cot’ x.
Hence find the exaet value of sec x if cos® x + cot® x cos’ x = 4 and
00° < x < 180°.
(b) Given that tan 8 = r and that 8 is obtuse, express in terms of ¢,
(i) sec 6, (ii) sin 6.
(a) Sketch the graph of y = 4 cos 3x for the domain 0 < x << © and state the
corresponding range.

. » 3x 3 3 z
(b) Sketch, on the same diagram, the graph of y = == and of y = 4 sin x + 1 for
LI
the interval 0 = x = 271 Hence state the number of solutions in this interval

of the equation
(i) 8msin x + 2w = 3y, (i) 2mj4 sin x + 1| = 3x.

Find a if the coefficient of x in the expansion of
8
(I + 3,\-)‘(1 :;r] (1 + an(l +x)

is zero. Find also the coefficient of x,

A circle of radius r is drawn with its centre on the circumference of another circle
ol radius r.

(a) Find, in terms of r, the perimeter of the common region.

(b) Show that the area of this common region is [1;-3(4n - 3\/5}.
8}
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15.1 The Gradient Function

Gradient of a Curve at a Point

In the diagram, if A(x,. y,) dnd B(x,, y,) are
two points on the curve y = x°, the straight

Blx,, v,)
tangent
5 //f at A

Xy =y

line AB has gradient

As B approaches A (i.e. x, approaches x,,
written as x, — x,) the line AB becomes
closer to a line / which is called the tangent
at A. Therefore the gradient of the line AB,
Y2 =N
Xy = X :
known as the gradient of the curve at A and
is also the gradient of the tangent at A.

Ll ¥

approaches a value m which is

[
\\
\\
e

Taking x, = 3, x, = 3.1, 3.01, 3.001, 3.000 1, as shown in the following table:

X3 Xy =X Ya Y= —i':":_ij'
3.1 0.1 9.61 0.61 6.1
3.01 0.01 9.060 1 0.060 1 6.01
3.001 0.001 9.006 001 0.006 001 6.001
3.000 1| 0.0001 9.000 600 01 (0.000 600 01 6.000 1

B ]

" gy - approaches the limiting value 6 (= m, the gradient of the tangent

The gradient
at A3, 9)).
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The diagram on the right shows graphically a set of lines approaching 1/

the tangent at thL point A(3, 9). The limiting value 6 is the gradient of {yﬁ",.
the curve v = 1" at A and the gradient of the tangent at A.
Similarly, we could take v, = 2.9, 2,99, 2999 2999 9,

would have the same limiting value,

7 tangent
i . 1 P ) / . Hi 6
We can see that the gradient of a curve at {x,, y,) is the

& s N M |

limiting value of "=~ and
A9 T

we wrile

_\'_} =P

—3 HELAS Xy 3 X crveeernneeensens (1)
.l: = .'£'|
lim |22 =% | _ "
or o -y ) = 71 L T (2)

Alternatively, we let the changes in the x- and y-coordinates from A to B be v and dy

respectively.

Then: ar = x, — X,
Oy =y, - ¥
& _(n-y)
dv Y2 o J

As Xy Ay, oy = Xy — X — 0.
Then (1) and (2) respectively become

By masr—0
av
li 5y
and bt (;—%J = n.
Consider the points A(3, 9) and B(3 + 4y, 9 + &) ¥
on the curve y = ¥* shown below. 0 = .
al
For the point B, we have '
9+ 0y =G+ dy) . BOYE &, 9 + &)
=9 + 6dv + (&)’ * s
which gives &y = 6dv + (&v)° //
= av(6 + 5\) ;n =6
Hence, lim [gl] lim (6 + &v) A3,9)
) Y Byl 5
— e -
=6 O//

Gradient Function

We are now in a position to obtain a general result for the gradient at any point on the
~ 2 . o " . " .
curve of v =1 For dny point Py, vy and a nearby point @i+ 4y, v + 6y) on the curve,

y= i R ¢}
v+ oy= ('. + &\}
= % Dl (B o iviiisamnes )
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Subtracting (1) from (2): A

Oy = 2xdv + (Sx)’

‘S?
a% =2v + & Q(x + 65, v + By)

: oY _
lim (2] =2

o//

Unlike a straight line, the gradient of the curve y = x* varies with the x-coordinate of P.
So the gradient at A(1, 1) is 2, the gradient at B(2, 4) is 4 and so on. The function
m = 2x is called the gradient function of y = x%.

By using the above process, we can find the gradient function of any given function as
follows:
(a) Consider two points P(x, y) and Q(x + &, y + dy) on the curve.

(b) Obtain the ratio %

(¢) Take the limit of % as & — 0.
This process is known as differentiation from first principles.

Find, from first principles, the gradient function of the curve

y = % and write down the gradient of the tangent at (2, %J

For any point P(x, y) on the curve, we have

y = lr ................................ (1)
and for a nearby point Q(x + dx, v + 0y),
1
v+ oy = TR s (2)
3 L l — i
(2) - (b & x+ & x
_x—(x+ d)
(v + ar)x
— — S ﬁ?
(.\’.‘ + 5\’})(
Y o 1
& (x+ dv)x
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The gradient function is m

|
b= o
i5
r'_"\
Sl
S

The gradient of the tangent at A(2, -) is m = —%

The gradient function of a curve, hm(?) is denoted by = dx

dr-sl)
dy
For the curve y = x°, I = i
d
For the curve y = -1- = = —L1
x’odx X

These results can be obtained by applying the formula:

If y=x", where n is a constant, then:

=1 d n-1
=nx"" or — (x") = nx
dx()

Il
k
o
-

|
_—
><:.)
e
|
e

So, for y = —: =
and for y =

Also if ¥y = ax", where a and n are constants, then:

j—': =anx" ' or %(ax") =any""'

In particular, if n = 1, then y = ax (a straight line)

B b P

Q. —aor dx(ax) =a
If n =0, then ¥ = a (a horizontal line)

dy

T =0or (a) s

More generally:

d 5 _ _
= (ax™ + bx") = amx™ " + bnx"""', where a, b, m and n are constants.

. i dy ; sy il s
The process of obtaining. n_;' of a given function is called differentiatinn. The function ”

dy " g B i s .
F also known as the derived function or derivative or differential coefficient of

¥y with respect to x.
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. dy i 5 3
Find . if v =3¢ — 2% + 4.

Example=Z

y =3¢ - 20 + 4y

dy

f;(sx” - 2¢ + 4n)

d d
L@ - ) + (@

= 3(5x") - 2(3x°) + 4
= 152" - 6’ + 4

Differentiate 3x* — 4+/x — 2 with respect to x.

Lax - aix -2)= L3¢ - 4xT - 2)

L
= 3(4x") - 4[%.\: 2]

= 12%° - &
12x *
If y = f(x), then the derivative 2 may also be denoted by f'(x).

dv

Differentiate the following with respect to x.

) Tog= i—ﬂ;‘* (b) 1) = (x - D(Vx +3)

@ f= T () = (- D +3)

=x+5+:4'; =xJyxr +3x-Yx -3
3 1
=x+ 5+ 4 = x> +3x—-x* -3
1 =k
=1 +4(x7) Prj= 2% +3- 217
=1-4 =3 -
= Rl > x +3 ’J_
]:,w(am.pi;  Find the gradient of the curve y = 2x + -}a" at the point (1, 3).
Solution vo=20+ &
X
=2x+ X" .
dy .
< =2+ (20
=2- 2
X
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2

dy _
At(l, 3, x =1, P =2 = 7 =0
Therefore, the gradient at (1, 3) is 0.

m.j{, Find the coordinates of the points on the curve

y=2¢ — 4 + x + | at which the gradient is 1.

. dy
o =60t

Gradient = -1 = 6x" — Bv + 1= -1
W—dv+1=0
Bx-Dx-1)=0
= .t:i,)':l@-or x=1,v=0
3 27
the required points dreli-;—,?J and (1, 0).

m-: Given that the curve y = ax* + 2 lms gradient 4 at the point (1, 5),

calculate the value of g and of b.

Solutios v=ar + fti ...................... (1)

Since the point (1, 5) lies on the curve,

S=a@+ b, (2)
Differentiating (1) w.r.t. x, -dd— = 2ax — !—’,
X
Since gradient at (1, 5) = 4, i.e. j—x- =4 when x =1,
20— b =4 i {3)
Solving (2) and (3):
2a-(5-a)=4

a=3and b =2

Differentiate with respect to x and find the coordinates of

241
X

the points at which the gradient of the curve y = X+ 1 g zero.

&=
"
-1|-J
I
S B
1l
A~
-
+
-
—

[
+
&

]
—
|
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R
So, YO I (1)
dy |
= T = l = e
dy 1
If — =0, then I - =
dv ¥
3
EA |
x=l
Substituting x = | and x = -1 into (1), we obtain vy = 2 and
y = =2 respectively. Hence the required points are (1, 2) and

(-1, -2).

Exercise 15.1

1. Dilferentiate the following with respect to x (where ¢ and b are constants).

(n) 3x7 + 4y - | (h) x'— 7% + 6x
(© 28 +5¢ 4+ 9 (@) 4x+%
6
© 9 - 2 () ?-%+3
(8) 3a+ by () 57+ % ~2
(i) 3v+24x -3 G) 8%+ 3x— vx
s 3
(k) 217 — 4x7 — 6y + 8 1 6xyx —6+4x
2 6 b
(m) 4y - - () axv - 2
2. Differentiate the following with respect to x.
200 + dx X -6x+4 e
W == b =5 W e
x5+ 4 N 3 +x-1 6x” — Nx +2
(d) 5 (e) T (N Sl e

3. Find i—: for the following functions of x.

(@ +D2x-1) (b)) x(Jx -2) (© (I + ¥x)1 - x)
(d) 4¢3 - J}) (©) (2x+ D(x - 2) M (1 - x')}ix ~ 1)
4. Find the value of {'(x) at the given value of x. .
(@ f(x)=3"-2v—4, x=2 (b) f(x) = 6x — %,x=—l
(¢} [(x)=3x- 4\/}, x=4 ('d) fly=(x-dHix+3),x=3
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9.

10,

11,

13,

14,

15.

16.

17,

Calculate the gradient of the tangent 1o the curve at the given point.

(@) v=4 65+ 1, (2, 5) by y=2 "_ii, g
. . p
(€} y= m,“r.\‘(ﬂ —-Xx),x=9 (d)y y= —{i" i I.]L'_'l 7‘1' xr=-]
X
Calculate the gradient(s) of the curve at the point(s) where v is given.
() v= - 2%, v = -1 (b) y= ¢+ 3, vy=2
(© y=22y=4 @ y=Xt3 y-5
: X

Calculate the gradient(s) of the curve at the point(s) where it crosses the given line,

(8) ¥y =72 — 3¢+ 1, y-axis (b ¥ -2, x-axis

I

¥
(c) y= P® B X-aXis ) y et & y =X

=

Find the coordinates of the point on the curve y = x' — 3x" + 6x + 2 at which the

gradient is 3.

The curve y = ax’ + 2 hag gradients 2 and —1 at x = | and x = 4 respectively. Find

X

the value of ¢ and of b,

The gradient of the tangent to the curve v = ax’ + bx at the point (2, - 4) is 6.

Caleulate the values of the constants a and b.

Given that the gradient of the curve vy = £ + by” at the point P(3, —15) is —13. Find
X

the value of @ and of b. Show that the tangent to the curve at the point where

x =1 has the same gradient as that at P.

The tangent to the curve vy = £ + by at (1, 3) is parallel to the line v = 2v + [.

= ]

Calculate the value of a and of b.

Given that f(x) = px* + gx and that f(2) = -2 and f(2) = 3, calculate the value of

p and of g.

The equation of a curve is v = 9x + —. Find

= f—

(a) the gradient of the curve where v = 2.

(b) the coordinates of the points where the tangent is horizontal.
. 3 2 i d_\' ?

Given the curve v = x' — 3x" — Ox + I, find T Hence obtain

(a) the x-coordinates of the points where the gradient is 15,
(b) the coordinates of the points where the gradient is zero.

The curve v = x* + 2x has gradient 3 at the point (a. b). Find the value of a and
of &.

3 ; .. ;
The curve v = ax + = has gradient | at x = 2. Find the value of a and the
g A h
x-coordinate of another point at which the gradient is 1.
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15.2 Function of a Function
(Composite Function)

The function y = (v* + [)* can simply be expanded as y = v + 2¢" + [ and so,

% = 4x° + 4x.
For the function y = (x* + 1)°, expansion of the expression (" + 1)’ is tedious. If we
introduce o new variable # such that u = x° + 1, then we have
y=u
and =x 4+ 1.
Note that y is a function of « and u is a function of x.

Let &1 be a small change in u corresponding to &y, a small change in x, and éy be a
change in y corresponding to du (or &x).

Oy Oy out
e —_ = = M —
Then we have 5 5 5
lim & _ lim(& _ u
dy—t) 5_\. T &l '5;' X E
lim & _ lim & lim u
Fr) '5 Ayt a el E’
lim &v Hm & _ lim éu .
ﬁr—»trg = el a X dval E; (6‘ =2 0" 6” == 0)
el inrule; D _®  du
which gives the chain rule: T X &
y s dy 4 5 dir
Hence for v=u", — =5 and for u = x + 1, =— = 2x.
- du dy
& _dy du
dv — du dv
= 54" x 2x

10x(x* + 1)4

This method enables us to differentiute more complicated functions as shown in the
following examples.

Differentiate the following w.r.t. x.

(@ v=03r+20) () y= (_3‘-'__7)- (€) v= 3" +5

w— (a) Letu= 37 + 2v and so y = i,

dy i
Then ¥ = 6x + 2 and > = 7.
dy i
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By the chain rule,

b b
dv T du dy
= Tu(6x + 2)

= 143x + D3x* + 2x)°

-3

(b) Letzt =3x~2und so y = i} =",
"
B e e B F-t_ 3
Then 7= =3and = = (3)u =-
By the chain rule,
A dyde
dv ~ du dy
3
=-—=(3)
i
9
T @c-2)
(¢) Letu=3¢+5and soy= u.
SLIAPI UN [P (O I S
Then P = 6x and o du(” )= Jui = 7
By the chain rule,
d by e
de 7 de X dy 2\];(6'{)
_ Ax
3*+5

In general, for a function of the form v = «" , where i is a function of x, we have:

dy e du

e ST

d R n-1du

or E(u)-nu b

We may use this formula to obtain directly the derivatives of the functions in Example 9
as follows:

(@) y=0Gx+2)
With #=3"+2q,n=7

% = 735 + 2x) ! i(?:x: +2%)

=73 + 20%6x + 2)
= 143x + 1)(3x* + 2x)°
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) = L e —
(b) Gi 2 (3x—-2)

With u=3x-2,n=-3
dy _ a4
T =G -2y -Gy - 2)
= -33x - 2)7(3)
. S
V(e -2)

(€) y=+3°+5

With =3 + 5, n =

b _ 1,02 s d g2
Lo ladesT L8+ s)

= T”:_l‘ (6x)
2431+ 5
6x

2‘33,\:2 +5

G S
v'l 3-!'2+5

Since we will encounter the differentiation of expressions such as /3y + 5, 4/x + 2

and +/3x — x* which are of the form ,/f(x), the following formula will be quoted as a

standard formula in subsequent discussions.

Exercise 15.2

1. Differentiate the following w.r.t. x.

@ (r+2) (b) (x- 1) © (Fr+2)
(@) (1-4n" (e) (2-3) M (0 -x+xy
2. Differentiate the following w.r.t. x.
@ & -34x)3 (b) (Zx‘:- 7) (©) 2 —6 X’ @ WZTS_)
3. Diffcrentiate the following wiri. x. e .
(@ 2x-3 (b) 6 -2x (€) Jx'-2

(dy 5 - 3x° (&) vx —x+1 () x> +2x+2
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4. Differentiate the following w.rt. x

2~ yx)° b ! - 1
(@ - x) (b) [1 —l]T @

@ 2x + 2)% © (x- 1)‘ ® (Vx+2)

. dy . ;
5, Find 3) and the gradient of the curve at the given value of .

@ y=Q@x-DYx=1 M) y=+5-2x,x=1
© y=gtz,y=1 @) y=@x-5),y=27

6. Calculate the coordinates of the point on the curve y = (1 — x)* at which the gradient
is — 4,

7. Calculate the coordinates of the point on the curve y = Vx* = 2x + 5 at which

dy _
7 =0.

8. The curve y = (a — x)’ has gradient —é at x = 2. Find the possible values of a.
: d ;
9. Find Eﬁ- and calculate the gradient of the tangent to the curve
(@) v=(x"—2x—4) at the point where x = -1,

b)) y= J%E at the point where x = 3.

¥10. Given that f(x) = 4/ + f, where x = 0, show that {'(x) =

15.3 Product of Two Functions

Now, we shall proceed to consider the differentiation of functions which are products of
two functions such as the following:

y =+ Dx +3)°
y=(*+ Dyx+1

For the function y = (> + D)(x + 3)",

we let u=(x+1)
v=(x+3)°
Then PB Ml unavamasasmanamms G i (1)

Let éu, &v be changes in u and v corresponding to- &, a small change in x. Let y be the
corresponding change in y. Then
v+ 0y =(u+ &+ &)
= v+ udv + vou + UV ..overevee. (2)
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Subtracting (1) from (2):
O = udv + vou + oudv

S _ udy " vou 5 ooy

av av & av

lim & _  lim % _  lim & _ lim &
drath 5 =4t &h—at) E; ) dy -t E + vl 56\9
oo lim du e, lim du lim s, 4% _ lim g,
Since (T ‘S?& T a0 e s O = dr % s o

=0 as év — 0 when &v — 0

we have L L. S
# T TR

Let y=("+ D+ 3

w=x+1
v=(x+ 3)“
Then y = uv

e B o AY 3
We have T = 2y and T =4(x + 3).

dy dv due
el il B e
=+ 1) x4+ 3 + (v + 3) x 2x
= 2(x + 3207 + 1) + x(x + 3)]

2 + 3G + 3x + 2)

E,xam:m@‘{[e: _, Calculate the gradient of the curve y = x+/x+ 3 at the point
—— where x = 1. Find the coordinates of the point at which the gradient
is zero.
. d dv du
Using 5 (tv) = L+ Vg

dy d 1
‘(f; =-’C““d}‘('\/x+3]+ »Jx+3(3(x)
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!\J

10,

y Iy ¢ y § ;
At the point where x = 1, ET‘ = :;a So the gradient at this point

p |
is 2~
-4

\ dy
When gradient T =0

= x+2 =0
x==-2and y = -2
The required point is (-2, =2).

Differentiate the following w.r.t. x,

(n) (x- Dx+2) (b) x(2x - 1)

(¢) (1-203Gx+2) (d) "+ D +x)7°

(e) x(1 - 4y’ () x(1 -

(g) (7 —2v+ 2)Q2x+ 1) (h) (1 — )1 + 4y’

i (1 - +24H) (h «+ DY - 2x

(k) (©-3r+ 4)(1 %r] M)+ 6)(1 - 2x — 4¢)

Differentiate the following w.r.t. x.
@ Ax{ -y’ (b) x+1+2x (€) (2x + 3)4/1 — 4x
@ C+DVx+1 (0 £l -28 ® @Gx- DB+ 1

By simplifying the following as products of two factors, differentiate

(a) x(x + D(x + 2), M) ¥ - D5+ 6x.
=——a . 3+ 7
Show that if v =x \ﬁ + x~, then - ‘——r_,.
dx 3+ x

A curve is deflined by y = x \/T“]_ find i—: and the gradient at the point (5, 10).

Calculate the gradients of the curve v = (x + 1)’(x - 1) at the points where it crosses
the v-axis.

: ——2* ug Iy 4 : . :
Given that y = (x — 3)4/x — 1, find % and the value of x for which the gradient is
ZETO,

A curve is given by v = Vx (x - 4)". Find —LL—‘ and the x-coordinates of the points
s i

dy
where — = 0.

dr
A curve defined by y = (x - a)+x — b for x = b, where a and b are constants. cuts
the v-axis at A where x = b + 1. Show that the gradient of the curve at A is 1.

Find the gradients of the curve v = x V4~ X7 at the points where it crosses the
straight line v = x.
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1 5.4 Quotient of Two Functions

We shall introduce a rule for differentiating functions which are quotients of two functions
such as the following:

)
y = ._;r+l
L |
y = =
r-3

If y = = where « and v are functions of v, y = "[l]'
¥ 1,

dy — d (1 b odu
By the product rule, 7= = - (T) L
tnee A (1) o My ety Ly
Since (FJ‘ W I=Y e T T e
it h
dy ( | d\r) I du W= il
dx % v ody vody . v
Vd-—u = HE"
Hence, we stale the quotient rule: ﬂ(i} St %
de v W
. 2x+ 1 dy
Given that y = =5 , lind —.
o+ dx

Letu=2x+landv=x"+ 1.

dit dv
Then T = 2 and T = 2x.
-.'é‘— - ui‘l
E dx dx
dy it
(v + 1)2) - 2 + 1)2¥)
B (.rz + I)2
_ 21 -x-xY
(e + 1P

E\ampi | (a) Differentinte v4x+ 1 wrt.x.
' 2 + 1

dw
b) Given that v = —X——  show that = = ;
®) ’ var+ 1 dr {4y + l]:}-ftx + 1

_ : — -
M—_ (a) TVax+ D= ?\[‘r}f——ﬁ%(4x+l)
2

dx + 1

i
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=
+

4x+ 1 - 2x
(4x + 1]541 +1
2x + 1
(dx + 1)/4x + 1

1. Differentiate the following w.r.t. x.

X S5x 1 - 4x 1 -x
W w0 b) 557 &) 55 @ 755
X 3. X+l 2
) x+3 0 1 - 4x (&) 2x -1 (B l-x
2 s 2 2
i ]—x1 . 2yt +x+ 1 Kk X 1 1 - 2x
o 1+ x" W 1-2x &) (1 +x)° M 1-x
2. Differentiate the following w.r.t. x, simplifying your answers.
Jx X 2x
—_— b A
(a) 15 (b) N (c) -
d X+ | 3 S5x f 3
i (d) T (e) == (f) —
3. Find f'(x) if
2x+3 6x
(@) f(x)= ===, (b) f(x) = =
- dx Jl + X
4 Ify= lf{;xz, find 2" at the point where x = 1.
5. Calculate the gradient of the curve y = “;_ 2 4t the point where it crosses the
X-axis. -
6. (x:a_lclu]ute the gradient of the tangent to the curve y = %1-27 at the point where

7. Calculate the x-coordinates of the points on the curve y = ’f,;xz for which
dy _ X+
=

*8. A curve is defined by y = .f; ';‘ where @ < x < b and a and b are constants.

a+b . 2
3 le_a.

Show that the gradient of the curve at x =
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15.5 Equations of Tangent and Normal

¥

In the diagram, the line /, is the y
tangent to the curve y = f(x) at the
point P(x,, y,). We have learnt that

its gradient, m, is given by:

[, (tangent)

dy
m = value of = at (x,, y,)
dy
Hence, the equation of the tangent is: —

Yo— =my - X
L ( ) 1, (normal)

N

The line /, is perpendicular to the tangent /, and is called the normal to the curve at

|
0

P(x,, ¥,). Hence its gradient is —;l? and its equation is:

1
F= = -l — 1)

Examp]“‘: I Find the equations of the tangent and the normal to the curve
o y = 3% — 4x + 5 at the point where x = 1.

S()luti(}- y=3¢~4c+ 5

dy _
dx—ﬁ.r—4

When x=1,y=3-4+35
=4

dy

dy -4

]

I
ST

So, gradient of the tangent at (1, 4) is 2 and its equation is
y—4=2x~1)
y=2x+2
__Gradient of the normal is —+ and its equation is
=k e
v—4= 5 (x—1)
y==x+9
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The curve y = x* — 3x + 4 passes through the points P(1, 2) and

03, 4). Find

(a) the equation of the tangent at P,

(b) the equation of the normal at Q,

(¢} the coordinates of R, the point of intersection where the tangent
and the normal intersect.

| SolutioH U EERE

dy
= e 2v =3

At P(1, 2), %=2-3

Equation of the tangent at P is
y-2==l{x-1)
P==X+ 3 e (1)

(b) AtQ(3.4),%=2x3—3
=g

Gradient of the normal at @ is —% and its equation is

w i
y-d4=-30-3)

(¢) For the point R, we solve (1) and (2):
—x+ 3= —%x + 5 -
33-0=15-x

x=-3and y =6
The coordinates of the point R are (-3, 6).
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B el L6 The diagram shows part of the
am— curve y = ¥ — 4x + | and the
tangent line at P(a, b). The
tangent line is perpendicular to
the line 2y + x = 4.
Find
(a) the value of @ and of b,
(b) the equation of the tangent
at P. -2+

Pla, b)

Soluticr-' (a) y=x —dx+1

dv
'd;—lr—df

Gradient of the tangent line at P(a, b) = 2a — 4
Gradient of the line 2y + x =4 is —%
Since the lines are perpendicular,

2a - 4)[-.2'-) .

wa=3and b =-2

(b) Gradient of the tangent line at P(3, -2) is 6 — 4 = 2 and its
equation is

Exercise 15.5

1. Find the equations of the tangent and the normal to the curve
(@) y=2x—3x+ 1 at the point (2, 3),
(b) vy =x"+ 31" at the point where x = -1,

() y=x+ % at the point where x = .

2. Find the equation of the normal to the curve

(a) y=2(x— 1)’ at the point where x = %,

) v= ‘r'j"'l*" al the point where x = Z. —

3. Find the equations of the tangents to the curve y = 2¢’ — 3x at the point where
y = —1. Find the coordinates of the point of intersection of the tangents.
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16.

#17.

18.

ar . . y) .

Find the equations of the normals to the curve y = 2x° — 7 at the points where
x =l and x = —1. Calculate the coordinates of the point of intersection of these
normals.

Find the equation of the normal to the curve y = .r\fl- 2x at the point (-4, —12),

Find the equations of the tangents to the curve y = _+T at the points where
X
x =1 and x = 3. Find the coordinates of the point where these tangents intersect.

Find the equations of the normals to the curve vy = 2x + 8 4tx=1and x = 4. Find
A

the coordinates of the point where these normals intersect.

Find the equations of the tangent and normal to the curve y = \[4.\* ~x*+1 at the
point (1, 2). Show that the tangent is parallel to the line 6y — 3x = 1.

Find the equations of the tangents to the curve y = x’ — 11x which are parallel to
the line y = x + 2.

Find the equation of the tangent to the curve v = 3x° — 2x + 5 which is perpendicular
to the line 4y + x = 2.

Find the equation of the normal to the curve y = 3 + 2x — &% which is parallel to the
line 2y -~ x = 3.

Find the equation of the tangent to the curve y = ¥’ — 7x*+ 14x — 8 at the point
where x = 1. Find the x-coordinate of the point at which the tangent is parallel to
the tangent at x = 1. (C)

The tangent to the curve y = 24 + ax + b at the point (-2, 11) is perpendicular to
the line 2y = x + 7. Find the value of a and of 5. (C)

The tangent to the curve y = ax’ + bx at the point (1, 3) crosses the y-axis at
(0, —4). Find the value of a and of b.

Find the equation of the tangent to the curve y = L + | at the point where x = a.
X

This tangent meets the axes at P(b, 0) and Q(0, b). Find the value of a and of b.

3 3 . ¢
The normal to the curve y = x* — 24" at the point (1, —1) passes through the point
(a, 2a). Calculate the value of a.

Find the equation of the tangent to the curve v = x + x* at the point where x = a.

Find the values of a for which this line passes through the point P(2, —3). Hence

find the equations of the tangents from P to the curve.

If the equation of the normal to the curve y = ax + D 4t the point (2, 7) is
X

vy + 2x = |1, find the value of a and of b. Given that this normal meets the curve
again at P, find the coordinates of P.
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1.

d =
For the function y = ax’, where a and n are constants, 5= = anx'"!

If n =0, then y = a and £ = 0.
: E— dy
I_fn:l.many:axa_nd_-d? =G
Raules for differentiation
(a) If y is a function of u and u is a function of x, then
% = gﬁ X % (chain rule)

r:-ld_u

(i) Fory=u", we have —(u)— LS

ﬁﬂmrrwmwﬂﬂmTM

(b) If wand v are'functrons of x, then

dy du :
s (uv) =uo + v, (product rule)

du dv
d e
= (E) = dv _ dv  (quotient rule)
: v =

For a curve defined by y = f(x),
(a) the gradient at P(x,, v,), m = gradient of the tangent at P

dy
= value of 2 ot )

(b) the equation of the tangent at P is

Y=y =mlx - x),
(¢) the equation of the normal at P is

y—h=—$&—ml
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Miseethineons B¢

In the graph, the tangent to the curve y = ax’ — 3x + b at A(2, 3)

Example 17

meets the x-axis at B(1, 0). The normal to the curve at A meets the
x-axis at C. Find

(1) the value of a and of b,

(b) the coordinates of C,

(c) the area of the triangle ABC.

¥y
y=av'-3x+ b !
~4
A2, 3)
0 /B(l,l}} iy

dy 4
= =3ax ~ 3

At A2,3),3 =8a-6+b

B 8218 swaensasmisinsins (h
d .
and Ev = gradient of the tangent AB
3-0
r} _— = e—
124 - 3 == 3
1
[I —r
2
From (1), b =5
(b) Gradient of the normal line = —% and its equation is

P—Fi= —_%(x - 2)
At C, v = 0, x = 1l and the coordinates of C are (11, ().
(¢) Height of A(2, 3) above the x-uxis, /i = 3
Area of the triangle ABC = 5 X BC x hi "
= 11 1E)
= 15 sq. units
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@e 17, The diagram shows part of the curve

y = x+fx+2 for x = -2, The

tangent of and the normal to the

curve at P(2, 4) meet the y-axis at

T and N respectively.

(a) Find the equation of the tangent
and the coordinates of T.

(b) Find the equation of the normal
and the coordinates of N.

(¢) Calculate the area of the
triangle PTN.

5y melind

By the product rule,

dv _ d 4
;E_xmowwa)+Jx+2mm)
_ |
-x[sz+ X+ 2
_ X42(r+2)  3x+4
2 +2 0 2Jx+2
dv _ 6+4 _ 5
MPQ4LEp_Eﬁ__E

Equation of the tangent is y — 4 = %(x -2},
ie. 29=5¢~2. -
At the point 7, x =0
= y-4=2(2)
y=-]

Hence, the coordinates of T are (0, —1).

(b) Equation of the normal is y —4 = —%(x - 2),
ie. S5y =24 - 2x:

At the point N, x =0

b4 = 2
= v-4=-1(2)
Po= i -
¥ 45

Hence, the coordinates of N are (0, 4%)

352 Differentiation and Its Techniques




,-4;4;..

==

. . . . ¥
(¢) Referring to the diagram on the right, i

F is the foot of the perpendicular ~ i B
from P to the y-axis, and so area of N, 4)‘4,(_’ N
4 TF
APTN = L x NT x PF
C 2l /
s L[, o) r
343 - e
o 29T 5y
= 5-— s5q. units o, -1
2 _2;....
1SCe! I, N1E0US EXEI'CISC
Differentiate the following with respect to x.
T 1 73
V1 -3¢ M x(1 + 2¢)’ © L 3:-*
X
Differentiate the following with respect to .x.
/ by | P
(a) - 4 (bh) L A (c) .x:xﬁ - X

2y + 1 | - 3x

Calculate the gradient of the curve y = (.r - 3:—) at the point where x = —1.

(a) Differentiate (x + 2\[.\_7 Y with respect to x.

(b) Find the x-coordinates of the points on the curve y = L;J— at which the

tangent is perpendicular to the line 3y + 4x = 2.

The gradient of the curve y = 8x — 3x” at (g, b) is the same as the gradient of the
curve y = x" — 6x + | at (4, 7). Find the value of a and of b.

Given that the equation of a curve is y = ]—:] —x, find

(a) the equation of the normal to the curve at x = 3,
(b) the coordinates of the points on the curve at which the tangent has gradient

7
s
; dy ;i :
Given that y = ———, prove that T = x4 . Hence, obtain the equation of
U R

A

Vx -2

Find the equation of the tangent to the curve y = 3x* — 5x + 4 at the point (1, 2).
Find the coordinates of the other point on the curve at which the gradient is parallel
to this tangent,

the normal to the curve v = at the point on the curve where x = 1.

Given that y = ——— hnd = .md hence obtain the equation of the tangent to the

curve at the point wht,r{, thc curve crosses the line y = 3.
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10,

13.

16.

17.

18,

19,

220,

The tangent to the curve y = x* + 6x — 4 at (1, 3) intersects the normal to the curve
y =" —6x + 18 at (4, 10) at the point R. Calculate the coordinates of R.

The tangent and normal to the curve y = 4 \/\ + 2 at the point P(7, 12) cut the

x-axis at M and N respectively. Calculate the area of the triangle PMN.

The curve v = x° — 3x — 4 cuts the x-axis at A and B. The tangents to the curve at
A and B meet at 7, and the normals to the curve at A and B meet at N. Find the area
of the quadrilateral ATBN.

Find the equation of the tangent to the curve y = x' — 8% + 15x at the point
(4, —4). Calculate the coordinates of the point where the tangent meets the curve
again. (C)
Given the curve 8y = x° — kv + 17, caleulate the value of & such that the tangents
at the points with x-coordinates 5 and -3 respectively are perpendicular.

Find an expression for the gradient of the curve y = ¥’ + px’ + 2x + ¢, where p and
q are constants. Given that the tangents at A0, ¢) and B(2, 5) are parallel, find the
value of p and of q. (C)

The tangent to the curve v = ax’ + by + 2 at (1, l) is parallel to the normal to the

curve y = x° + 6x + 4 at (=2, —4). Find the value of « and of b.

The line y = 2v — 16 is a tangent to the curve v = ax’ + by at the point where
= 2. Find the value of a and of b.

. . 2 .
Calculate the gradient of the curve y = T\:ET at the point (=1, 1). Calculate also

the gradient of the normal to the curve at the point where x =

13—

The tangent to the curve y = ax’ + 2v + b at A(l, 2) passes through the point
B(2, 8). Calculate the values of the unknown constants a and b.

Find the coordinates of the two points on the curve y = 4 — x* whose tangents pass
through the point (-1, 7).
i th . )
The tangent at the point P(a, b) on the curve ¥y = £~ meets the v-axis and y-axis
X

at @ and R respectively. Show that PO = RP.
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1 6.1 Constant Rate and Variable Rate
of Change

We have so far applied differentiation in obtaining gradient functions of given curves
and in simple coordinate geometry. We shall now use differentiation to study the rates
of change of certain variables with respect to time and the relationships between them.

The radius » (cm) of a circle changes with time ¢ (seconds) and

they are related by the equation r = 0.5¢ + 1.5.

(a) Find the initial value of r and the rate of change of r.

(b) Sketch the r~t graph and describe the relationship between
rand 1.

() r=05t+1.5
When t = 0, r = 1.5 e¢m, the initial value of r

%—E =0.5 = rincreases at a constant rate of 0.5 cm s

Solutio

(b) The radius r is linearly related to the time 7. The rate of
change of r with respect to 1 is the gradient of the line.

A
6.__
4__
2__
' } ; ; )
0 2 4 6 8 10
In general, if a variable v is linearly velated to the time ¢, then © = wmit + ¢, where m a

and ¢ are constants, %"? = m and x is said to change at a constant rate m (or at a steady

rate),
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{ei The radius r (cm) of a circle changes with time ¢ (seconds) and
they are related by the equation r = * + 2.
(a) Find the rate of change of r during the interval r =210 1 = 2.1.
(b) Find the rate of change of r during the interval from
tto t + Ot and hence the rate of change of r at the instant
=

(a) Change in r, dr=[2.1) + 2] — [(2)" + 2]

=041 cm i =N
‘ ; /’. / L
Rate of change of r during the / / P4
interval from t =2 to t = 2.1, / F 5
& _ 041 \ ==
& 0l \
=41 cms™ j i
X \ /
W

(b) Change inr, r = [(t + 81 + 2] — [(1) + 2]
210t + (61)°
Rate of change of r during the interval from ¢ to ¢ + &1,

4

O _ b+ (6
o o
2+ Stems!

Il

As Ot — 0, % — 2t is the rate of change of r at an instant ¢,

At t =2, the rate of change of r=2x2 =4 em 5™,

As 0t — 0, %’; — 2t, which is the rate of change at an instant ¢ and is equal to
[

This shows that the radius r, changes at a rate of 2¢ cm s
at any instant . At ¢ = 2, the rate of change is 4 cm 5™, We
can say that r increases at a rate of 4 em per second.

In the diagram, the r—f graph shows that r increases as 1
increases and the rate of change of r at r = 2 is the gradient
of the rf curve at ¢ = 2,

As we have seen, the gradient function % is the rate of
change of r w.rt. 1.

In general, if a variable x varies with time ¢, i.e. :

P

=)
ta -4

x is a function of ¢, then = 8 the rate of change
di
of x w.r.t. f at any instant ¢,
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g’g AR The volume, V litres of water in a tank after 7 seconds is given by
P TERHREEJLEL =)
made s - -

2

V=>5- ;
r+1

(a) What is the initial volume of water?
(b) Find the rate at which the volume of water is increasing when
t=3.

12

V=5-

T — e (D)

r+
(n) When¢t=0,V=35- 2 _ = 3 and so the initial volume of

water is 3 litres.

(1) Differentiating (1) with respect to #:

dv - _ 2
de 7 (@ + 1y
When ¢t =3, dV = 2 = 1 and so the water is increasing at
dr 4° 8

—
a rate of ¥ litre per second at this instant,

The radius, r cm, of a circle at time ¢ seconds is given by = % — . At each of the
following instants, find the rate of change of the radius (w.r.t. t) and state whether
the radius is increasing or decreasing at these instants.

() t=1 (b) t=2 (c) t=25

The length, / mm, of an elastic string at time ¢ seconds is given by
3
=5 -4+ 10,

Find the instant (that is, the value of ) when
(1) the length is increasing at a rate of 5 mm s,
(b) the length is decreasing at a rate of 4 mm s™'.
The radius, » cm, of a spherical balloon at time ¢ seconds is given by
2
r=3+4 —.
1+t

What is the initial radius? Find the rate of change of r (w.r.t. 1) when ¢ = 3.

The amount of water, ¥V cm’, in a leaking tank at time ¢ seconds is given by
V=(5-n"for0 =t = 15.
Find the rate at which the water leaves the tank when ¢ = 4.

3
The volume, V cot’, of a cube at time ¢ seconds is given by V= {4 + LY. Find the
g Y 3

rate at which its volume is increasing at the instant when ¢ = 2.
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9.

10.

A rectangle has sides of length x em and 2x — 4 cm and the length x cm at time
t seconds is given by x =2 + 31, (+ = 0). Show that the area, A cm’, of the rectangle,
in terms of 1 is A = 12¢ + 187, Hence find the rate of change of the area at the
instant when.t = 2.

. - . . . . 2 .
The radius, r cm, of a circle at time f seconds is given by r = 2" + 1. Express its
area, A cm’, in terms of ¢ and find the rate of change of the area at the instant when
= 2. (Leave your answer in terms of 1).

Water is poured steadily into an empty container. If the volume of water in the
container after 5 seconds is 30 ¢m’, find

(a) the rate of change of volume,

(b) the volume of water after 12 seconds.

i
3 1 : i 3 i
The volume, V em’, of a cone of height & is El{’,— If /i increases at a constant rate

of 0.2 cm s ' and the initial height is 2 cm, express V in terms of ¢ and find the rate
of change of V at time 1.

r 1 - . . . 2 . g
The area, A cm’, of a circle increases at a constant rate of 2 ecm® s ', If the initial
. . 3 . . . . . .
area of A is 1 em”, show that the radius of the circle at time ¢ is given by

R EES]

r y

16..2 Related Rates of Change

The area, A cm’, of a circle of radius r cm is given by A = 7,
If ris a function of r where r = 3r + I, we can express A as a function of ©.

A=n3r+ 1)
The rate of change of A is
Y- oG+ )
dt
and the rate of change of r is il:'. =
L

ds

The relation between the rate of change of A, 44 " and the rate of change of r, -d(ﬁ cin

det

be obtained by using the chain rule as follows:

So

dA

—_— T 2 3
I m
dA dA dr
—_— = — W —
dr dr dt
dar
= 2nr—
dt

= 2n(3t + 1){]1—:'-
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The radius of a circle increases at a rate of 3 cm s, Find the rate
of increase of the area when
(a) the radius 15 5 cm, (b) the area is 41 cm”.

m Let A be the area and r the radius. Then, A = .

ai a _da o dr
By the chain rule, I T ps 7

rdr

2n
dt

II

6nr (as &£ =3 cms™h
de

(a) When r = 5, % = 30m

Hence the area increases at a rate of 3071 em” 57,

(b) When A = 4w, = 4w

=4

r=2 (r=1{0
L

o = 2r

Hence the area increases at a rate of 127 em’ 57",

In general, if two quantity variables x and y are related by the equation y = f(x), then the

rates of change %37 and % are related by:

dy _dy _ dx )
5= ﬂ x 5, (chain rule)
or 3: P'(x)— where —- = f(x).

% is the rate of change of y with respect to x.

Note:

Show that the rates of change of the volume, V cm’ and the

radius, r cm, of a sphere are related by %—- = 4 :11:
Find, to 2 significant figures, the rate of change of rddlus rif
o : ~tay the volume Vi fmmm%—mé %! when "

F=3,
(b} the volume V is decreasing at a rate of 20 em’ s when
r=4,
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 Solutios R PR
3 dr

s v _ dv o dr &V _ gl
By the chain rule, e Ny = = = dnr =

() If ‘fl—‘: = 30 when r = 3,
- 1dr
30 = 4n(3) &

dr 5
- = = =02
dr 6n 0t

Thus, r changes at a rate of 0.27 cm 57",

(b) If % = -20 when r = 4,
- 2 dr
20 = dnay

dr __ 3 __
T = e 0.099

Thus, r changes at a rate of —0.099 cm 57,

m ¢, The points O, 0) and P(x, y) lie A

on the curve y = 5x — x* as shown y=5r-x
in the diagram. If Q is the point
(x, 0), find the area A, of the Pl y)
triangle OPQ in terms of x.

If x increases at a rate of 2 units
per second, find

(a) the rate of increase of

A when x = 3, a0, 0) Q(.r, 0) | (5,0 i
(b) the rate of decrease of
A when x = 4,
S(_)luti(_) f'! Since the triangle OPQ is right-angled at Q, the area is
A = % x 00 x QP
_1
= 2xy
1 2
= Ex(Sx = X')
- — ; E__%,CSXJ._TJT e — -
Then, <4 = 1(10x - 30,
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6.

el E E
ercise 16.2

If x increases at a rate of 2 units per second, then ‘—}l =2,
ar

A _ Ay
dt dx dr

I s Y2
= 3([[).1 - 3x7)(2)

= 10y - 34
= x(10 - 3x)
(@) Whenv=3, ¥ =3010-9)=3

dr
Thus, A increases at a rate of 3 sq. units s™'.
() When x = 4, £ = 4(10 - 12)

d
= 4(-2)
=-8
Thus, A decreases at a rate of 8 sq. units 57

J

For each of the following equations connecting x and v, if the rate of change of
x is 2 units s, find the rate of change of v at the given instant.

(@) y=3F-1l;x=2 (b) y=2¢+ lr;.r= |
3 5 4
. = ——:3x=2 ) = ) X e
(c) y= ETRETE (d y=Q@x-5);x 3
() y=x+2,y=10 M y=—"—;y=2

For each of the following equations connecting x and y, if the rate of change of y
% 5 ] . . A
is 4 units s°, find the rate of change of x at the given instant.

c Y o= - i) 2.y — To= 3".2 E =2
(1) v=x—-2x7;x=3 (b) » =2
(© y=x+7:y=3 (d) y=x(x-4),x>0;y=35

The radius of a circle increases at a rate of 2 cm s'. Find the rate of increase of its
area when

" . . 2
(a) the radius is 4 cm, (b) the area is 9w cm”.

The area of a circle increases at a rate of 2 cm’ 57, Calculate the rate of increase
of the radius when the radius is 6 em.

The radius of a circular disc increases at a constant rate of 0.02 cm s *. Find the rate
at which the area is increasing when the radius is 10 cm.

A circular ripple spreads across a lake. If the area of the ripple increases at a rate
of 10r m* s, find the rate at which the radius is increasing when the radius is
2m,
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11.

12,

14,

16.

The radius of a sphere increases at a rate of 2 cm s . Find the rate of increase of
its volume when the radiug is 3 cm,

Air is let out of a spherical balloon at a rate of 300 cm’ s ', Find the rate at which
the radius is decreasing when

(a) the radius is 2 cm, (b) the volume is 36m cm’.

The area of a square increases at a rate of 10 cm® s . Find the rate of change in the
length of its side when the area is 4 cm’,

A metal cube is being expanded by heat. At the instant when the length of an edge
is 2 cm, the volume of the cube is increasing at the rate of (.012 cm’ per second.
At what rate is the length of the edge increasing at this instant? (C)
The surface area of a cube is increasing at 0.2 cm® 57, Find the rate of increase of
the volume when the length of a side is | cm.

. . 3 | i 5
(a) Variables x and y are connected by the equation y = x” + —. Given that x is
X

increasing at the rate of —_I_}- unit ', find the rate of increase of y when x = 2.

(b) A rectangle has sides of length 2v ¢m and 3x cm. Given that the area is
increasing at a rate of 36 em® s, find the rate of increase of the perimeter
when x = 3. v

The figure shows the curve y = 1 and the point ]

D(—1, 0). P(p, 0) is a variable point on the x-axis

and PQ is parallel to the y-axis. Express the area, A,

of the triangle DPQ in terms of p.

If p is increasing at the rate of 5 units per second,

salculate the rate at which A is increasing at the

instant when p = 4 units.

In the triangle ABC, AB = 2v, AC = x + 1 and ZA = 150°. Show that the area of
the triangle is %.\'(.\' + 1). If x is increasing at the rate of 2 cm s ', find the rate at
which the area is increasing when x = 4 cm.

The height of a cylinder is twice the radius, x cm, of its base. If x is decreasing at
a rate of 0.1 cm s, find the rate of change of the volume of the cylinder when
=2
A cylindrical jar, of radius 3 ¢m, contains water to a depth of 5 cm. The water is
then poured at a steady rate into an inverted conical container with its axis vertical.
After t seconds, the depth of water in this container is ¥ cm and the volume, V ml,
of water that has been transferred is given by V = %m"‘.
Given that all the water is transferred in 3 seconds, find

YA
(a) %"— in terms of m,
(b) the rate at which x is increasing at the moment when x = 2.5. (C)
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16.3 smal Changes

i - Oy _ dy — _ . e
We have defined ﬁl&m-—ar = o where dv = x, — x; and &y =y, — y,.
— oy dy
If v is small, then ke
: ;oo by
ie. oy = = ax

The smaller the value of dv, the more accurate the approximation.

Given y = v, find
(a) the approximate change in y if x increases from 2 to 2.01,
(b) the approximate change in x if v decreases from 27 to 26.73

; dv _q02
m (n) We have == v

When x = 2, dv=201 -2 = 0.0l

. dy _ 9
and ke 12
Then, Sy = %&: 12(0.01) = 0.12

Hence the approximate change in v is 0,12,

(b) When y =27, 1’ =27
= B
&v = 26.73 - 27
= -0.27

dy _
= =27

Then, oy = Eld—)r— ax

-0.27 = 27ax

.27
ox = 27

= -0.01

Hence the approximate change in x is —0.01.

Note:  In (a), as &y > 0, there is an increase in y.
In (b), as &x < O, there is a decrease in x.

Given that v = find the value of % when x = 2. Hence

l
PR
find an expression in terms of p, for the approximate increase in
v when x decreases from 2 to 2 — p, where p is small.
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. I _ -1
m =gy = Wt

B .
Y= cnesr o=t

dy >
Whenxy =2, — = - —
n dr 35

The approximate change in y = &y

dy
o ax

It

i

2
35 X (=p)

_
25

Without using a calculator, find the approximate increase in the
volume of a cube when each of its sides increases from 10 cm to
10.1 em. Hence write down the approximate volume of a cube
whose sides are 10.1 em.

SOlUtiQ‘ Let V be the volume and x the length of its edge.
Then, Vo=
dv
e E 3
When x = 10, dv = 10.1 - 10
= 0.1
dV _
= = 300
w 0
Then, oV = 5 A
= 300(0.1)
= 30

Hence the approximate increase in volume is 30 cm’.
That is, the volume increases from 10° (= 1000) to (10.1)
(= 1000 + 30). So the required approximate volume is 1030 c¢m’.

3

Since flx + )=y + oy
=~
and oy = ax

S
f(x + dx) y+*&r

or fir+ &) ~fx) + L &
dx
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~ Given that y = vx, use the calculus to obtain an approximate

value for +4.02.

Jlution j dy _ I

Whenx=4, y =2 i
8t = 4.02 - 4 = 0.02
a1
dv 4

Using f(x + dv) = y + & 5
N s s G
X+ dc = y+ o dx
NA¥ 002 = 2+ %(0.02)
Ja4.02 = 2.005

Percentage Changes

If x changes from x to x + &, then

percentage change in x = % x 100 %

and percentage change in y = % x 100%

Note:  x changes by % x 100% and y changes by % x 100%.

In Example 10, %ﬁ x 100 = 22 x 100 = 0.5
the percentage change in x is 0.5%.
Also & % 100 = 2095 5 100 = 0.25

v 2
. the approximate percentage change in y is 0.25%.

& (| Giventhat y = 3 - 2x — 3 and that when x = 2, there is a small
increase in x of p%. Use the calculus to determine the approximate
percentage change in v.

:7_. =’-§_3_7 — .l: =

es— - dy
-2 yimm —_— =
When x =2 and y = 3, = 10

.

By #}}]—x= ]QT;’_ (8r = p% of x)
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Then, oy = dy av
¥ dy

} 2*_]
]U(I(](]

= 0.2p
and so % x 100 = 222 x 100
= 4dp
Hence the percentage change in y is approximately 4p %.

. 3 2 o) . & . .
1. Given that y = 2x" — 4x°, find the approximate change in y as x increases from | to
1.05, stating whether this is an increase or a decrease.

. 2 L] ol . . . .
2. Given that y = 8x" — x', find the approximate change in v as x increases from 2 to
2.1, stating whether this is an increase or a decrease.
: 8 ; ; ; :
3. Given that y = 2 + =, find the approximate change in x which will cause y to
X
increase from 6 to 6.01.

1
4. Given that y = 2x*, find the approximate change in x when y changes from 16 to
15.9.

v . i = 1 5 ‘ 5 &
5. The function y is defined by v = x" — 2x* + 5. Express in terms of p, the approximate
increase or decrease in the value of y when x increases from 2 to 2 + p, where p
is small. (C)

6. Use the calculus to determine the approximate change in the area of a circle when
the radius increases from 3 cm to 3.02 cm.

7. The area of a circular patch of liquid increases from 4% cm’ to 4.01w cm’. Use
calculus to find the corresponding increase in the radius.

8. The volume, V cm’, of a liquid in a container is given by V = x(4x + 3) where x cm
is the depth of the liquid. Find % in terms of x and deduce the approximate

change in the volume when the depth decreases from 10 cm to 9.95 em.
3 . . . p " " 4 3
9. The volume, V em’, of a spherical balloon of radius » cm is given by V = 37

Write down an expression for %— and use it to find the approximate change in the
=
radius when the volume changes from 36x cm’ to 36.21 cm”.

1. The time of swing, T seconds, of a pendulum of length x cm is given by

s df . s . 5
T=2n Find o and hence the approximate increase in 7 when x is increased
.

M %
V10
from 9 to 10.
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11.

14,

15.
16.

17.

18.

19,

Given that y =

. . : d\‘ < ' o
=, obtain an expression for I Hence find, in terms of p, the
=X v

1

approximate increase in y when x increases from 2 to 2 + p, where p is small.

1 6 ¥ i . dy . =

Given that y = -—‘—-’-—I--, obtain an expression for 4, [0 terms of x. Hence find, in
8 T "

terms of p, where p is small, the approximate change

(a) in y as x increases from 2 to 2 + p,

(b) in .x when y decreases from 3 to 3 — p.

Use the calculus to find the approximate chumcc in the volume of a spherical soap
bubble when its radius increases from 3 cm to 3.01 cm. What is the approximate
value of the volume when the radius is 3.01 cm?

A cuboid has a square base of side x cm and its height is (2v + 1) cm. Find the
approximate increase in its volume when x increases from 10 cm to 10.05 cm.
Hence deduce an approximate value for the volume when x = 10.05 cm.

Given that y = x*, use the calculus to determine an approximate value for Y1003 .

_ 2 . ’ 5
Given that y = 4v" — v — 4, find the approximate percentage change in y as x
increases from 2 to 2.02.
; 1 ; .
Given that y = 7o calculate the approximate percentage change in y when x
X
increases from 4 by 2%,

_ 1

Given that y = T

, find the value of * 1 Y when x = 2. Hence find an expression,

in terms of p, for I]]f. approximate percentage change in y when v increases from 2
to 2 + p, where p is small.

The function y is defined by y = 12 — 4x + 5x°. Write down its derivative and show
that, when x = 6, a small increase in v of p% causes an increase in y of approximately
2p%. (C)

When a metal cube is heated, its sides expand by 2%. Find the approximate
percentage increases in its volume and surface area.

The time of oscillation, T, of a pendulum of length x is given by

T=%k J\ where & is a constant.

A small change dv in x results in a small change 87 in T. Use the calculus to obtain,
in terms of v and x, an expression for the approximate value of

(a2) 4T, (H) 5{? _
Hence find the approximate percentage change in T corresponding to a small change
in x of P%. (C)
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Solutiol

Solution

A container holds V em’ of a liquid where V = x* 4+ 3x and the
height of the liquid in the container is x cm. More liquid is added
such that the height of the liquid increases at a constant rate of
0.02 cm s . If the initial height of the liguid is 9.4 c¢cm, find

(a) the height of the liquid after 30 seconds,

(b) the rate of increase of the volume at this instant.

(a) dﬁt =002 = x=002+94

When ¢ = 30, x = 0.02 X 30 + 9.4 = 10.
After 30 s, the height is 10 cm.

() Given V=x+3x
Wy
dt dv dr

(2x + 3)(0.02)
When x = 10, %‘;i = 23(0.02)

= 0.46
The volume increases at a rate of 0.46 em” 57

A vessel is in the shape of an inverted cone. The radius of the top

is 12 cm and the height is 20 cm. If the height of water in the

vessel 1s x cm, show that V = %mﬁ.

Water leaks through a hole at the vertex.

(a) Find the approximate decrease in the volume of water when
x decreases from 5 em to 4.98 cm.

(b) Show that a small decrease of p% in the height will cause a

decrease of 3p% in the volume.

The volume of the liquid in the cone is given by:

I .
V—Sm"x

From the diagram,

; N —
t‘mg_x" 20
3
r=Zx
5

W
— 311:(5x)x
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iV 9 2
\V) ave : e g e v
e have % 35 Y
dVv 9 2
: sy : =5 B
and ol == av 55 L av.

(a) Whenx =15, v =498 -5 =-0.02

il

and so 5V %n(s_ﬁ*o.uz) = -0.181

Hence the volume decreases by approximately 0.187 em’,

(b) If x decreases by pY, Q:— x 100 =—p
= -k
a¢ = 15
, i 9 o I LA 9 3
and so oV = 55T [ 1()(}] = = 3500 WX
Then,
9 1
’ ——TIPIX
%100 = W x (00 = -3p
/ ?S-TL\']

Hence the volume decreases by approximately 3p%.

1. A viscous liquid is poured onto a flat surface. It forms a circular patch which grows
at a steady rate of 4 cm’ 57, Find, in terms of =,

(a) the radius of the patch 16 seconds after pouring has commenced,

(b) the rate of increase of the radius at this instant.

2. Under a heating process, the length, x cm, of each side of a metal cube increases
from an initial value of 9.9 ¢m at a constant rate of 0.005 cm s, Express the
volume, V em’, and the surface area, A cm’, of the cube in terms of .

Write down expressions for 4 and 94,
dx dx
Hence, find
(a) the rate at which V is increasing when the cube has been heated for 20 s,
(b) the approximate increase in A as x increases from 10 to 10.001 cm. (C)

3 . voo o . A5
3. The volume, V cm’, of a sphere of radius » cm, is given by the formula V = 3

(a) Air is leaking from a spherical balloon. Use the calculus to determine the
approximate decrease in volume as the radius decreases from 16 cm to
15.8 cm.

(b) A pump puts air into a second spherical baifoon at tie raie of 1200 c’ s
Calculate the rate, in cm s, at which the radius 1s increasing at the instant
when the radius is 5 cm,

(Answers may be left in terms of x.) (C)
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600

The volume v of a certain gas varies with the pressure p and is given by v =
?

. dy i . . .
(n) Find <X and hence the approximate decrease in v as p decreases from 20 to
dp !

19.95,
(b) At the instant when p = 20, p increases at the rate of 3 units per second. Find
the rate of change of v.

Ixv +

Variables x and y are related by the equation y =

i . . dy . : ; 2
{n) Obtain an expression for prio and hence find an expression for the approximate
v

decrease in y as x increases from 2 o 2 + p, where p is small.
i . . . dv - %
(b) Given that x and y are functions of t and that = 1.6, find the corresponding

rate of change of x when y = 2,

Given that y = Vx, find ﬁ-“r and use it to calculate an approximate value for
(@) +/3.96, (b) 4.08.

A vessel has the shape of an inverted cone. The radius of the top is 8 cm and the
height is 20 cm. Water is poured in to a height of x cm. Show that if the volume

~ : % 3
of the water is V cm’, then V = %m‘.

d

Write down EV and hence find

(a) the approximate increase in V when x increases from 10 to 10.2 cm,
(b) the approximate percentage change in V when x increases by P.

(a) Given that y = 6 — 4x + 5x%, and that the value of x increases from 3 by a small
Ip . . .
amount ﬁ Use the calculus to determine, in terms of p,
(i} the approximate change in y,
(ii) the corresponding percentage change in y.
(b) Liquid is poured into a container at a rate of 12 cm® 5. The volume of liquid

in the container is V cm’, where V = %(h2 + 4h) and it cm is the height of

liquid in the container. Find, when V = 16,
(i) the value of i,
(ii) the rate at which / is increasing.

. } )
Two variable lengths x cm and y cm are related by the equation y= = -x.
X
) tnin a U URU R + | L T
(a) Obtain an expression for gy 0 terms of x.
X

(b) Given that x and y are functions of ¢ (seconds) and ‘di} = 2, find %-;- when
xi=
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:]:I‘l.

13,

14,

N 1s a fixed point on the circumference of a
circle, centre O, radius § cm. A variable point
P moves round the circumference such that 8
(or ZPON) increases at a constant rate of

I rad. per second. Find

(@)

the rate of increase of s (arc length from
N to P),

(b) the rate of increase of A, the area of the
sector NOP.

A man 1.5 m tall is walking at a speed of
2 m s away from a lamppost which has a
lamp 5 m above the ground as shown in the
figure. Find

() the rate at which the length of his shadow

is increasing,

(b) the speed of the top of his shadow.

The figure shows a parallelogram OPQR.
Given that O lies on the line y=2x+ | and x
increases at a rate of 1.2 units per second, find

(a) the rate of change of the area of the
parallelogram OPQR when x = 1.3,
(b) the rate of change of the length of the

diagonal OQ at that instant.

Rix,y} X 2% ¥

:/
/ 7
4

/ /
/ o
/ /

/ /

0. 0!

/ yi
Pix, ()

e X

A ladder AB of length 5 m has one end A leaning against a vertical wall. The other
end B rests on the horizontal ground. When A is at a height of 4 m, it slides down
the wall at the rate of 2 m s'. How fast is the other end. B, sliding along the

horizontal ground?

A spherical balloon is released from rest and expands as it rises. After rising for
¢ seconds, its radius is r cm and its surface area is A cm®, where A = 47", The initial
radius of the balloon is 16 ¢m. Given that the rate of increase of the radius is
constant and has the value 0.8 cm s ', find the rate of increase of A when t = 5.
(C)
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1 7.1 Determination of Maximum
and Minimum Points

Changes in Gradient

We shall now apply the calculus to find gradient functions of given curves and observe
the changes in the gradients to help us find the maximum and minimum points of

curves.

The diagram shows part of the ¥

curve v =x + % ~2forx >0,
and the point L(2, 2) on the
curve.

(1) Show that ¥ =0 at L.
dy

(b) Observe the change in

gradient as x increases ; ; . . -t
through 2. 0 2 4 6 8
| Solution SCRERESE BE
[ P
dy X
X -4

=2 ‘.12=
AtL,x=2 . =0

(b) dv _ x+2(

e e

As x increases through 2, 25= is always positive and so
X

both (x — 2) and % change sign from negative to positive.
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In Example 1, we observe that

(i) & — 0 when x = 2 and so the point L(2, 2) is a stationary point.

(i) the gradient —ilr changes sign from negative to positive as x increases through 2 and
the point L is a minimum point.

The diagram shows part of the curve 4

H=(1,2)
defined by y = 3x — x' for x = 0,

(a} Find i—: and show that H is a 1+ y=3r—

stationary point.

(b) Show that % changes sign from

positive to negative as x increases
through 1.

S(‘)luti()_' (@) y =3x-4%

dy _ 7 .2 _ L
3—3 3 =3(1 -x9

At x =1, % = 0 and so H is a stationary point.
dy _ B
(h) 5 3+ 00 —x)
As x increases through 1, 3(1 + x) is always positive and so

both (1 - x) and % change sign from positive to negative.
In Example 2, we observe that
(i) % =0 when x = [ and so H(l, 2) is a stationary point.
(ii) the gradient, da} changes sign from positive to negative and the point H is a

maximum point.

lc_i_ = {(a) Show that the curve y = 3 — % for x > 0, has no stationary

point.
(b) Find the stationary point of the curve y = 1 + x°.

MO @ y=3-2,5>0
d o 2
n Cdr o |

Since x > 0, the gradient, %, of the curve is always positive

and the curve has no stationary point.
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h v =1 + x°

dy _ 4.2
ol 3x
For stationary point, % =0 = x=0,y=1

the stationary point is A(0, 1).

In Example 3(a), the curve does not have any stationary point as shown below.

In Example 3(b), % does not change sign as x increases through 0 and the point A is
neither a maximum nor a minimum point as shown in the diagram.
A stationary point is called a turning point if it is either a X
maximum point or a minimum point. Therefore, the points f

H and L (in Examples | and 2) are turning points. But the e 3
stationary point A (in Example 3(b)) is not a turning point. y=lb+x,

AL i

-
i
t=~.l o

o+

Given a curve y = f(x):
(a) % =0atx=a = Sa, f(a)) is a stationary point.
(b) For the stationary point at x = a,
(i) if :x—y changes sign from negative to positive as x increases through
q,"the point S is a minimum peint,
(i) if % changes sign from positive to negative as x increases through

' e . ;

(c) A stationary point is called a turning point if it is either a maximum point
or a minimum point.
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! A curve is defined by y = x(x — 2)‘5.

(@) Show that & = 2(2v - D)(x - 2)

(b) Find the coordinates of the two stationary points on the curve.

(¢) Observe the change in sign of % as x increases through each
of the stationary points. Deduce the nature of the point.

'§:Ei° (a) y = x(x - 2)°

Y B =20+ (x - 2)°

dy
(x - 2)°[3x + (x - 2)]
2(2x - 1)(x - 2)°

U
l
I

i

]

n
and y = ~27 orx=2and v =0 and so

(b) When & =0, x=
16

dy

/ 27
the stationary points are A( y = ﬁi ) and B(2, 0).

(c) As x increases through A, (%. changes its sign from negative

to positive and hence the stationary A is a minimum point.

dy

As x increases through B, = (} and hence B is not a

turning point. It is in fact a point of inflexion.

~ Use a graph plotter to draw the curve of y = x(x - o
. and observe how the stationary points look.

""qd

1. Find, by calculus, the stationary point of the curve y = x* — 4x + 6. Observe the
changes in the sign of the gradient of the curve and determine the nature of the
stationary point. :

2. A curve is defined by v = ¥’(x - 2)%.

(a) Show that & = dx(x - 1)(x - 2.

(b) Find the coordinates of the stationary points on the curve.

(c) Observe the change in sign of ﬁ}; as x increases through each of the stationary
points and hence deduce the nature of the points.

3. A curve is dt,l'ined by y= 20 - Ox + 12
(a) Show lh.n = = fx(x - 3).

(b) Find the conr{lmatu of the Htalmnary points on the curve.
(c) Observe the change in sign of —d'-r as x increases through each of the stationaty
points and hence deduce the nature of the points.
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éﬁ. The diagram shows an application of a }l(df,]
' graph plotter, Graphmatica, to draw the
graphs of the function y = ' — 3% + 4
and its  derivative  function

4 =3¢~ 6,
Observe the change in sign of % as x

y=xt-3 4 4

increases through each of the stationary
points (0, 4) and (2, (). Hence deduce
the nature of the points.

- X
Repeat the above for the functions |

given in questions 1 to 3.

17.2 Maxinnunm and
Mininnumnn Points

Higher Derivatives

The diagrams show the curve y = x + % — 2 in Example 1 and the curve of its gradient
. dy 4

function = = - =,

unction - I p:

g

i
|
AR

1+ 0 /"'2 3 ¢
_}——

T T

o 1 2 3 4 5

A"
-

From the graph of gd-.rl against x, we observe that :
d—) increases as x increases through 2 & rate of change of % is positive at x = 2

dy 4 7d
¥ " —_—
E(a))(}dt.{—z

-—“ﬁffferemmmg-“—-*—w.r.t X, we have mhinfo e il 1 - "_““) = .
dx dr \ dy dv x? X
Atx =2, i(ﬂ)_’) = [ > 0 ay observed.
dy Ldy

Higher Derivatives and Applications 377




From the above, we can conclude that the stationary point L(2, 2) at wh:ch e = =0 and

i(j;] = 0 is a minimum p()ll‘l[

dy
Similarly, the following diagrams show the curve y = 3x — " in Example 2 and the curve

of its gradient function B _3_3¢2
dv dy

s

¥ y

!2)

y=3x-5
=3 -3¢

Lt s

T

=1

[ o

C14

From the graph of % against x, we observe that:

er decreases as v increases through 1, ¢ rate of change of gd% is negative at x = 1

d [ dy
& E(m]<()a1x-l

. P dy d dv d 2
== B Y r drca ) b R [ BTt By — A = _6~ -
leferentlﬂtlng Ww.rl X, we hd\'e s ( r) 1 (3 3'[ ) X

Atx=1, (i—‘] = -0 < 0 as observed.
Y

From the above, we can conclude that the stationary point H(1, 2) at which —‘_ =0 and

d

o= [‘l") < 0 is a maximum point.

d {fdvy . . i‘}_ i S
The derivative of —= d.x that is Tﬂ[ﬁ?}’ is usually denoted by A and is called the

second derivative of v with respect to x. Similarly, the derivative of .i_‘_, de_{i \’) is
Y 8

3
usually denoted by %c% and is called the third derivative of y with respect to x and so

on.

For y = 3x — x, dy _3_3p
dx

1 s : - S— — '
el v
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We may use higher derivatives to determine the nature of a turning point.

Given a curve y = f(x):

2
() % = {) and %} #0atx =a = S(a, f(a)) is a turning point.

(b) For a turning point at x = a,
2
(i) if gx—-;'— > 0, then S is a minimum point,

d

2
(i) if de; < 0, then S is a maximum point.

Find by calculus, the turning point on the quadratic curve
y =18y —-23 - 3x for | = x = 5. Sketch the curve.

Differentiating w.r.t. x, we have
dy

T 18 — 6x
=63 - x)

dzy =

dy

When & =0, x = 3 and v = 4.
dr

Since jx) <0 0, the turning point (3, 4) is a maximum point.

The curve is sketched as shown,

3,4

- . x=3 v=18c-23 3" -
61 / \
(5. -8
-8t (1, -8) :
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y
The diagram shows part of the curve 4
y = x' = 3¢ + k which touches the gl
x-axis at A and cuts the y-axis at B. Find
i
2 44
(a) the value of & and the value of 3—‘
Y
e 8 4
at A, 3
(b) lhe coordinates of B and the value : &5
|0 ’
Of d[ B. Al
dr’ 2

(@ y=x-3"+k
=3 — Ox

The curve touches the x-axis at A,
= A is a stationary point.

dy
P =0atA
= 3 -6r=0

= x=0o0rx=2

Since x = 0, the coordinates of A are (2, 0).
Atd, 22-32 +k=0

=06x—-06=0.

Hence k=

dz_v

(b)) AtB, x=0,v=4and = = -6.

The coordinates of B are (1}, 4).
Use Graphmatica to draw the graphs of v = x’ — 3x* + 4 and -i—: = 3x" — 6y as
shown above.

Draw the tangent lines to the curve E = 3x" — 6x at A(2,0) and B(0, 4) and

dy

d‘\
hence find the value of 2 (E) (1 Wz ) at A and at B. Compare your results

d-y
with the calculated values of 5 0 7 in Example 6.

Find the value of x. where + = 0, for which the curve y = x* + %

has a stationary point and determine whether it is a maximum or
4 minimum point.

dv _ . 16

= a
X

dy
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9.

At a stationary point, = 0,
iy

i.c. -8 -9
e
v =8
xr=2

Find the coordinates of the stationary points of the following curves and determine
the nature of each point.

2
(a) v=x —5x+1 by vy

- 2 3 ’

5-6x+x () y=x - 12
4 2 2 v

(d) y=x"-8x+2 (e) v=ux(x—-0) My yv=x+ —

iy

Find the coordinates of the turning points of the following curves. Determine in

each case whether the point is a maximum or a minimum point.

18

() y=x"—dyx+1 (by y=x(x-3) () v=2x+ :

I
I
g
1
|

@ y=x+ 10 (0 y=d+0 h y= =

Find the coordinates of the turning point of the curve y = 8x + ;L_ and determine
. y o 5 : i a . =X
whether this point is a maximum or minimum point.

Show that the curve y = -Ii L has neither a maximum nor a minimum point.
¥
1 § = s . .
Prove that the curve y = 3x" + kx has only one turning point. Find the turning point

when & = 12 and determine the nature of this point.

m 2 3 2 . .
The curves v = 2x" —dx + 5 and ¥y = v — av” + x + b have a common turning point.
Find

(a) the coordinates of the turning point, (b) the value of @ and of b.

The graph of y = 2" + ax’ + b has a stationary point (-3, 19). Find the value of a
and b. Determine whether this stationary point is a maximum or a minimumn.

b
Jy -1
(a)- - the-value-of a-and-b, (b) the other stationary point.

The curve vy = ax + has a stationary point at (2, 7). Find

B S

§e r = 2 5 v d
Giventhat y = v4x — 7 — =(x — 4), find " and show that £ ;
’ : -4 dr ac  (Bx-T)WAx -7

Hence find the maximum point of the curve.
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17.3 Maximum and Minimum Values

In Example 3, the curve y = 18x — 23 — 3¢ for | = x = 5, has only one stationary point
(3, 4) and it is a maximum point. This means that y has the stationary value 4 and it is
the maximum value when x = 3.

Similarly, in Example 7, the curve y = x" + — 5 forx > (), has only one stationary point
(2, 12) and it is a minimum point. This means that v has the stationary value 12 and it
is the minimum value when x = 2.

In general, for a function y = f(x):

(a) If Y _patx= a, f(a) is a stationary value of y.
2
(b) If -= =0 only at x = a and %x_'} = 0, then f(a) is the minimum value of y.

2
(c) If % =0 only at x = a and gj:— < 0, then f(a) is the maximum value of y.

Two positive numbers x and v vary in such a way that xy = [8.
Another number z is defined by z = 2xv + y. Find the values of x
and y for which z has a stationary value and show that this value
of z is a minimum.

w=1I18 = y= %
Then, z=2x+y=2x+%
Differentiating w.r.t. x, we have & s ﬁ = 2(1 - 9 J
dy ¥ X

For a stationary value, %‘;; =0 = x =9

Since x > 0, x = 3 and thus y = 6.

Next, d—f— = 1?—
dx” X

l

‘When x = 3, 3‘3 -34- (> 0), giving a minimum value of -.
X

Note: The function 7 = 2x + ﬁ, x > 0, has only one stationary

value, i.e. when x = 3.
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A
An equilateral triangle ABC of side 6 cm

is to have a rectangle PORS inscribed in it

. ; 6cm 6cm
as shown in the diagram. Show that the
area of the rectangle, A cm’, is given by AR 2 I
A= l{,—‘l.r(ﬁ ~ x), where PO = x cm. ol
- L ; ) C
Calculate the value of x for which A has a P o

stationary value. Show that this value of
x makes A a maximum,

m PO =xcm
BP = 3(6 - 1) cm
SP= BP tun 60)° = g(é —x)cm
Area A = PQ x SP = vI—f::x(ﬁ — x) em’ (shown)

WU B6-29=33-1

Atx =3, % = 0 and so A has a stationary value.

Since dI‘:-"- = —+/3, which is negative, A is a maximum when
v

x =3

An open paper box with a square base of side x cm is made from

a vanguard sheet of area 75 cm®. Show that its volume, V em?, is
given by V = i(?ﬁ.r ~ x). Find the value of x for which V is a

maximum and find the maximum volume.

m Let the height of the box be /i cm.

Total surface area of the box = Area of the vanguard sheet

X+ dxh =75
Volume of the box, V=xh
——— : — - f( ,34_1 17] — ol ‘
= 1(75x - %)
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7.

& g . - ; - 1
Differentiating w.r.t. x, f{% = -‘I(TJ - 3x9)
3 as ix
= =12 v
4( )
2y
and 9-}.— = %1
dy” 2
For a2 maximum value of V,
¥ _p
dx
= ¥ =25
Since x = (), x=35
v
and so, ‘—H—, — N 0.
dy” 2

Hence for the volume, V, to be a maximum, x =5 and the maximum

L]

volume is %(?5 X5~5%=62=cm’.

b | m—

Note: x=0,h=0and V = 0. In this solution, x = 0 is used
to reject =3 as a value of x.

For each of the following expressions, calculate the value of x which gives y a
stationary value. Determining whether this value of y is 4 minimum or a maximum.
Give your answers correct to 3 significant figures where necessary.

(@) v=2"—8x+3 (b) y=u"+ 2 - 1)
(© y=Bx-65"+1 (d) y=2mx - (x—2)
Find the stationary values of the following functions.
@ y=@x-2)"+3 () v=(x-3)x+2)
(¢) v=x41-2x (d) v= 21—

X+

If 2x 4+ y = 10 and A = xy, find the maximum value of A.

Two variables x and y vary in such a way that x + v = 2. Another variable z is
defined by 7 = x* + y". Find the values of x and y that make z a minimum.

The positive variables v and v are such that x'y = 32, A third variable 7 is defined
by z =" + y. Find the values of x and y that give z a stationary value and show that
this value of 7 is a minimum.

A rectangle has sides x em and y cm. If the area of the rectangle is 16 cm’®, show
v . — . . 32 i
that its perimeter, P cm, is given by P = 2v + =, Hence, calculate the value or x
X
which gives P a stationary value and show that this value of P is a minimum.

If the perimeter of a rectangle is to be 80 m, calculate the maximum area.
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10,

11,

15.

. . : . s yom
A piece of wire of length 104 cm, is bent to form a —

trapezium as shown in the diagram. Express v in
terms of x and show that the area, A cm’, enclosed
by the wire is given by A = 208x — 20x". Find the
value of x and of y for which A is a maximum.

Sxcm/ "..\S.x cm

(i‘i.r + yicm
A rectangle block has a total surface area of 1.08 m". The dimensions of the block

.08 — 4x° :
dre xym, =y mc« i P { ‘ = ——— C bk e
1, 2v m and /i m. Show that / z and hence express the volume of
X

the block in terms of x. Find the value of x that makes this volume a maximum.
(Proof that it is a maximum is not required.) (C)

In an upright triangular prism, the triangular base ABC is right-angled at B,
AB = 35x em and BC = 12y em. The sum of the lengths of all its edges is 180 cm.
() Show that the volume, V em’, is given by V = 1800x° — 600x".

(b) Find the value of x for which V has a maximum value.

From a rectangular piece of metal of width 2 m e M
and length 6 m, two squares of side x m and _E i f——
two rectangles of sides x m and (x + y) m are ) |4

~-m

removed as shown in the figure. The metal is
then folded about the dotted lines to give a
closed box with height x m. . ?

Show that the volume of the box, V m’, is given

by V=2¢' - 8¢ + 6.

Find, to 3 significant figures, the value of x and of y for which V has a maximum
value and show that this value of V is indeed a maximum.

BRED
i
T

A solid circular eylinder has radius r cm and height & em. It has a fixed volume of
k3 - 2 . . . .
400 cm’. Show that the total surface area, A cm’, of the cylinder is given by
2 8O0
A=2nr + ——.
7

Find, to 3 significant figures, the value of r that gives the cylinder its minimum
surface area.
A metal sheet of area 100 cm’ is used to manufacture a closed cylinder can. Find,
to two significant figures, the largest possible volume of the can.

An open rectangular box of height /1 cm has a horizontal rectangular base of sides
x em and 2v em. If the volume of the box is 36 cm’, express &t in terms of x and
- 1 L 2 108
show that the total surface area, A cm’, of the box is given by A = 2x” + =
Calculate the value of x and of /i1 which make the total surface area a minimum.
The figure shows a triangle ABC where A
AB=AC,BC= 18 cmand A is aright angle. AN
PORS is a rectangle with PQ = 2x em and
OR = v cm. Show that the area, A em’, of ;
PORS is given by A = 18x — 2x". i g
Hence find the maximum area of the |
rectangle PORS. 8 J T ¢

&

B

X,
,

N

Higher Derivatives and Applications 385



16. The diagram shows a metal plate consisting S ;
of a rectangle PORT and an isosceles ol 4 Ty ‘

. vy e | S SY
triangle RST, where PQ = 2x cm, I = CII
OR =y cm and SM = —‘-}"- cm. Given that -‘,-r,_--" l;A_I \.\\_”;{_v_

. . s - X Gl ——b rem 1
the perimeter of PORST is 30 cm, show |
that the area, A cm’, of PORST is given by |
| yem
1 |
A=30x - 122 |
4 | J| 5
Calculate M &
(a) the maximum value of A, 2yem
(b) the length of the perpendicular SN
from S to PO when A is a maximum,
, 7 . s : ; I
17. The solid prism shown in the diagram has triangular e
ends perpendicular to the parallel edges AD, BE and
CF. The length of each of the edges AD, BE and CF — vem
is y cm. The triangles have right angles at C and F.
The edges AC and DF are each of length 4x cm and
the edges BC and EF are each of length 3x cm. D= ok
Given that the volume of the prism is 1500 cm’,
(a) obtain an expression for v in terms of x,
{b) show that the total surface area, § cm’, is given by S = 1247 + -HL:}Q
Given that the volume remains constant and that x varies, find
(¢) an expression for ‘—ii in terms of x,
Y
(d) the stationary value of S. (C)

18. A cylinder of base radius r cm and height /1 cm is inscribed
in a sphere of radius 6 cm, centre O.
(a) Show that ¥ + 47 = 144,
(b) Find the largest possible volume of the cylinder.

+ta - Nntnc
lant-Notes

%

[ MpPO:

1. Maximum and minimum points of a curve y = f(x)

If L:—: = () and }'i—_l # 0 and x = a, then S(a. f(a)) is a turning point
d dv

(a)

(b) For a turning point at x = a,

(i if ;il = (), then S is a minimum point.
1y

(ir) if (I 2 < 0, then S is a maximum point.
ax
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and <% > 0 when x = a, then
is the minimum value of y.

(¢) If f(a) is the only stationary value and % < () when x = a, then f(a)

is the maximum value of y.

The lengths of the sides of a triangle in cm are x + 3, x + 3 and
10 — 2x. Show that the area, A cm’, of the triangle is given by

A=405=x)dx-1.
Determine, as x varies within 1 < x < 5, the maximum area of the
triangle.

5 o]
w In the diagram,
0s=1or=1ao-2y

=3-x x4+ 3 x+3

-

PS = PQ* - OS°
lek 3)'=1(8 =)l
= 16(x - 1)
» & ol
PS=44x -1 . T |
X QR x P§
X (L0 =20y x 44— 1
45 -x)\x -1
By the product rule.
da R Y 145 -
__=4{(5 x)dx(\f.r 1)+\/,x ldt[S x)]

) 455t ) - ]

A=

12| = ta|—

I
E

2 -1
r{: s 2 1}1 .
- 4[ e - 1 J
_ 27 -3%)
e
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ﬂ— _1' = -—1 l— =—b.i.-
When £2 =0, x = £ and A 4(5 3]/3 1 =8

By the quotient rule,

d d
1 -wFr_—_lEx—(? -3x) - (7 - 3.'()3(\!1 - lJ

dA _ 5
d’ (Vo)
T
(vv-1)
_ o[ blx -1 - (7 - 3%)
T 2Ax - Wa- 1
—— v+ 1
(x = Dyfx =1

2
When x = %, ‘i—‘? = —343, which is negative, and hence the
v

corresponding value of A is a maximum.,
Note: (1) Alternatively, we can observe the change in the sign
of % to determine the stationary value as a

maximum vialue.
(2) In the APQR, OP + PR > OR,
e x+3+x+3>10-2vr & x> 1
and QP + OR > PR.
e x+3+10-2x>x+3 & x <5
(3) The perimeter is a constant.

1. Calculate the coordinates of the stationary points of the curve y = v* + 1@ Determine
X

whether each of these points is a maximum point or a minimum point,

2. Find the turning point of the curve v = 4¢” + 2—: where x > (. Determine the nature

of the point and find the minimum value of y.

3. Find the stationary value of (x — 2)y5 — x.

4. The curve y = ax’ + 2x* + a’x + b has a minimum point at (-1, 0). Find
(a) the value of g and of b,
(b) the coordinates of the other turning point.
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10.

Two positive quantities p and g vary in such a way that p'g = 9. Another quantity
z is defined by z = 16p + 3¢. Find the values of p and ¢ that make z & minimum.

A piece of wire, 360 cm long, is used to make the twelve edges of a rectangular
box in which the length is twice the breadth. Denoting the breadth of the box by
x cm and the height by /i cm, express /i in terms of x and show that the volume of
the box, V cm’, is given by V = 180x° — 6x". Determine, as x varies, the maximum
volume of the box. Show that this volume is a maximum and not a minimum.
(C)

A piece of wire, 100 cm in length, is divided into two parts. One part is bent to
form a square of side x cm and the other is bent to form a square of side y cm.
Express v in terms of x. Show that A cm”, the total area enclosed by the two squares
is given by A = ¥* + (25 — x)". Calculate the value of x for which A has a stationary
value. Determine whether this value of x makes A a maximum or a minimum.

The triangle XYZ shown in the figure has X

XY =XZ= 13 cmand YZ = 10 cm. The rectangle
PORS is inscribed in the triangle so that PQ is
parallel to YZ and PS and QR are parallel to XM
where M is the midpoint of YZ. Given that
SM = MR = x cm and QR = y cm, express y in
terms of x, and show that if the area of the

y 2 24x
rectangle is A cm”, then A = e (5 — x). Hence

find the value of x for which the area is a
maximum and the value of the maximum area.
(C)

A rectangular box is such that the sides of its base are x cm and 2x cm. The volume
of the box is 100 c¢cm’. Show that the total surface area, § em’, of the box is

S=4¢+ U Caleulate, to 3 significant figures, the stationary value of S. Determine
X
whether this value is a maximum or a minimum,

A piece of wire, 80 cm long, is bent to form the shape shown in the figure. This
shape consists of a semicircular arc, radius, r cm, and two sides, each of length x
cm, of a right-angled triangle.

1

Show that the area enclosed, A cnr’, is given by A = ;m*'q' + %[80 ~ Ty,

Hence determine, to 3 significant figures, the value of r for which A is either a
maximum or a minimum.
Determine whether this value of r makes A a maximum %N

or a minimurmn. “_xem

e Ry .

\ Srem
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11,

14,

15.

16.

A piece of wire, of fixed length L cm, is bent to form the £
bounduary OPQO of a sector of a circle, The circle has
centre O and radius r cm. The angle of the sector is
6 radians. 3
Show that the area, A cm’, of the sector is given by

1

A= %rl, -,

(a) Find the relationship between r and L for which A has a stationary value and
find the corresponding value of 6. Determine the nature of this stationary

value.
{b) Show that, for this value of 6, the area of the triangle OPQ is approximately
45.5% of the area of the sector OPQ. (C)

A closed cylindrical can, of base radius r cm and height /i cm, is to be constructed
to hold 2501 cm’, Show that the total area, A cm’, of material required to make the

. y ) 3
can is given by A = 2m” + ——=.

The material for the curved side of the can costs (.05¢ per square centimetre and

the material for the top and base costs (L03¢ per square centimetre. Find the

dimensions of the can if

(a) the area of the material vsed is to be the least,

(b) the cost of the material used is to be the least (where necessary, give your
answers correct 1o 3 significant figures).

The lengths of the sides of a triangle are 6 + x, 6 + x and 16 — 2x units.
(a) Show that the area of the triangle is (8 - .r)\ﬁ}%(.\ - 1.
(b) Find the value of x which makes this area a maximum.

A piece of wire of length / cm is bent to form a rectangle. Show that the area of
the rectangle is maximum when it is a square.

If o is a positive root of the equation 2x” + px + 18 = 0, calculate the value of o
for which p has a stationary value and determine whether this value of p is a
maximum or a minimum.

(a) The diagram shows a piece of wire bent to form B
the perimeter OABCO of a sector of a circle, '
centre (), radius r cm, where angle AOC is cl
8 radians. The wire is of length 100 cm and r e )
and 8 may vary. Find reml. B Doci
(i) the value of r for which the area enclosed N

by the wire is a maximum,
(if) the corresponding value of the angle AOC
in degrees.

T . 5 i e : :

(b) Given that y = g o = Gy find the two values of x for which y is
3r 2 X

stationary. Show that the larger of these values of x corresponds to a minimum

value of w. (C)
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(b)

17. (a) The diagram shows part of the line y = v and Y
part of the curve y = x(6 — x). The point P lies on t y=x(6-1x)
the line and the point Q lies on the curve. The /x ol
x-coordinate of both P and Q is r, where _{Q ',\;'
0 = r =5, and the distance PQ is denoted by /. [ "‘-\
Express & in terms of r and hence find the greatest / } :
ralue of It as r varies. __[ EJ__\ Y
The diagram shows a rectangular field ABCD o !

18. The diagram shows a solid body which consists of a

19.

with AB = 50 m and AD = 80 m. The field is
partitioned by three straight fences AP, AQ and
PO. The distance of P from C is twice the ;
distance of @ from D. Given that DQ = x m, ya 5
show that the area, A m’, of triangle APQ is 0m| / =
given by A = x* — 40x + 2000. A

Given that x varies, find the stationary value of fAl=——" D
A and determine whether this is a maximum or a
minimum value. (C)

.
B _f_f e C

right circular cylinder fixed, with no overlap, to a 2/ AN

rectangular block. The block has a square base of
side 2x cm and a height of x cm. The cylinder has a

radius of x cm and a height of y cm. Given that the

total volume of the solid is 27 c¢m’, express v in

terms of x.

Hence show that the total surface area, A cm’, of the TN

solid is given by A = §il + 8¢,
Find

(a)
(h)

(a)

(b)

yem

e '-._W/'" e
2vem T & 2vem
the value of x for which A has a stationary value,

the value of A and of y corresponding to this value of x. Determine whether

the stationary value of A is 2 maximum or a minimum. (C)
Find the coordinates of the AR
stationary point on the curve TP T
. xm
3 a? o - R
y = .].6_“‘_+ _I‘_"_i .1. and R e ]EIQ ““a.,fili
- [ s “.\,__H
. = . S5cm o R
(lci.crm:m, the nature of this yem Sl S
point. P
In the triangle ABC, angle b M | l =

B wme. ep
ABC = 90°, AB = 5 cm and B it ——ai
AC = 13 cm. The rectangle BPOR is such that its vertices P, Q and R lie on
BC, CA and AB respectively.
. & =ty
Given that 8P = x em and PQ =y cm, prove that y = 39]1 s
Express the area of the rectangle in terms of x and hence calculate the maximum
value of this area as x varies. (C)
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20. Given that y = 32— + —2 find

dv g Ay
() P and o

(b) the stationary values of y and determine the nature of these values.

#21. In the diagram, a man walks a distance of x m at a D
speed of 1.25 m s from A to B. Then he swims /T
across a river directly from B to D at a speed of 10m
1 m s'. Given that D is directly opposite to C,

CD =10 m and AC = 20 m, show that the time, f— X T —
t seconds, taken to reach D is given by A B c

ot 20m o
t= 100 + (20 - x)* + 4E,

Find the value of x for which ¢ is a minimum. (Proof
that it is a minimum is not required.)

#22. Which point on the curve y = x° is nearest 1o the point (3, 0)?
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In this chapter, we will first find the derivatives, from first principles, of the sine function
v = sin x and the cosine function y = cos x and then apply the chain rule, the product rule
and the quotient rule for differentiation of related functions.

1 8.1 Differentiation of Trigonometric
Functions

Differentiation of sin x, cos x and tan x

The diagram below shows the tangent at B to a circle of radius » and the angle subtended
by the arc AB is 0 radians where 0 < 6 < % Then,
area of AOAB < area of sector OAB < area of AOBC,
%rz sin B < %r:’B < %rz tan 6,
sin 8 << 6 < tan 6.

< -2
sin # cos

©sin @ >0

As 8 — 0, cos 8 — 1 and so — 1.

cos A

0
— and so —— = Las 8§ -0,
cus sin @

g
The value of win g '8 'squeezed’ between | and

lim M ]

1.6z [ [}

The Derivative of sin x

Let y = sin x, where x is in radians.
Let a small change in x be av and the consequent change in v be ov.

Then, v+ dy =sin (x + 4v)
and so Oy = sin (x + 6v) — sin x.
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— |, and so g‘i — COS X,
T

dr
As dx — 0, cos (x + 7) —3 COS X,

d .
Hence & = cos .
dy

The Derivative of cos x

Let v = cos x, where x is in radians.

Let a small change in x be dv and the consequent change in y be dv.
Then, v+ 8v=cos (v + dx)

and so Gy = cos (v + x) — cos x.

— 1, and so % — —§in x.

As 8y — 0, sin (x + ?) — sin x,

{él:
2

B il

Hence L —sin x.
dy

" The Derivative of tan x

sin v

Let y = tan x, where x is in radians. i.e. v = e
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cos .\:—d—(sin x) - sinx 4 (cos x)
dy dy

. dy
By the quotient rule, == .
y q dy cosT X

cos® ¥ — sin x(-sin x)

)
COs X
1 - 2
COS™ X + s1n-xy
cos’y
_ 1
= 2
Cix v
)
= sec” ¥

) P :
:;I(sm x) = ¢os x, where x is in radians.
d ¢ . A
E(cos X} = —sin x, where x is in radians.

d = i
Ex-(tan x) = sec’ x, where x is in radians.

Differentiate with respect to x,

(a) v+ 2cosx (b) 2+ 3sinx
' (a) %(x + 2 ¢os x)

d PRy I
(b) 3(2 +3giny) =3 = (sin x)

d ;
| + 2:1-;(005 X)

1=-2sinx

=3cosx

Differentiate with respect 1o x.

(C) Cas X

(a) % sinx (b) (x+ 1) tan x -

w (a) By the product rule,

d g 5 d i : d 4
—(x” sin x) = x"—(sin x) + sin v —(&°
‘Lr( ) dx( ) dx( )
=x*cosx + 2x sin x
(b) i[(Jt + I)tanx] = (x + l)i(tun X} + tan xi(x+ 1)
dr dr dy

=(x + 1)sec’ x + tan x
(¢) By the quotient rule,

d
d [cosx}_ xELcus ) —_u)sxa(r}

 —— —_ o o
de v/ X
_ —tsinx — cosx
R

_ _Xsinx +cosx
x.‘u
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A ; ] d
= sing sec v = ——, 8 hat —(sec x) = sec x tan x.
m 5 By using sec x —— show that [h(su ) = sec .y tan x

i ( | ) cos ,ril;[]) -1 x -(g;(cus X}
v

C(JSz X

Cos X
- 0 — (—sin x)
Cl)Sz Ry
sec .y tan .y

Hence, %(sec x)=secx tan x

Differentiate with respect to x.

(1) (3 + sin )’ (b) V2 +cos x

Solution (a) Using d%(u”) = uu""%, we have:

413 + sin 1)) = 33 + sin v (3 + sin x)
dy dy

= 3(3 + sin x)*(cos )
= 3 cos x(3 + sin x)*

we have:

(b)  Using %{.‘{,})= 1 du

2 de”
1(1/2 +cos.r]
dr

! —d-{2 + €05 X)
232 +cosx dy
—sin x

22 +cosx

The tangent and normal to the curve v = sin v at the point P where

X= % cut the x-axis at A and B respectively.

(@) Show that AB = 333
(b) Find the area of the triangle PAB.

S(_)luti(j' (a) v=sinxy = d—d; =COos$ X

. dy Fid
At P, v = - E'm-«%—’i—-y« ﬁ and == =¢ns = = -
ALP, ¥ 5 5 R T3 "

The equation of the tangent at P is

b

_ 1 i
y= g =gy
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and the coordinates ol A are &

- o)
The equation of the normal at P is T) ’
|
h % =—2(.\f - %) jh
I
and the coordinates of B are / |
A0 X
(5 2l O]. ?
3 4
Hence AB = [E + ﬁ] = (5 = ﬁ] = 5V3 units,
3 4 3 4
(b) Areaof APAB= L xaBx )i = Lx 3

15 5
— 5(]. units.
16

Find the approximate change in sin x if x increases from I 3 to 1;—(?

radians. Hence write down the value of sin (%‘) giving your

answer correct to 3 significant figures.

Let v = sin x. Then % = COS X,

dy T 1
When x = -E, S S R o i -t — L
T 373
=lr = _n
Now, év e 5 B
The approximate change in sin x is dy = :1“ Y fe= = 5% 1_[1 = %

Next, using f(x + dx) = {(x) + ﬂ&r, we have:
: dr

1Y o n T _“_—-i s
"m(m) sin 3+ &5 =5 + 45 = 0918 (0 3sig. fig)

Determine the value of x, where 0 = x = 1, for which the curve

y=2s8inx+35cosx
has a stationary point and determine whether this is a maximum
point or a minimum point.

— 1
S()luti'- v =2sinx+ 5 cos x

2cos x — 5sinx
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At the stationary point, i—‘ = (.
Y

= 2cosx—-5sinx =0
2

tan v = g
x = 0381 (to 3 sig. fig.)

d’y .
dx:’ =-28inx~-5cosx

=-5.39

When x = (.381,

Since i-;‘: < 0, the point is a maximum point,
o2

B _
Nofe:  Without evaluating il, we can easily observe that
"

3 ; - .
d Y < 0as xis in the st quadrant.

dy

Differentiation of sin (ax + b), cos (ax + b) and
tan (ax + b), where a and b are constants

Let ¥ = sin (ax + b)

H=ax+b
Then y = sinu
. dy dy dat
By the chain rule, - = = X —
y ' dx dit dx
cos it X a

acos (ax + b)

1 I I { B

Next, let v =cos (ax + b)
H=ar+b
Then ¥ = Cos It
: dy dv du
By the chain rule, e SRR
¢ dv drr dr
—sin o X a

nu

—a sin (ax + b)
Hence:
{;[sin (ax + b)} = a cos (ax + b)

_— = _g cin (or 3 )

ad;[tan (ax + b)] = a sec’ (ax + b)
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Differentiate with respect to x.

(a) sin Qv+ 1) (hb) cos {lr - %) (¢) tan (- x)

m (a) v =sin 2y + 1) (b) vy =cos (3.\' - g]

dy _» dy _ : i
5 =2cos 2y + 1) - ——35|n(3x——)

(c) v =tun (T — x)

2L = sec? (L~-1x)

Differentiate with respect to x.

(a) xsin 2x (b) sin 3x cos 2x

By the product rule,

d ; d . ; d
a) —(x sin 2v) = x—(sin 2x) + sin 2y —(x
() dx( ) d.r( ) dr( )
= x(2 cos 2x) + sin Qv
= 2y cos 2x + sin 2x
d s ; d d ..
{(b) —(sin 3x cos 2x) = sin 3x —(cos 2x) + cos 2x — (sin 3x)
dy dy dy

= sin 3x (-2 sin 2x) + cos 2x (3 cos 3x)
= -2 sin 2x sin 3x + 3 cos 2x cos 3x

Differentiation of sin™ x and cos" x where n is a
constant

Let v = §in" x

Using i(u") =m "9 we have:
dy dy

dy
dy

cad,
nsin” ' xS (sin x)
dv
=nsin" ' x cos x
Similarly, for cos” x where n is a constant,
dv aeqod
— = cos" xr—(cos x)
dy dy

=-ncos" ' xsinx

i(sin" x) =nsin” ' x cos x 3
L

% (cos" x) = —i cos" ' x sin x
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Differentiate with respect to x.
(1) sin’ (2x + 1) (b) tan’ x

Using —d-(u") = mi % we have:
X

(n) ——[sm (2x+ D] =3 sin® (2x + l)—[%m{ 2y + 1

=3 sin* (2 r+l)><7cos(2x+l)
=6 cos (2 + 1) sin® Q¢ + 1)

dopeocd onoonogend oo
b E(ldﬂ x) =3 tan .rdx({an X)

=3 tan’ x sec’ x

Given that v = sin 3x + cos’ x, find the value of «‘jd—i- when x = %

s 3
y =sin 3x + cos x

A% 3 cos 3x + 3 cos® x (—sin x)
= 3(cos 3x — sin x cos” X)
When x = %,
i ( g
=L Los— - sm— cos
dy 4
S L L '2
NE) 2 V2
= 2\{_

= B

In the figure, a circle with centre O and

radius r circumscribes an isosceles triangle
ABC with AB = AC. If £BAC = 6, where

0< o< = show that the area of AABC is

given byA=r sin 8 (1 + cos O). B A °F
Show that A has its maximum value when

-
0= T
Now, ZBOH = ZBAC = 6.
- .A_.__..‘_ q_l,__%_ﬂ(g..*.ﬁﬂ__ -

= %(Zr sin 8)(r + r cos 0)
A=rsin 8(1 + cos 0)
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Next, % = r[sin B(-sin 6) + cos &1 + cos )]

= r[~(l - cos’ 8) + cos O + cos” 6]
=12 cos’ @+ o8 0 1], ()

LY 7, S s
= (2 cos B - l)cos 8+ 1)
ﬂ=(} = cos 0=+ orcos B=-1
dé >
= 8= -;3 orB8=mn (rejected, "0 8 is acute)

Differentiating (1) with respect to 6,

dzA 1 . .
Tk |4 cos 8 (—sin 6) — sin 8]

=~ sin 6 (1 + 4 cos 6)

1. Differentiate the following with respect to x.

(n) 4sinx-3 (b) ¥ —35cos x
(¢) 2sinx+3cosx (d) 4¢ + 3 tan x
2. Differentiate the following with respect to x.
(n) X cos x (b) x tan x (¢) (x+ 1) sinx (d) %
3. Using L—f—(sin X) = cos x, show that %(cosec X) = —cosec x cot x.
r [
4, Differentiate the following with respect to x.
(a) (1 - cos x) (b) (3 sinx +2)
(¢} 2 -tanx (d) +sinx+2cosx
5. Differentiate the following with respect to x.
(a) sin 3x + cos dx (b) 4 sin %x
(©) sin (2x - 5) @) cos [?.x + %]
(e) 3tan'2x (f) 6 tan qlx
(g) 2 cos (% - xl_ (h) 8 sin [3£:-3) - .
r—— o g 7 voa
6. Differentiate the following with respect to x.
. 3. 5 X cOos X
(n) sin x cos 3x (b) (1 + x7) tan 5x (c) s (d) =g
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1.

10,

i1.

13.

14.

15.

16.

Differentiate the following with respect to x.

(a) 2 sin’ x (b) sin 2x -3 cos’ x
(¢c) cos 3x (d) x+ 3 sin’ 2v

(¢) 4tan’ 5x+ 3 () xcos’ 2x

(g) (1 -x)sin’x (R =%

X

. . dy ; 4 ;
Given that y = x + cos x, find ™ and the approximate change in y when v increases
J4RY

T

from X to L.
6 5

. dy - ; 7 .
Find the value of - for y = | — 3 cos 2x at the point where x = {—f}-. Obtain the
wy s
approximate change in y when x increases from —I‘} 1o ﬁ
Given that 7 = +/cos 8, find the approximate error in » while 0 is measured as %

and is increased by 2%. If 8 increases at a constant rate of (.5 radians per second,

find the rate of change of r when 6 = %

Find an approximate percentage change in +1 + sin x when v increases from % by
)

5%. Given that x changes at a constant rate of % radians per second, find the rate

of change of JI+sinx when x = i;—

Find the equations of the tangent and the normal to the curve y = 1 + cos x at the

point where x = % Show that the area enclosed by the tangent, the normal and the

{ +:g3.]’.

x-axis is

ltn

Find the value of x, where 0 = x = n for which y = x — 2 sin x has a stationary
value.

Determine the value of x, where 0 < x = g, for which the curve
y=2cosx+3sinx
has a stationary point and determine the nature of this point.

{
Find the coordinates of the stationary points'of the curve y = x — tan x, where
0=x<m

The equation of a curve is ¥y = 3 cos x + 4 sin v, where 0 = v = 2n. Calculate the
values of x for which the tangents to the curve are parallel to the x-axis.
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I mMporLant Notes

Example [-38

Differentiate with respect to x.

(a) V3 +2cos2x (by V1 + 2sin”x

Solutions Using - (JE] B we have:
d : ) 1 d - .
a) — [¥3+2cos2x) = — —(3 4+ 2 cos :
(@) d.r-( s x] 243 4+ 2cos 2x 'tbii(3+2cog =5
_ 1 Y
T 23+ 2cos 2x =5 81 2x)
-2 sin 2x
= V3 +2cos 2
(b) i(«.’la-.’!s-inzx) = L 2 L1+ 2sin? x)
dv : 2;1+2\'sin'“.x d
= __11—;«—(34 sin x cos x)
WU+ Zsin x
2sinx cosx

Y1+ 2sin’x
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Miscellancous EXCLEC]St

L.

10.

Differentiate the following with respect to x.

(a) 3v-2cosx (b) sin 4x — 3 cos 2x
(¢} (1 -2tan x)° (d) sin 2x cos 3x
(e) 2x tan 3x (f) ”iif—"l
v sin 2.x — CoS ¢ P
(g) +sin 2x — cos x (h) Fr:

Differentiate the following with respect to x.
() sin 2v — cos® x (b) 3 sin’ 8x

-

(¢) xcos® 3x (d) % — 3 tan® 4y

Differentiate the following with respect to .x.
(a) sin (* +2) (b) 2 cos (1 — 1% (¢) tan (2% + x)

(n) Use the derivatives of sin x and cos x to show that (% (cot x) = —cosecy.
=
(b) Given that t = 20 cot 8, find the rate of change of ¢ when 0 = %

Given that y = sin 3x + cos’ x, find the value of il‘- when x = % If v decreases
v !

from (1 to —;5 find, in terms of i, an approximate change in y.

i
Find the approximate change in y = x — sin x when x changes from % to —;1 + 0.001
radians. If v decreases at a constant rate of 2 radians per second, find the rate of

change of y when x =

WA

Find the gradient of the curve y = 3 + tan 2v at the point where x =

=|=

The line y = -IT meets the portion of the curve y = sin 2x for which 0 < x < '!TTE
in points A and B. Calculate the gradients of the tangents to the curve at A and B.
Show that if these tangents meet at C, then ABC is an equilateral triangle. (C)

Given the curve y = | — 2 sin” x + sin x for 0 < x = 2. Calculate the values of
x for which the curve
(n) meets the x-axis, (b) has turning points. (C)

Find the coordinates of the turning points on the curve y = sin x cos’ x for
0<x<m.

R — S .
1t y=smux— § Slll‘ X, show hat T = COS8 .
B ay

i ) 1y :
Given that y = (1 - tan’ 1) cos’ x, show that ii—'f + 4 sin x cos x = 0.
:
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13

14,

15.

#16.

17.

i i 2 § . v 3 i
Find the coordinates of the two turning points on the curve v = sin” x cos x for
0 < x < 1. Determine which point gives a maximum value of v.

The area A of AXYZ is calculated by the formula

-i-.r_\-' sin 6. If x and y are measured correctly as 6 cm

&
Y
i
Vi

A=

and 9 cm respectively, while 8 is measured as 60° with a
possible error of 1°, show that the possible error in the area

A is approximately %% / \
}

The figure shows a circular lake with centre O and radius
2 km. A man swims across the lake from A to B at
3 km/h and then walks along the edge of the lake from B
to C at 4 km/h. If ZBAC = 6 radians and the total time A d

tiaken is 7 hours, show that 7= '7(4 cos 0+ 36). Find the _«"{6

value of @ for which T has a turning value and determine
whether this gives a maximum or minimum value of 7. vk

(C) N i

The diagram shows a rectangle ABCD with AB = a and
BC =2q. ABP and CDQ are identical isosceles triangles #p——————— ]C
with ZBAP = 6. PQ is therefore parallel to AD and G
midwiy between BC and AD.

Given that S = AP + BP + CQ + DQ + PQ, show that 4 Y%
- 2a

= —— j - i 7{ 3
S = e+ 20— aun 0. Al —

- | ‘i - . .
Given that — ( i-—] = S8 find an expression for
de \cos # cos” 6

ds . . .
= Hence, deduce the value of @ at which S has a
[&

stationary value. Find this value of §. (C)

In the figure, A(a, 0) and B(0, b) are variable points o
on x- and v-axes respectively. The line segment AB

passes through (1, 8). Given that ZBAO = 6, show BO, b (1. %)

that AB = —L_ 4 —_—8—-. Find the least value of AB,
cos f# sin @

I ,ﬁl..f"‘_..-_.,,. v
0 Ala, 0)
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19.1 Exponential Functions )

In Chapter 8, we study the relation y = ' and use the
linear law to estimate the value of a. The nature

of the curve with y plotted against x depends

on the value of «.

For example, the graphs of v = 2" and y = 3'
are shown in the diagram. A function of the

form y = @', where a > 0, is known as a power
function or an exponential function. J J i

Differentiation of Exponential Functions

Let us begin by differentiating the exponential function y = a' with respect to x from first

principles.
Let us differentiate y = @ w.r.t. x from first principles.
P =8 s 1)
yid Oy=d " pusanien 2)
(2) - (1) Sy=at¥ g
= a..-aat _ a.:
=a'a™ - 1)
L X aﬁ' -1
E)\')‘ =da ( dv )

dy _ o im (a1
b g rm( )..........(3)

g} (S.t
Taking &y = 0.000 1, 0.000 01 and 0.000 001 with ¢ = 3, we have, respectively,

fi iy
< d; L~ 1.098 672, 1.098 618, 1.098 613,

~In fact, we can show that when a = 3,

i fx
lim {“—'—1) =~ 1.098 61 {correct to 5 dec. pl.)

i) ar
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% e
This implies that '1m[a = 1

} = k and the value of k depends on the value of a.

) 5.:
If we want £ to be equal to I, we can [ind the corresponding value of @ as follows:
a™ v
=] =a”=1+dc
av

L
=a=(1+ 0"
Let Oy = -]—, we have - = 1 and
n av

] "
= Tl + 8% = lim(l + i)
b n

iy -al)

which has the value e = 2,718 28 as calculated in chapter 3.

Taking a = e in (3), we have: %(ex) ="

The exponential function y = e is also known as the
natural exponential function. The graph of y = ¢' is
similar to the other power functions such as vy = 2" and
y = 3" as shown in the diagram. Note that the gradient of
y=e at (0, Dis L.

The diagram on the left shows a
family of exponential functions:
y=¢"where k € R

(1) The curve of y = e is the
reflection of y = ¢'* in the
V-axis.

(2) All the curves pass through the
point £(0, 1).

(3) As |x] — oo, each curve
approaches the x-axis (y = U)
and the x-axis is called the
asymptote of the curve.

Exponentiat and Logarithmic Functions 407




Solutiofl

I
Draw the graph of y = e* for 0 = x = 2, taking intervals of 0.5.
By drawing the straight line y = 3 — 2x on the same graph, obtain
1
an approximate solution to the equation ¢ =3 — 2.

L
The graph of y = ¢ is plotted as shown in the diagram.

(1.0, 1.65)

(0.5, 1.248

Next, we draw the line y = 3 — 2x on the same diagram. This line
L
meets the graph of y = e* at the point where x = 0.75.

|
7%

So, an approximate solution to e =3 — 2v is (1,75,

Draw the graph of y = e ™ for -1 = x = [, taking inlerval; of 0.5.
By drawing a straight line on your graph, obtain an approximate
solution to the equation (3x + 5)e™ = 1,
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8‘-—
(-1,7.39)
y=e®
0.5,0.37
_ & : (1,0.14)
b } . X
-1 -0.67 05 o 0.5 I

Rewrite the given equation (3x + 5)e™ = | as 3x + 5 = ¢ ™. The
point of intersection of the graph of y = ¢ ™ and the line

¥ =3x+ 5 occurs at .x =~ 0.6 which gives the approximate solution
to the equation 3x + 5 = ¢ ™,

Given that v = ¢™ "', find %

Let = 2x + | and so v = e",

By the chain rule,

By o Wy Wiy 5
dy duxdx_ex“

I
[[o]
L]

12
+

Note: In general, for y = e", where u is a function of x,
dv _ dv  du _ d (o xe i e:;t.lzlr.

dx du dr dee V77 dx dy
In particular, it i = ax + b, where a and b are constants,

d
e hs i,
we have (

€

ur+b) - aeax+b
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Thus, we have:

d 1 u du
a) —(e') = , where u is a function of x
(1) dx( ) L

by L (") = ae™ ", where a and b are constants

dx
m Differentiate the following with respect to x.
(@) e ¥ (b) e (©) '+ 1)
(d) e“sin v (e) e" () 3(Eh)3
i ’ 1+ 2x eh_:

(b) Using (") ="

%(Ex’ﬂ) = ex ad (Y"+ )
=2xe"1*‘

(¢) Using -g-(u") =mi" '%

L+ )] =36 + D+ )

= 3e(e” +1)‘
O T
(d) Using Lh(m) U il

[4 B 2y . . d

—{e” sin x e” —=(sin x) + sin x—(e

& ) = ¢ Lsin v 4 e
2 .

e’ cos x + 2¢ sin v

e¥(cos x + 2 sin x)

dr: B z:ﬁ

= d (u Vdc dy

e) Us —_— | =
(%) Using dy [\] ?

v

; __q_ 3 3 d
d [ S } (L + Z,t)m_(e ) ~-e E(l + 2x)
]

de {1+ 2x (1 +2x)

(L2x)(3e) = e2(2)
(1 +2x)

(1 + 6x)e™
(1 + 2x)

410 Exponential and Logarithmic Functions -




e i Fafi*
(n (Tt—'].‘. = ﬁ

= 36(1\‘ -(Tx - 2)
=3¢ "

MEG R
ac | otz & (3e” )

T

=, _302-.1:

Sketch the curve defined by y = e™. Find
(a} the equation of the tangent at the point A where x = 1,
(b) the coordinates of the point where the tangent at A crosses the

A-axis.
i on A sketch of the curve of y = e™ passing through E(0, 1) is shown
below. ¥
(a) % = 2¢” J j
AtA, x =1,y =¢ and A=(l,¢)
% =2¢°
Equation of the tungent at A
isy-¢e =2ex-1) EQ. 1)
y=e(2x - 1) ]
Lt
0

(b) At the point where the tangent crosses the x-axis, ¥ = 0 and

: o~
50x = 5

The coordinates of the point are (-:I',: ¥ U).

Exercise 19.1

1. For each of the following functions, draw the graph for (0 < x = 2, taking intervals
of 0.5 and state the coordinates of the point where the graph crosses the y-axis.

3
iy o ) y= e +os © v= RS

2. Draw the graph of y = ¢* for 0 < x = 2, taking intervals of 0.5. By drawing the
straight line y = 5 — 2x on the same graph, obtain an approximate solution to the
equation e” =5 -2v. .

3. Draw the graph of y = ¢ for -2 = x = 0, taking intervals of 0.5. By drawing a
straight line on the same graph, obtain an approximate solution to the equation
e =3+ 2x
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6.

10.

11.

13.

Draw the graph of y = e* "' for -1 = x = I, taking intervals of 0.5. By drawing
suitable straight lines on your diagram, obtain an approximate solution to each of
the following equations.

(@) e "'+5x=35 b)) x+1=In5-30)-1In2

Sketch, on separate diagrams, the graphs of the following exponential functions for
the given intervals and state the coordinates of the points where these graphs cross
the v-axis.

(a) y=2,-1l=x=3 h) v

I
o
2

A
-

A
—

(c) yv=e'+2, 2=x=2 (d) vy

1 1n . ~
—e T =xrx=3
4L ) X

Given that y = 2", find

(a) the value of y when x = 0, (b) the value of x when y = 8.
Hence sketch the graph for positive values of x.

Given that y = 4° ', find

(a) the value of y when x = (), (b) the value of x when y = &.
Hence sketch the graph for x = 0.

Differentiate the following with respect to x.
|

(a) e (by e" ' (¢) e™ @ ¢

(€) e"+7 (f) 2¢* () 4e' -6 (h) 5¢*

M e+ () ¢ -3¢ (k) Be' + Le* M e o2
¢ 2 3

Lt + b

Using the rules of indices, express the following as e
differentinte with respect to x.

. Hence, or otherwise,

Ix+3

@ e ) S © () @ e
[

Differentiate the following with respect to x. _

(@) €+ 1) (b) (x+eY (€) (x+ le”

(d) e sinx (€) e > )y e’ cos 2x

Differentiate the following with respect to x.

@ 5 W — ©
s 3 ,“ - Ix

(d) J’r'""} (e) E%:: fy x+e
el = b 3

Sketch the curve defined by y = ¢™ ' for 0 = x = 3.

(a) Find the equation of the tangent and the equation of the normal to the curve
at the point A where x = 2.

(b) Given that the tangent and the normal cross the x-axis at B8 and C respectively,
find the area of the triangle ABC.

Find the equation of the tangent to the curve y = 2e”" at the point where x = 1. Find
also the equation of the normal to the curve at this point.
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17.

18.

@

Find the value of x for which y = e" - 2x — 1 has a minimum value and calculate
this minimum value,

The curves y = ¢* " and y = ¢" * meet at P where v = 2. Find
(a) the value of 4, (b) the gradient of each curve at P,
Given that y = 5— fmd - Hence find, in terms of p, the approximate change

in y when x increusr:s Imm l to 1 + p, where p is small.

b |

The area of a region A (cm’®) after ¢ seconds is given by A = 12 — 8e ? where
t = 0. Find in terms of e,

(a) the area of the region when t = 2

(b) the rate of change of A when t = 2.

Hence, obtain the percentage change in A when ¢ changes from 2 to 2.1, giving
your answer correct to | decimal place.

Variables x and y are connected by the equation y = 5¢ . Given that x is increasing
at the rate of 0.1 unit s°', find the rate of change of y when x = 0.5, giving your
answer correct to 2 decimal places.

2 Ny

.2 Logarithmic Func

Let us consider the inverse of the function f defined by f(x) = e'.

Let y=f'x)
Then, X = f(y)
x=¢
y = log.x

which is usually written as y = In x and is known as
the natural logarithmic lunction of x.

&
Since the inverse function of y = In x is the o
exponential function y = e, the graph of /- .
y = In x is the reflection of y = ¢" in the line y = x S y=x
as shown in the diagram. It is important to note
that: o e
(1) The curve of y = In x cuts the x-axis at (I, 0). y=Inx
(2) The domain of y = In x is x = 0. 0. L
(3) The curve has an asymptote of x = 0. — ’/.1 s B
/(L0

Draw the graph of y = In 2x for 0.5 = v =< 3, taking intervals of
0.5. By drawing a straight line on your diagram, obtain an
approximate solution to the equation In 2x = 3 — x,
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mi_- The graph of y = In 2x is shown below.

¥
2T FHATE (3. 1.79)
15+ /)(625/1:1}
(1.5, 1.10)
l e
(1.0.69)
05+
i
I
I
T II t ! ‘l E J' Eat
0 0.5 1 L5 2 25 3

An approximate solution 1o In 2x = 3 — x obtained from the point
of intersection of y = In 2x and v = 3 — x is L.75.

Note:  The curve y = In 2x is defined for 2x > 0, i.e. x > 0, and

it cuts the x-axis at the point where 2x = 1, i.e. x =

[

A curve defined by y = In (ax + b) has domain ax + b > 0 and
the curve cuts the x-axis at the point where ax + b = 1.

State the domain of the curve y = In (2x — 1) and the coordinates
of the point where the curve crosses the x-axis. Hence sketch the

curve.
~ B " - I
Solution The curve y = In (2x — 1) has domain 2x — 1 > 0, i.e. x = 3 -
The curve cuts the x-axis at the point where y =0, i.e. 2x — I = 1

and so x = 1. The coordinates of the required point is (1, ).
A sketch is shown below.

v=In(2x-1)

- / } t +
0 /1 > 3 4 5
A
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Differentiation of Logarithmic Functions

¥

The function y = In x can be written as x = e”.
Differentiating w.r.t. x, we have

d v ] 4
=) = 2@

S PPRN
Ty () dx
— ardy
|l =¢ P
- by
ie, I =x s
ﬁ = _!_
dv X
d 1
EJ:[lnx) ==
If ¥y = In u, where u is a function of x,
dv _ dy g__#_ du_ 1 du
B ™ oy ® e (ln t u dv
. . d . [4]
In particular, = ; = = :
n particular, if ¥ = ax + b, then {h(ln (ax + b)) S
Thus, we have:
(a) —(ln H) = %%, where r is a function of x
(b) —[ln (ax + b)] = ?, where @ and b are constants

Differentiate the following with respect to x.
@) In 3x + 2) ) In(7-2¢" (0 I+ 1)
@ In(1+siny) (¢ xlnx i

x+1

(b) {T[ln (7 - 2] = (;—1{3 In (7 - 2%)]

i e
i B = L2 '
(e) Using (]n i) = T
da d - 2%
[1n(r+l)} ———+l (x + 1) oy |
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L du

ine _(.l_ =
(d) Using dr(ln i) ol

d - 1 d
a[ln (I + sin x)| e dr(l +

COs X
I +sinx

 dit

i1 i o= L‘ll
(e) Using {h(m] i 7 + 3 =

sin x)

. 4
E(.’L In x) = x d_r(]" x)+Inx T (x)

1
X
1+Inx

X — +Iny

]

du dv

b oo o fa) T dy “(ir
M) Using (%] :

1

delx + 1 {x + 1}3

fx+ 1) x LS
X
(x+ 1)
fr+h—-xlInx
xx + 1)

d [ In x ] _ (v + U%('“-‘f} = In,r%(x + 1)

Sketch the curve of ¥y = In (2x + 3) for —%— < x = 3, Find

(a) the equation of the tangent at the point where x = 0,
(b) the coordinates of the point where the tangent meets the

X-aXis,

w The curve y =In (2x + 3) is

defined for 2v + 3 > 0, i.e.

X = —%. It crosses the

x-axis at vy = 0 where
2yv+3=1,ie.x=-1. When

y=1n(2v+3)

(@) v=In2x+ 3)
dy 2

& T+ 3
Atx=0,y=1In3

EL\J-: 2 =
dy 0+3

L1
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9.

10,

, < ; %
Equation of tangent at x =0 isy —In 3 = 35 - 0) or

2
y=3x+ In 3
(b) When the tangent meets the x-axis, v = (0 and so0
; 7
-In3=2Zxy = «x= % In3

3 2
: . : 3
Therefore, the required coordinates are (~~;In 3 i))

SE
' ﬁl’:z::

For each of the following functions, draw the graph for 0 < x = 2, taking intervals
of 0.5 and state the coordinates of the point where the graph crosses the x-axis.
(1) v=In3x (bh) y=Iln(2x+ 1) (¢) y=In(3-x)

Sketch the graph of y = In (2x + 1) for —% < x = 1, and state the coordinates of

the point where the graph crosses the x-axis.

Draw the graph of y = In (v + 3) for -2 = x = |, taking intervals of 0.5. By
drawing a straight line y = 3 — 2x on the same graph, obtain an approximate
solution to the equation In (x + 3) = 3 — 2x.

Draw the graph of y = In 2x for 0 < x = 2, taking intervals of 0.5. By drawing a
straight line y = 2 — x on the same graph, obtain an approximate solution to the
equation In 2v = 2 - x.

Differentiate the following with respect to x.

(@) In(Gx+ 1) (b) In (dx — 3)’ (©) In (8 -x)
(d) xIn(5-2x) (e} In[(x+ Dix—-3)] (f) In (sin x + cos x)
@ In(l+¢) () M In(Vx'+1- ¥)

Sketch the graph of y = In (x — 2) for 2 < x = 5, and state the coordinates of the
point where the graph crosses the x-axis. Find the equation of the tangent at the
point where x = 4 and find the point where this tangent cuts the y-axis.

Show that the curve y = In (2x — 1), x > =, has no stationary point.

1
2
The curve v = In (3x — k) crosses the x-axis at x = 2, Find the value of & and the
equation of the normal to the curve at this point.

Using a graph paper, draw the curve y = In (2x + 1) for 0 = x = 3, taking values
of x at unit intervals. By drawing an appropriate straight line, obtain an approximate
value for the root of the equation x + 3 In (2x + 1) = 4.5,

For each of the following curves, state the domain and the coordinates of the point
where the curve crosses the x-axis.

(a) y=In(2x-35) (b) v=1In(3 - 2x)

(¢) y=3In(x-3) (d) v=1InGx -2y
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11. Given that y = In(** - 4) for x > 2, find % Hence find, in terms of p, the

approximate change in y when x increases from 3 to 3 + p, where p is small.

12, The volume of water in a container V (cm’) after ¢ seconds is given by V= 20¢ 7.
Find, in terms of e,
(a) the value of V when ¢t =5, (b) the rate of change of V when r = 5.
Hence obtain the percentage change in V when ¢ changes from 5 to 5.1.

13. Two variables x and y are related by the equation y = In(2 + e ') for x > 0. Given
that x is increasing at the rate of 3 unit s, find, in terms of e, the rate of change
of y when x = 1.

Important Notes
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5. Graph of y = In (ax + b)
The graph is defined for ax + b > 0 and it crosses the x-axis at the point
where ax + b = 1.

Miseallneons Eanpley

Find the value of x for which the curve y =xe * has a stationary
point. Determine whether it is a maximum or a minimum point.

d}' — 1 —x
3 T g e )
o d 4
=i dx(.r) +.\:dx(e )
=e —xe’
=e'(l —x)
At the stationary point, i—: =0,
e l-x=0(¢Cre" =0
xo=il
d’y _ d e -
Y = die -
it dx[ (1 - )

- —e’(l —x)
=—-e(2-x)

2

At x =1, iv < 0 and so the stationary point is a maximum

LY

point.
Use a graph plotter, draw ~ §
the graph of v = xe™ as
shown:

0.5t .

f t : : >t
0 0.5 [ 1.5 2

1
A function f is defined by f: x + 2e° + [ for -2 < x = 2,

a).Sketch the curve of fand show on the diagram the coordinates ,
of the point A of intersection with the y-uxis.
(b) State, in terms of e, the range of f and obtain an expression

for f ' in terms of x.
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) | x =2 0 2

y | 2'+1=174 3 e+ 1 = 6.44

With the table of values a
sketch of the curve of f is
drawn with A0, 3).

(b) The range of fis 2 + 1 = f(x) = 2¢ + 1.

[+
Let y = f(x).
1
Then y = 2e? +1
1
- 56y - 1
er = 5
= x=21 (";1), 2t1sy=<2e+1
Since x =),
f-l(y)=21n[z;—1 i -§-+I-“Ey526+1
() = 2 In "2‘.‘), §+1 sxr=2%+1
Miscellaneous Exercise 19=—=
1. Differentiate the following with respect to x.
(a) ¢ (b) (x+ De™ (c) e* sin x
I
(d) 3¢ Inx (® -DIn@c+1) () e In@ -4y
2. Differentiate the following with respect to x. .
) e e e?J= )
@) 2v+ 1 (b) In 2x () cos 2v
) In (.\‘ + T+ 1) (e) In (sin’ v) (f) In (x + sin x)
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10.

13.

14,

Differentiate the following with respect to x.

(1) e (hy ¢ ""° (¢) e

(d) e (e) e () In(l-x%)
(#) In (3 + tan x) (h) In (sin 2x) (i) (nxy

(D I_ﬂl"f (k) VInx + e Iy In (" +2x%)

Differentiate the following with respect to x.

(a) In 6x° (h) In (.'_ _3‘] (©) In (5 +4dx)
1 + x o

(d) In (sec x) (¢) In (x sin 2x) (f) In \"r.]‘ﬁt;'

(g) x} In (L‘()SEU{) (h) c\ In (.“,3 + l) (i) In (csm\ % ])

Sketch the graph of y = e"** for -2 = x = 3, and state the coordinates of the point
where the graph crosses the y-axis.

Given that y = 3(2° "), find

(a) the value of y when x = (), (b) the value of x when y = 12,

Hence sketch the graph of y = 3(2* ") for x = 0.

Given that y = 3¢, find

. . . dy
(a) the value of y when x = 0, (b) the value of x and of I‘ when y = 1.

X

Sketch the graph of y = 3¢ ™" for positive values of x.
Sketch the graph of y = In (2x — 4) for 2 < x = 5, and state the coordinates of the
point where the graph crosses the x-axis.
Sketch the graph of ¥y = In x for x > 0. Express x’e’ = 12 in the form
In x = ax + b and state the value of @ and of b. Insert on your sketch the additional
graph required to illustrate how a graphical solution of the equation ve' = 12 may
be obtained.
Draw the graph of v = ¢ for -1 = x = (), wking intervals of 0.25. By drawing a
straight line on your diagram, obtain an approximate solution to the equation

ellx+ 1) =

13—

Given that v = xe'”, find ?—L\f and hence the gradient of the curve at the point (3, 3).

- . . . . : 1y

(a) Find the coordinates of the turning point on the curve y = 2¢* + 8¢ and
determine the nature of this turning point.

(b) Find the coordinates of the stationary point of the curve ¥ = x In x - 2x.

Find the equations of the tangents to the curve y = xe" at the points where x = 1 and
x =-l.

Given that a curve has the equation y = 10(x + 2)e". find -‘i—‘ and hence find the
X
coordinates of the points at which the curve crosses the x- and y-axes. Sketch the

curve for -4 = x =< . (C)
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15. An object is heated in an oven until it reaches a temperature of X degrees Celsius.
It is then allowed to cool. Its temperature, 8 degrees Celsius, when it has been
cooling for time ¢ minutes, is given by the equation

‘
8= 18 + 62¢ *.
Find (a) the value of X,
(b) the value of 8 when £ = 16,
(c¢) the value of ¢ when 8 = 48,
(d) the rate at which 8 is decreasing when ¢ = 16.
State the value which & approaches as ¢ becomes very large. (C)

16. The mass, m grams, of a radioactive substance, present at time ¢ days after first
being observed, is given by the formula
m = 24e "
Find
(a) the value of m where 1 = 30,
(b) the value of ¢ when the mass is half of its value at ¢ = 0,
(¢) the rate at which the mass is decreasing when ¢ = 50, (C)
17.  The population of a village at the beginning of the year 1800 was 240. The population
increased so that, after a period of n years, the new population was 240(1,06)". Find
(a) the population at the beginning of 1820,
(b) the year in which the population first reached 2500. (C)
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6.

(a) The gradient of the curve y = ax + 'h— at (2, 5) is 2. Calculate the value of @

X
and of b.
(b) Differentiate with respect to x,

M V2 -, (i) (Vx
: ] 2 3 ;
(¢) Find the equation of the normal to the curve y = — = at the point where
)
X=72
. . i 5 ;
(1) Find the equation of the tangent to the curve y = ——— at the point (2, 1).
] g . T ] p
(b) Find the cqumiun of the tangent to the curve y = v — 2x at each of the two
points where y =
(¢} Find the value of @ and of b for which — (_str ] = --‘!-T----(-},ﬁm.'i ¢
dy \ 3 + sinx (3 + sinx)”
(2) Given that y = x* - 3x, find 2. Hence obtain an expression for the approximate

1:
increase in the value of y when x increases from 2 to 2 +, where p is small.
(b) The area of a rectangle has a constant va]uc of 50 ¢m’. One side, of length
x cm, is increasing at a rate of 0.2 cm s~ Find the rate at which the other side
is decreasing at the instant when x = 5.

(a) Given that y = & Y. find the value of gl when x = 2 and hence deduce the
X Ly

approximate decrease in the value of y when x increases from 2 to 2.01.

(b) The radius, r cm, of a sphere is increasing in such a way that the rate of
increase of the volume of the circle is mr' cm’ s Calculate the rate of
increase of the radius when the radius is 8 cm.

The diagram shnwx a rectangular block that has a
volume of 72 ¢m’. Show that the surface area, A cm’,

-

~_2xcm
\\_

¥

e S——

of the block is given by A = 41" + 219 Hence, find the | | _
X { Mg rem

minimum value of A.
YEm

(a) Differentiate with respect to x
,2 2
1 (if) In (f_—??_:].
: 2 -x

{(b) Sketch the curve y = e " - 1, indicating the intercepts on the axes. Find the
gradient of the curve at the point where x = In 2.

Find the coordinates of the turning point of the curve y = 3 sin x + cos x where

0 = x = = and determine whether this is a maximum or & minimum point.

(]
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. - 0 k] 2
I. (a) Calculate the coordinates of the points on the curve y = 2¢" - 3¢ — 9x + [ at
which the tangents to the curve are parallel to y — 3x = 4,
(b) Differentiate with respect to x

(i) Vx+ I(¥x - 1), (ii)
: . 1 ,
(¢) Calculate the gradient of the curve y = .JZ + % at the point where v = 2,

2. (a) Differentiate with respect to x
(i) tan 3x - 1), (i) (" — 1) cos 2x.

" y 1 x-3 i
(b) Find the equation of the normal to the curve y = S at the point where
X+

y =3
(¢) Given that y = 4 sin x — 7 cos x, where 0 < v < 2w, find the values of x for
which y is stationary.

. i 3 4 3 * 5
3. (a) For a sphere of radius r, the volume is V = T and the surface area is

; T e | . . R
8 =4dmr”. Given that when r= 3 c¢m, § is decreasing at a rate of 20 cm” s, find
the rate of decrease of V at this instant.
1 ; dy . . .
(b) Given that y = Y8 + x, write down G and hence find an expression for the
ax
approximate change in y when x changes from 0 by the small amount p.

4. Given that y = x’ + 2x — 5, and that the value of x increases from 2 by a4 small
amount ”’% find in terms of p,

(a) the approximate change in y,
(b) the corresponding percentage change in y.
: : r+
5. Two variables x and y are connected by the equation y = = - Calculate the value
X =
dy . i ; g 4
of e when x = 2. Hence find an expression for the approximate value of y when
X
X =2 + p, where p is small.

6. A piece of wire of length 80 cm is bent to form the O \;1:-(.,:

shape shown in the diagram. This shape consists of P i
a semicircular arc, radius 4x cm, 2 sides of length
y cm of a rectangle and the 2 equal sides of an
1sosceles triangle. Express v in terms of x and hence ¥ ¢m
show that the total area enclosed, A cm’, is such that L

A = 320x - 8wy’ — 28+, l

Caleulate the value of «x, correct to 3 significant 1Y — #
figures, for which A has a stationary value, Determine L9
whether this value of x makes A a maximum or a Sk
minimum,

424 Revision Exercise




.I‘-I

(a)

(b)

(b)

(a)

(bb)

(a)

(b)

The diagram shows a water trough of semicircular
cross-section, radius r m. Its length is / m. The
total amount of material used to make the trough
is 20 m’.

(a)

(b)

(a)
(b)

Differentiate with respect to x

X

i -= (i) 1+ sin2x.

l+x°
Find the coordinates of the turning points on the curve y = sin’ x cos x for
0<x<m

Show that the point P(3, 2) is on the curve y = x° — 5x + 8. Find the coordinates
of the point of intersection of the tangent to the curve at P with the line
x+y+3=0. _
The equation of a curve is y = 4%’ — 5x + 6. Calculate the coordinates of the
point on the curve at which the gradient is 11. The curve cuts the line
y=>5at Pand Q. Find the gradient of the curve at P and at Q.
2 :
Find the equations of the normals to the curve y = f at the points (1, 2) and
X
(4, 1). Find the coordinates of P, the point of intersection of these normals,

The equation of a curve is y = r—% Find the coordinates of the points whose
X

gradient is _% ;

In the figure, ABCD is a square of side 20 cm and £

BAX = 6 radians. ¥ is the distance from C to the

7 %
horizontal line AX. 3 \\
(i) Express y in terms of 6. b B
(ii) Find an expression for the approximate change /
A X

in y as @ increases from g by a small amount p.

Given that y = x — 3, find the positive value of x when y = 2. Find the
X

approximate percentage change in y when x increases by p%.

Show that the volume, V m’, of the trough is
given by V = 10r - ém“.

Find the maximum volume of the trough.
Show that this volume is indeed the
maximum,

: . 2x .
Differentiate —— : with respect to x.
X +

Find the value of x between 0 and 7 for which the curve y = (1 — sin x)e* has
a stationary point.
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6. (a) Differentiate with respect to x

@ e (i) In (1 + vx).

. 1 . [+ .
I Find the eradient of the curve y = ——— at the point where x = 2.
= . X |

(¢) Show that --ti-(l—;'-‘“w-‘f-) = - —I-_ =

X cos v I - sinx
7. (a) Find the coordinates of the stationary point on the curve defined by
y= Jx ! Determine the nature of this point. Show also that there is only

X
one x-intercept. Hence sketch the curve for x = .

(b) Sketch the graph of y = In (2x — 1) for % < x = 3, and state the coordinates

of the point where the graph meets the x-axis.

£ pﬁé‘hﬁi | “
. : 2 ;
1. (a) Calculate the gradients of the tangents to the curve y = x — — 7 at the points
X
where it crosses the x-axis and show that there is no stationary point on the

curve.

(b) Find the equation of the normal to the curve y = - t—:— at the point A where

5

X
the curve crosses the line v = 7 — 2x. The normal meets the curve at another
point B. Find the coordinates of B.

2. (a) Given that ¥y = x — sin x, find & aund the a imate change in v X

2. (d ¥ =X~ sin x, 5 approximate change in v when x

f . b
increases from 5 by a small amount p.

. Given that

. ; |

(b) Two variables x and v are connected by the equation y = ——
e aX

x is increasing at the rate of 5 units s, find the rate of increase of y when

x=1

[

3. (a) ABCD is a rectangle with AB = x em and AD = 14 — x cm. The sides of the
rectangle vary with time such that x increases at a rate of 0.3 cm s '. Find
(i) the rate of change of the area of the rectangle when x = 6,
(ii) the rate of change of the length of the diagonal at this instant.
{b) In a triangle ABC, AB =3 cm, AC = 6 cm, BC = x cm and BAC = 0 radians.
(i) Show that x = J45 — 36 cos 6.

o o . ™ . .
(i) 1If & increases from 3 by a smail amount p, find the change in x.

4. (a) Find the coordinates of the stationary points on the curve y = x(x — 1)’ + 3 and
determine the nature of each of these points.
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(b)

A piece of wire, I cm long, is bent fo )

form the shape shown in the diagram. _-;g.“f‘- e

Express / in terms of x and v. Given that ,

the area enclosed is 162 em’, show that [n

[=0py 8 [vem yvem
X

Hence, determine the value of x for which LL

{ is a4 minimum.

A circular cone has base radius r and height s. The curved surface area and volume

- § S 73 | 1 i 5
of the cone are given by A = wryr* + ¥ and V = ;ﬂ:r"h respectively. Given that

V = 4m, express A in terms of A. Find the value of & for which % =0 and
i

determine whether the corresponding value of A is a maximum or a minimum,.

(a)

(b)

(a)

(b)

+ . . * 2
Find the coordinates of the point where the curve y = In (x? — 3) crosses the
positive x-axis and the gradient of the curve at this point.
Find the coordinates of the point where the curve y = ¢¥* * cuts the line
y = I and show that the tangent to the curve at this point passes through the
origin,
Differentiate with respect to x
" + se . 2
(i) tan”™ 2x + 1), (ii) sin (2x — 1),
. F .

Two variables x and y are related by vy = In (3x° — 2). At the instant when
x = L, v is increasing at a rate of 3 units per second. Find the rate of change
of v.
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201 Integration as the Reverse Process of
Differentiation and Indefinite Integrals

Meaning of Integration

In the process of differentiation, if

= -,lgxl + ¢, where ¢ is a constant, then

% = x. This means that for any curve

defined by = T)l-xz + ¢, we have, by the

process of differentiation, the same gradient
o 3 @

function 5

Conversely, if the gradient function % =

then we know that the equation of the curve

is of the form y = %xz + ¢. This process is
the reverse of differentiation and is called
integration and we write:
dy _ —
= =% = ¥= dex

2
X+,

B —

Since y =

d {1l » )_ -
}E(zx +c)=x = de.r— 5 ¥ + .

Indefinite Integral

Since there is an arbitrary constant ¢ in the expression %xz + ¢, we say that this

expression is an indefinite integral. Similarly, we have

d._{_B )_1 5 _13 )
&_(3,:( | P J‘xdx—_,’-t e

which is an indefinite integral.
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In general, if n # —1, g and n are constants,

N ;
d e -
E(n-i—l-l-c]_ax”'

+'1

J-ax" dx = zx—;l + ¢, where ¢ is an arbitrary constant.

axn+1

d}‘__ —_ n - =
Ifa—m",then y—'[ﬂl‘tlx T TH

For the special case where n = 0,

dy
—_ = = =
dv a y ax +c

Examp{ Find y if % is given by
(1) 3x, (mﬁn © VYx, (d) 5.

s = o : Q=- Q-—-L
Solutiong @ =3¢ b 3=
— 3 & i
}:_IBxdx y_J.xzdx
3 —-.[x‘zdx
NIy ik -
-3 3 _ =2 +1
& Gk’ T Zs1 0 f
S b
=—l+c
X
Y Jx dv _
© F=+x ) £=5
yz_[,/}dx y:J.de
1
=Ix2dx =8¢ +¢
il
x?
=L e BE
2
3
e
—*"3:+C
2
3
_ 8.3
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For further integration, we consider a curve defined by y = X'+ % 4 ¢ where ¢ is
a constant. By the process of differentiation, the gradient function of the curve is

% = 3x%° + 2x. Conversely, if the gradient function of a curve is given by
dy 2
= = 317 + 2y, th
i 3y en
Y= J‘(S.\:: + Qx} dy
=2+ X+ ¢

In general, if n # 1, m # -1, @, b, m and n are constants, then

Ll H"_ni-] % bxm+1
Ay i+ 1 m+ 1

+ 6'] = ax" + bx”

J‘(axl!+bede=ax"+] ik bx"'"

o+ 1 m o+ 1

+ C,

where ¢ is an arbitrary constant.

; e dy L
Find v if 4, 1s given by

(@) X +2,

(b) a(x + 3),

© =51,
X
d ‘.'2 + ]
(d) N
X P, dy _ 2 dy = iy
Solutio ' (a) ok 2 (b) = My +3)
y = J.(-\; +2)dx Pro= Jl.\‘(.\f + 3) dv
3
= IT+2x+r.- = j(x:+3.r)d.\‘
3" 3
= .T e —2' + C
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N 4y _ X1 dy _ X+ 1
(‘-) dx_ xg (d) d-‘_"‘ ‘\/?
L | -r3+]
= - d A — E dx
¥ j v v ¥ ] I
f 2.

|
e

|
.
S——

£

il
L4

-

|-

£

1
~—
|
"ﬁl
(]
o
£
Il
Z
L}
po
-
|
+
ﬂl
|-
S

|
=
|

Find the equation of the curve which passes through the point

(2, 3) and for which %x‘- =3¢ 1,

With the gradient function Y3y x, the equation of the curve

dx
is:
V= J(S;r: + x) dx
_ A
=3 % 3 + ¢
Since (2, 3) lies on the curve,
3=8+4+2+¢

c=-7
)
The equation of the curve is y = x* + xT -17.

-

Given that % is inversely proportional to x* and that vy = | and

(_‘;% = 3 when x = 3, find the value of y when x = 2.

Do Lo @k where ks a constant

1}

dr X dy X

When x = 3, %hf"j, we have 3 = BL and so, £ =27
dy _ 27
dv .7c2
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y= _[gi—'dx
Ry
=27J..‘:'2 d
=2
X
When x = 3, y = 1 and so,
l=-9+c¢
¢c =10

Hence y = i} + 10,

thnx=2,y=—£+10=_3%

2

Find A as a function of x given that (£ x(x— 1)and that A = 5

when x = 3, %
L]A ot —
T =x(x-1)
A= Ix(x — 1) dx
— J(x3 —x) dx
X3 xz
=g-F e
Given that A = 5 when x = 3, we have
9
5=90 - E + C
c= %

3 2
The required function is A = x? - IT +

o=

Integration of (ax + b)", a=# 0, n # —1

In the process of differentiation, we have

d (ax + b)""' - n
dx[_a(n+l) +c] {ax + b)

In the reverse process, by integration:

o+ 1

J‘(ax+b)"dx= lax + by~

aln + 1) ¢
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Integrate (2x + 1)’ with respect to x.

4

3 =4 __(2).'+l)
J-{2x+l) dy = 5 + ¢

Cx+ 1 +¢

1
8

oy x l : <
o7 Find J.(Zx_ T dv.

Soiuios Y SRR AP

(2 -

T2+ 1) *e

—_ ] +c
2(2x - 1)

Exercise 20.1

1. Find an expression for y if % is each of the following:

@22 5 @ W% @ O o
2. Find an expression for y if % is each of the following:
(a) 6y +3 (h) 4 (¢) 3x(x+2)
@ G-Da+2) @ w2+ (n 233
3. Integrate with respect to .x,
@ v+ L b+
(© 3-+x () Ji(r +3)
4. Given that ¢ and b are constants, integrate with respect to x.
(n) ax+ 1b (b) a-— by
5. Find
Ty |2 +4r- : UT"‘-H'VL"?]'}‘EI‘?’,—'—"* ”
(©) J.(z\.-- Vo dy, (d) J*j;‘ dx.
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6.

10.

11.

13.

14.

15,

16.

17.

18.

20.

Find the equation of the curve which passes through the point (2, 4) and for which

dy

= = x(3x - 1).

dx ek )

Find the equation of the curve which passes through the points (2, -2) and (4, 2)

. p dy 2 .
and for which = =X {x — k) where k is a constant.
Ly

Given that the gradient of a curve is 2x + —1 and that the curve passes through the
£

point (-1, 5), determine the equation of the curve.
Find the equation of the curve which passes through the points (1, 3) and (2, 9) and
whose gradient is proportional to x(2x* — 3).

Given that the gradient of a curve is x(2 — 3x) and that the curve passes through the
points (1, 2} and (-2, p), find the value of p.

Given that the gradient of a curve is ax — 3 and that the curve passes through the
points (~1, 8) and (3, 4), find the equation of the curve.

Given that % is directly proportional to x* — 1, and that y = 3 and %‘- =9 when
(450

x = 2, find the value of y when x = 3.

Find x as a function of ¢ given that %—E =3 + 2 and that x = 1 when 1 = 0.

The rate of change of the area, A cm’, of a circle is 61 — 2t + 1. Find A in terms
. . g . . . 2
of 1 if the area of the circle is 11 cm™ when ¢ = 2,

Integrate with respect to x.

(@) Gx+ 1) (b) (1 - .\'):‘ (©) 2x+5)7°

=1 ) - . .
(d) Y6r -1 (e) (11__” 0 =
T ___3_ [y 1 4 \2
®) 5(3x - 1) (h) xJﬁr = ) [I ~2x./
Find

(a) ju -0 dy,  (b) JS(?..\" 50 dy, (e L-l = ; dv, (d) jJJF ~1dt
X

Given that E_ = (3x — 2)" and that v = 0 when x = 1, calculate the value of vy when

x = 1.5

The gradient of a curve is 6(4x — 1)* and the curve passes through the origin. Find
the equation of the curve.

rind A as a functon of x given that ;'E’i = 3(x — 1) and that A = [0 when x = 3.
"

Find s as a function of ¢ given that qi? =6(2t—1)"+ 1 and that s = 4 when ¢ = 1.
C
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20 2 pefinite Integrals

Consider an expression F(x) such that %(F(x)) = 3x". What is the value of F(b) — F(a)?
Since I‘lx-(F(x)) =3¢, F)= J.B,r’ dy = ¥ + ¢

Then FOy-Fay=0'+o)—(@ +c)=b -d° (¢ is cancelled out)

or simply  F(b) - F(a) = [r‘]L

which can be written as

F(b) - F(a) = UBx: L_lx]

i

'
or By~ Bip) = J' e )

Note that the constant ¢ is cancelled out and so we ignore the constant and write

J.3'x1 dv = x" when computing the difference F(b) — F(a).
Let f(x) = 3x°
Then %[F(.r)] = f(x) and (1) becomes

Jr
F(b) — Fla) = j (x) dx.

In general, if %(F(x)) = f(x), then the change in F(x) when x changes from a to D is

F(b) - Fla) = [F(x)]z = I f(x) d.

dix [Fx)] = fx) = r f(x) dx = F(b) — F(a)

Ja
The integral '[ f(x) dv is known as a delinite infegral,

For example, we have
%(3;8 +26) = 6x + 2

and so

It

3
- J (6x + 2) dx = [3x° + Zx]’
o B * =3+ 2039 = 132 + 221 *

=17

Note that we ignore the constant ¢ in the integral since it is cancelled out as mentioned
earlier.
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436 Integration

il

Evaluate
L 4
@ |7y, (b) J.-JZ_x-!-l dx,
! i)
LI 3 i 4 ot 1
W [ as gl w [VEerles] ot
| . I
58 1
= é[f] _(ex+1)2
2 3
3 : ! 2(_2) )
=24-1 _
J@-1 P
=_§_ _ %
- Y

V)
2x -1
Evaluate J dx.
;o Ax

2y -1 _ 2x |

W

_
(%]
-
=
g
]
1 s—_}h
e
)
|
=
| —
>3

3 1 *

Z.JcE JcE
=13~ T

L 2 2

r, 3 L
= -%xi - 2,1:5}I

(4 4
- [36) - 2(2)] - [3. = 2]
_n
T3

Given that %[A(x)] = 2x - 1, find the value of A(3) — A(1).
LAw] =25 - 1
d-r 3

AB) - A(l) = J:(2x e

= [x2 - x]f

=6




== . _ . oy )
mﬁ 18! Given that v = (x — 2) /1 + |, show that ke 2

Wer

B
Hence evaluate .[ — dx
. «/.r + 1

By the product rule,

L= - LWt + Vil a%‘(-"‘z)

= 2)(2\/.\:14- 1] e
(x=2)+2(x+ 1)

Nr+ 1
3

T

Reversing the process of integration, we have:

.[i ﬂ%fﬁ dy = [(x—?.)m]i
3], e 9=
=16

]
32
Hence -[ e =,
4 Ny + 1 3

(a) %IFU)] =flx) = Jf(x) dx = F(x) + ¢, for indefinite integral

%[F(x'}] =flx) = ’[b f(x) dx = F(b) - F(a), for definite integral

(b) If o and [ are constants, % [F(x)] = f(x) and di_‘, [G(x)] = g(x), then

SO F@) + f 6] = at) + f )
and so

J[a fx) + g dx = & J‘ flx) de + J. g(x) dx, for indefinite integral,

Ja [of(x) + Bgx)] dx = & _L fx) dy + ﬁJa g(x) dx, for definite integral.
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Some Resulis Regarding Definite Integrals

(a) f(x) dx = 0

of
" b

(b) ) f(x) dx =- _[f(x) dx

b ¢ ¢
(c) 1 flx) dx + L flx) dx = Lf(x) dx

Proof: W %[F(x)] = f{(x), then j f(x) dv = F(b) - F(a).

il

(a) f(x) dx = F(a) — F(a) =0

L
ol

M | fx) de = F(b) - Fa) = [F(a) - F(b)] = -JM f(x) dx

of h
ol

(c) f(x) dx + Jn f(x) dx = [F(b) — F(a)] + [F(c) - F(b)]

= F(c¢) — F(a)
- J f(x) dv
mﬁ Given that J f(x) dr = 3 and j f(x) dx = 2, find
(a) J f(x) dr, (b) J‘ () d,

(©) j f(x) dx + j f(x) dr.

4

el

@ | fodv= -I f(x) dx = -3

o

=

(h) ﬂ_x)dx:_[ f(x)dx+_[ ) dx=3+2=5

o

3

(c) :3 f(x) dx + [3 f(x) dx = [ f(x) dx — r flxy dx

It

3-2
1
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— 3 f
& 14 Given that I f(x) dy = 3 and I f(x) dx = 5, find
. | 3

m

@ | 2 dv, (b) _[ [f(x) + x] dx,

iy

(¢) [2f(x) + x] dx.

ol 3
(a) 2f(x) dx = QJ flx)dv =2%x3 =6

|

Solution

= 3

(b). [f(,t)+x]dx=.[ f(x)dr+j xdx=3+[x?:] =7

ol 1

=l

(©) [2f(x) + x] dx = 2-[] f(x) dv + j xdx

o) |

= 2[‘[ f(x)dx + J”f(.vc) dx] + [%]

=23+9+(3-3)

CI

Exercise 20.2

1. Evaluate the following definite integrals.

5 IR ] 1
() _[3;; dy (b) _[ 7 dv © J.%x *dr
2 1 P
3 | G | 4
(d) J; =7 dx (e) -[ i dy ) -[ xyx dy
2. Evaluate the following definite integrals.
| all
(a) (8x — 4) dx (b) (3 - 2x + 5) dx
o | % o]
) el 9
© | 6x-3Jx) dx (d) (\/-_*W}dx
o] o
a2 5 4 o " i ;
Ol (¢ - 5) @ ® | (87 -2+ 5] ar
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3. Evaluate the following definite integrals.

(a) j X' —2) dx M | G+ D -2) &
n o
al) ol

(c) oy = 2)(x + 2) dy (d) il = o) dx
v o)
a1 ai

(e) --:—1(4.\'3 - 9) dx (N Y2 -3 Jr ) dx
L o}

4. Evaluate the following definite integrals.

e 2 Pl 3

@ | fHla by | 12 g
o) X o X
- =t

(©) 221 gy (d) 3-2x g,
o '\/.f o] X"

(¢) [ ]__‘Q_“ dx 0 " (4 3]('-1' -3 (e
o] 2y o X

5. Evaluate

(a) I (4r' — 1) d, (b) .[ 241 g
[ | I

(c) I 2(r - 2) dr, (d) j - Hr+ 1) gy,
| 2 r

6. Find the value of the constant k if j (dx+ kyde=1.
i

7. Given that 2[F(9] = /y — 1, evaluate F(4) - F(1).

8. Given that L%_-[\f’(x)] = v, evaluate V(3) - V().

9. Given that ad?ls(r)] =2 ~ 1, find the value of s(5) — s(0).

h
d — x+2 3x + 2
10. Show that —(x./y } = -==—=_ Hence evaluate = 2
dx \/T + 1. 24fx + 1 3

=) 3
11. Show that ~(—l~( £ ) — I . Hence or otherwise, evaluate [—- 2 ~-] dx.
de il + 2x (I +2x) | 1+

B
12. Show that Lil( 2 ] = **2_ Hence evaluate I BhT by
vlr 4| (x+ )3 o ¥

13. Given that v = x \fl + 2x° , show that gl = I—*"—‘—

+

Hence evaluate J. 144 4.
o NI+ 2x
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14.

16,

17.

5 3
Given that j f(x) dv = 8 and J f(x) dy = 3, find

(mjw@-mm unjmmqmu

3 H
Given that I f(x) dv = j f(x) dv = 12, find
0 3
] i 3
(a) J flx) dy, (b) -[ f(x) dv + J f(x) dv.
{h 1 #

#
Find the value of the constant m for which J. [f(x) — mx} dy = 0.
3

i
Given that -[ h(x) dv = 5, evaluate

1

m)jmm+ﬂm, m)jmm_ﬂm

3
Find the value of the constant & for which -[ [h(x) + &x*] dv = 31.

1
5

: s
Given that .[ g(x) dv = 10, find the value of & for which j [gly) - k] dy = 0.
1]

n

20.3 Integration of Trigonometric Functions

d . ¢

a(smx}:cosx = cos x dy =sinx + ¢
o

d % i

a{_—cosx)=51nx=> sinx dv =-cosx +¢

d '
4 (tan x) = sec’ x = sec’ x dx = tan x + ¢

:
=
W
it
1
iad
e
=
L
IFTE S

(a) j(l + cos .x) dy, () (2 + sin x) dv.

1

S(_)lut'l_" (a) J.(l +cosy)dv=x +sinx +¢

raf

(b) (2 +sinx) dv = [2x - cos r]f
it

W . . any
— & A —2""‘CUS ‘,?—J_l[T—CUb )y

m-0)-0-1)

T+ 1
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Find Ilan”x dx.

Using the identity tan® x = sec” x — 1,

J.tunzx dx = j(secz.\: - l) de=tanx —x +¢

If & # 0, we have:

d

dr
9
i
=
dx

—%sin (ax+b)] =c¢os (ax + b) = cos(ax+b)dx=alsin(ax+b)+c

-—%cos (ax+b)}=sin (ax + h) = sin (ax + b) dx -—-—cos (ax+b)+ ¢

L
-

_%tan (ax+b)'] =sec’ (ax + b) = | sec? (ax+b)dx=3tan (ax +b) + ¢

6 Find the following integrals.

(a) J..3cus (2x + 1) dx (b) .[sin 2v dx

(c) Jcos (115 - 2I) dx (d) J.Z sin (3x — 1) dx

m (a) '[3cos 2x+ 1)dx = 3[% sin (2x + l)] + ¢

n2x +1) +¢

13 | e

(b) jsin 2¢dx =~ ~_1; cos 2x + ¢

(¢) J-COS (%—2-1’) dr = ﬁ sin (%—Zx) +c
=—-;-sm(§—-2x)+c
(d) JZsm Gx— 1) dy = 2[ % cos (3x - 1)1 ¢ )
R % cos 3x —-1)+e¢
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7 Find the following integrals.

(@) (2 +sin 2x) dx, (h) j{Q cos 2x + 1) dy,

(c) cos x dx,

o[}

| Solutiof (@ [(2+sin2x) dv= 20 -

|
(b) (2cos2x+l)dx=2(:;3m2x)+x+c=sin2x+x+c

cos 2x + ¢

o=

&

(©) cnsxdx=[sinx}=sin%—sin0=7%—
U]

Exercise 20.3

1. Integrate with respect to x.

(a) sinx+2 (b 1 —-3cosx (¢) cos x —sin x

(d) sec’ x — 4 sin x (e) 3cosxy—2sinx (f) 4 cosx+ 3 sec’ x
2. Integrate with respect to x.

(a) cos 2x (b) sin 3x

(¢) 2 cos dx (d) cos —:li-x

I .. 1 .

(e) 3 8in () cos 3x

(g) -3 sin %x (h) 2 cos (1 - x)

(i) 6sin 3x + 2) (iy cos (I —2x)

(k) —sin (2x + ) () 3sin(2-x)

(m) cos (Zx + %) (n) 4 sin (x - %)

3. Evaluate the following definite integrals:

(a) ‘ cos x dx (b) le sin x dx (c) . 2 cos x dy

o0 i ket Y
@) | sec? xdx (©) r 1-2sinnde ) | Geosx—2)dy

o) i3 of [}

.Z S o %_ N a— . .
@ | sin2v e (h) _[ _ cos 3x dx i | sect 2¢ dx

o0 =5 o)
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\

3 T i %
() cos (2.\: +§) dy (k) Jl 2 sin (1 — x) dx (h j (cos 2x —sin x) dv
J 0

=

4. Evaluate r (1 + tan” x) dx.
[}

T

3 2
5. Show that _[_ 1roos x g L
11

2
Cos X

20.4 Integration of Exponential Functions

For exponential functions, we have:

L) =¢* N e dyr=¢e" +c¢
ix
and

(~e’)=¢e" = e dr=-e"+¢

In general, if a = 0,

d
_(ie&t +b)=ec.r+b = =tk dx:leax+b+c
de' a < a

(n) e+l dy, (h) J-Ej'h dx.

) | dv= Lo Fre=-le T e

J - 2
Example [0S
al Inl
(a) e™ dx, (b) e’ dx.
o] 1
= = 2l 2 1
@ | e de= 3] = Je - =g
' oy ! = =
aln 2 o i
(b) e dx = [e"]:nz =¢"'-e'=2-¢
o

Note: " = x for x > 0.
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Find y as a function of x given that -i—: =2e + | andy = 3 when
x=0.

y= I(Ze"+l) dv=2e"+x+¢

y=3whenx=0 = 3=2"+¢
3=2+c¢
c=1

Hence y = 2¢" + x + 1.

Differentiate {x — 1)e” with respect to x and hence integrate xe'
with respect to x.

By the product rule,

d L3 - _ i x v 4 _ — . e L X
E[(x—l)e]—(x l)dr(eJ+edx(x I)=(x~- e’ ' +e" =xe

Hence J.xe’ dr = (x = 1)e" + ¢.

Exercise 20.4

1. Integrate with respect to x.

(a) e +1 (b) e* () 2e* (d e*-¢'
1

(&) ¢™ (f) 2e” @ e (h) 3¢ "

(ij %elz +2 (‘j) 4eé(|..;}

2. Evaluate the following, giving your answers in terms of e, where appropriate.

¥4 1 : 2 1
(a) J e’ dx (b) J ™ dx (© j e 2 dr
] 1 0]
4 n2 Ini
(d) J. e “dx (e) J. e dx () J e’ dx
1 [ i}
3. Find y as a function of x given that % =1 - 3¢’ and that y = 4 when x = 0.

5. Find y as a function of x given that % =¢” and that y = 6 when x = In 3.
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6. Find %(e““) and hence find Icos x e dy,

! z
7. Find %(e"z) and hence evaluate J. xet d.
1

Important Notes

cos (ax +b)dx=;sm (ax+b)+c

a

Jsi’n (ax + b) dx = —Lcos (ax + b) + ¢

;rsec:2 (ax + b) dx = %tan (ax + b) + ¢
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() Exponential functions

j‘e“ dy =e* +¢
Ie"“”’ dx = %e““”-i-_ cazl

3. Delinite integrals

(a) %{F(x)] =fx) = ff(x) dx = F(b) — F(a)

b ]
(b) r[af(x) + bg(x)] dx = aj f(x) dx + bI g(x) dx

© @ | =0
(ii) : f(x) dx = —J-(r f(x) dx

(iii) flx) dx + J“ f(x) dx = J‘ f(x) dx

]

“q

3
Show that %(x In x — x) = In x and hence evaluate j In x dv.
|

d o B e T % _
E(.xinx x)—dx(xln).) l—.t(x +Inx-1=Inx

£

Hence .[ Inxde = [xinx- r]:
|

=3mIn3-3)-({nl -1
=3In3-2

Exa_mpl_é'- ;__'_'f: Integrate with respect to x.

(a) (1 —e'y

dy
2-e

(b)

x
[
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| SolutioREEEN ORI,

j(l —eVde = J.(l ~2e' +e¥) dr:x—20‘+%e1‘+c

It

1 —2e' + (e

| T

X
¥ = x“_A-_=‘?e —¢
[+ e

2 e 2 et I
(b) =

3 _ 4 ¥ = ) o
I” £ dr:J-(Ze"—e3)d.x=—2|.-‘—%e3 +c
4]

Miscellaneous EXercise)

1. Find
@) J'f(x-:-z) aw ) j%ﬁ i

4
2. Evaluate j V2x+ 1 dx.
3
3. Evaluate J (2x — yx ) dx.
1

1 4 7
4. Evaluate j B+ 1) -7 4,

L 2(4x + 1)

o I
5. Find the values of a if j 3-2v)de= -[ 4x dx.
1

2

'y
6. Find the value of k if j 6(1 - xy dx = 52.
2

7. The curve for which % = 3x’ + k, where & is a constant, has a turning point at

(=2, 6). Find
(a) the value of &,

(b) the equation of the curve and the coordinates of the point at which the curve
meets the y-axis.

‘8. The curve for wiich % = 2y + a where a 15 a constant is such that the normal at

(1, 5) cuts the x-axis at (6, 0). Find the value of ¢ and the equation of the curve.
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9.

10.

11.

13.

14,

16,

17.

18.

. . dy . .

The curve for which e kx — 3, where k is a constant is such that the tangent at
oy

(2, 2) passes through the origin. Determine

(a) the value of &,

(b) the equation of the curve.

; dy : ’
Given that T\ = k+/x, where k is a constant, and that when x = 4, yand %l are
(189 oy

equal to 19 and 6 respectively. Find the numerical value of ¥ when x = 1.

Given that ﬁ;[FL\‘)’] = x - \[l evaluate F(4) - F(2). If F(1) = 3, find F(x).

1

Show that —~d~( « J = I —. Hence or otherwise, evaluate (~ 3 ) dx.

de\l + 2x (1 +2x) ; 1 + 2x

: 1 dy x{5x - 2)

Given that y = x° . show that = = s

¥ ’\/E.L 1, a dr '\/E.‘{' 1

3 I |
Hence evaluate ‘—r(z‘]-‘ -Il .
X —

1
Given that J

4]

3
f(x) dx = J f(x) dv = 3, evaluate
1

L {)
(a) -[ f(x) dt+J f(x) dx, (b) J. f(x) dy,

1

(c) J. [2f(x) + 5] dx.

Evaluate
n T
1 3
(a) J. {cos x — 3 sin x) dx, (b) J sin (2x - %J dx.
f1 % o
x
Show that S (l Rl 'r) = ] and evaluate |~ — L. dx.
dx sin x 1 - cosx x| - cosx
1

e

Show that jl? (tan’ x) = 3 tan® x sec’ x and hence evaluate Jc
1

-

Show that J e¥ *dx = 17.3.
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19. Find
x
) J.(’2+c‘)3dx, (h) J"" =2 dr.
e
20. Find *‘l—(e“:) and hence evaluate Jr et dx
. dx o Nx
|
21. Show that < {In (¥ + )] = —>* and hence evaluate j =
dy X+ 1 g X+

n

22. Show that %[ln (cos x}| = —tan x and hence evaluate r tan x dx,

1

2
F

23. Show that %[ln e+ 1] = _r: 1 and hence evaluate _[ . . dr.
L i c +

24. Find de—(sin3 2x) and hence evaluate

(21) J.4 sin® 2xv cos 2v dx, (h) r cos’ 2x dv.
(k I

b
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In Chapter 20, we studied integration as the reverse of differentiation and the indefinite
and definite integrals of some basic functions. Now we shall apply this knowledge to
find areas of regions enclosed by curves and lines. In Chapter 22, we will see the
applications of integration to some kinematic problems.

21 .1 Area hetween a Curve and an Axis

Area between a Curve and the x-axis

Let vs look at an example to illustrate the ¥
application of definite integral to find the area 1
function A(x) of a shaded region under a curve
vy = 1" as shown on the right:

]
L‘!‘}

Pix, v)

The area function A{x) and the curve v = X are Ax)

related by %(A(x)} = x> as shown below.

Corresponding to a small change dx in x, a
change in A is 64 as shown.

Then,
area of POML < 6A < area of RSML.
PLXIM <0 < SMXxILM
yor < BA < (y + Oy
S

y < —a—r<[y+5_vJ

Let &r — 0, then & — O ]
and so R.__/%
- e

- . P
O Y .
W . SA V=L VIBAY +6Y

M

ar &0 gy =W i
& X x40y
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Hence for the curve y = +%, the derivative of the corresponding area function
Als 84 = 2

dx y
By the formula of definite integral, t
1]
% =y = Ab) - A) = £ym
b y=x?
or % =3 = Al) - Ale) = jf dx. g
‘ 7] o h —

the area under the curve y = x° and between x = @ and x = b is given by

A= J-xzdx. .

The area under the curve y = x* and between x = 2 and x = 3 is

3 i
AQ) - AQ) = j Pdr = [%] = 6%- 5. units.
2 2

In general, if A(x) is an area function under the curve y = {(x), then,
dA dA _
Ay £ f(x)

and so:

Area under the curve y = f(x) from x = a to x = b is given by

b
Az'[ydxorA:rf(x)clx,

where f(x) = 0 fora = x = b,

m The diagram shows part of the curve y = iz Find
_ X

(a) the area of the region A,
(h) the area of the region B,

:;‘-' (a) Area of the region A = J. i, dv )f)
1 X

I

|
b fo
o
5

]
-

1
| p—
i
td|—
p, S
——
p--¢l|._.
f ——
AT |
T'.
v
e

= 2 sq. units o123
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The diagram shows part of the
curve y = sin x. Calculate the
area enclosed by the curve and 1
the x-axis.

v=sinx

]
ra A
A

The area enclosed by the curve and the x-axis is

A= Jl sin x dx
1
[-cos x|
—(cos © — cos (1)
=1 — 1)

2 sq. units

]

The diagram shows the region bounded ¥

by the curve v = ¢, the axes and the

line x = ¢, where g = 0.

(a) Find, in terms of a, the area of the
region.

(b) Given that the area of the region
is 3.5 unit’, calculate, to two
decimal places, the value of a.

o

(a) Area of the region = Jl e’ dy - X

]

=[e'];
- ea_ e(]
(e" = 1) sq. units

Solution

o {b} S;ru—u T 1 3‘:‘5"_
e’ =4.5
a =1In 4.5

= 1.50 (to 2 dec. pl.)

Applications of Integration 453




The diagram shows part of the curve 2
y = cos (lr = E). Find
c 6

(a) the x-coordinate of the point
A where the curve cuts the
X-UX18,

(b} the area of the shaded region.

0 \ &
w:' (n) At A, cos (2x — %) ={ and so 2x - % =

(b) Area of the shaded region = j

1]

pifoc- 3]
[

- l[sin I _ sin —EJ]
2 2 {]

|
$(1+05)

]

It

= (1.75 sq. unit

"%!:
o

The diagram shows part of the y=x(x-2)
curve v = x(x —-2). Find the area of T
the shaded region.

! Lttt

o1 Area of shaded region
= Area under the curve v = — x(x — 2)
from x = 0 to x = 2 as shown. ¥

T
et
1
J
=
=
-
I
[E*]
—

2 2 1+
] I —-x(v-2) dx = J (--)cl + 2x) dy
0 0 '

I
|
| o
+
N
g

= — S&{. units
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In example 5, the curve y = —x(x — 2) is the reflection of the curve y = x(x — 2) in the
x-axis. In general, the curve y = —f(x) is the reflection of the curve y = f(x) in the x-axis
and we have the following result for an enclosed area below the x-uxis.

Area enclosed by the curve y = I(x) from x = a to x = b is given by
b
A= J — f(x) dx,

where f(x) =< 0 fora = x = b.

The diagram shows part of the curve y = -1 + %, Find the area
of each of the two shaded regions 4 and B,

v=-1+9—
] X2

Examplels

- 1
1- Area of the region A = J (-1 + %J dr
. ’ .

1l
| I |
do
|
w |z
I
—
A8
|
[N N =]
LTy

5
Area of the region B = J —(—l + =5 | dx
3
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Area between a Curve and the y-axis

Area bounded by the curve ¥
x = h(y), the y-axis and the lines
y=aand y = b is given by

B
A=J.xdy,

where x = 0 fora =y = b.

The diagram shows the
shaded regions A and B
enclosed by the curve
x = ¥(2 — y) and the y-axis.
Find the area of each of the
regions.

%

m__ Area of the shaded region A = J"x dy
1]

Area of the shaded region B

I
vL =
d
&

I}

=)
e
|

-2
b
—
o
=

I
|
o
2
c
=,
&
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Calculate the area of the shaded
region shown on the right.

' y=47 = x3=%

Asx?ﬂ,x:%y

'~

1

_ 1
= 18- 1

= 2% $q. units

Exercise 21.1 e

1. For each of the following, find the shaded area.

@ 3 by 3
y=lx-1P+1
y=x(4-x)
0 ] &Y 1) 3 X
© 3 @ 3
y=x2+1
Ainx
t i
|
0 '12 X O ' S

wiA
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¥ ¥
A& \
© g
1
i
|
| y=1i+ L
| = Gelr
| DT eED
]
0 ; " 0 3 e
Jy ¥
(&) (h)

y=cos 2y

L 0 B % =X
4
2. For eachyof the following, find the shaded area. ¥
(a) 4 (b) 1
.'--'i. 8
Y=
0 2 ‘:1 &\
3. Find the area bounded by the following:
(@) y=x%x=2, x=23, x-axis (b) y= iz; xr=1,x =3, v-axis.
X
4, The diagram shows part of the curve 1 y=+ Dx-2)

¥y =(x + 1){(x — 2). Find the area of the
shaded region.
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5. The diagram shows part of the curve
1
T

Find the area of the shaded region.

6. The diagram shows part of the curve
y = sin (:}_x _,_ Ej. Find
3

(a) the x-coordinate of the point A where
the curve cuts the x-axis,
(b) the area of the shaded region.

7. The diagram shows part of the curve
y=e"
(a) Find, in terms of a, the area of the
shaded region.
(b) Given that the area of the shaded
region is 0.5 unit’, find the value of a.

8. The diagram shows part of the curve
y = 1 4+ x* and of the line x = 4. Find, in
terms of «, the area of the shaded region A.
Given that the area of the shaded regions A
and B are equal, find, to two decimal places,
the value of a.

9. The diagram shows part of the curve
v =" and of the line x + y = 6 intersecting
at A. Calculate the area of the shaded
region.
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10. For each of the following, find the shaded area.
(n) ¥ (b) ¥

A A

44— K= (y-3P+2

o .
(c) y (d)
P
X=22-y)
" x

y=x2+1 54

y=-4dr+ |

&)

PO LU L A s

i
I
1
1
i
]
i
)
|'
I
|
|
i
LI
2

= t
4 /0

Fig, (a) Fig. (h) Fig. (c)

ol

Fig. (c) shows the region B bounded by the two curves y = x* + | and
y = —r + 4x + | which intersect at (0, 1) and (2, 5). Area bounded by the curves
y=-X+4dx+landy=2"+ 1 is given by:

Area of region B = A, (area under the upper curve as shown in Fig. (a))
— A, (area under the lower curve as shown in Fig. (b))

= Jl,ﬂ;.x‘i.;b.é.&;h..i}._dx...— J (Et 1) dy .
] ]

= j.[(—xl +dr+ 1) — (x" + 1)] d
1
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1
- _[ (-2 + 4x) dx
1]

— [—gx" + 23(2]2

[

The diagram on the right shows the area
bounded by the curves y = f(x), y = g(x)
and the lines x = a and x = b,

/ 0
Area between two curves

= [area under y = f(x) between x = g and x = b]
— [area under y = g(x) between x = a and x = b|

= rf(x) dx — J g(x) dx

= r[f(x) — g(x)] dx, where f(x) = g(x) for the interval a =< x = b,

i.e. y = {(x) is the upper curve
and y = g(x) is the lower curve.

L]

T The di: hows part of the

curve y = x” — 3x + 6 and part

of the line y = x + 3. Findp FER-n

(a) the coordinates of the
points 4 and B, A

(b} the area of the region R.

_\z\m

0

Solutions (a) For the points of intersection A and B,

-3 +6=x+3
e X —4x+3=0
(¥ — I}y —23) =4
= x=l,y=4andx=3, y=6.
Therefore, the coordinates of A and B are (1, 4) and (3, 6)
respectively.

r\-n —— - ——
x
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3
(b) Area of the region R = J [v 4+ 3) — (" = 3x + 6)] dv
1

3
= J. (= + 4y — 3) dx

3

[£+18—9)—(—l+2—3)
3 3

= [—3:- + 287 — 3.\.]
1

Il

1 ”
= 13 sq. units

Note: (1} The line vy = x + 3 is the upper curve for the interval
fromxy=1tox=3
(2)y Alternative method:
Area of the region R
= arca of the trapezium ABML
— area under the curve y = 1" — 3x + 6

The diagram shows part of the y
curves v = sin v and y = cos x.
Calculate the area enclosed by the
curves and the y-axis.

I
m Area enclosed,

A= .’.4 (cos x — sin x) dx
{

i

¥=Cos .y

[E]

= [sin x + cos \,]f

- [%J,%]-(ml)
= (\f? - 1) (. units

The diagram shows part of the
curve y = v° — 2v — 4 and part of
the line y = x. Find
(a) the coordinates of the points
P and O,
(b) the area of the shaded region.
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[_'. (a) Solving the equations y = 1* — 2x — 4 and y = x, we have
¥ =Qy—idmy
ie. AM-3w-4=0
(x+ v -4 =0
AtP,x=—1 and y =~1.
AtQ,x=4and y =4
The coordinates of P and Q are (-1, ~1) and (4, 4) respectively.

4
(b) Area of the shaded region = J. [x — (v* = 2v = 4)] dv
4]

3
= J (=" + 3x + 4) dx
-1

v’ 3 4
= {—-'— + —x? + 4.‘(}
3 2 -

=H—ﬁ+ﬁ+m]—[l+
32 3

1o |
|
B

P

—

5
= 20 sq. units

Exercise 21.2

1. For each of the following, find the x-coordinate of the point P and calculate the
area of the shaded region.

(a) (b) . (c)
¥ ¥ y=3x ¥
3 A A
v =2k @, 8) -

P PE

_ e =2
= N =
‘ Las
&y r=F 3
o s i k. - - . -t
2. The diagram shows a shaded region bounded by the curves Y

y =, y= 8 — ¥ and the v-axis. Find the area of the
shaded region.
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3. The diagram shows part of the
curves vy =2¢" + 3and y = 3x° + 2,
intersecting at (1, 5). Find the area
of the shaded region.

0 i

5. The diagram shows part of the
curves y = x° - 4x + 3 and
y=6x-5- ¥ intersecting at the
points A and B. Calculate
() the coordinates of A and B,
(b) the area of the shaded region.

y=xt-de+ 3

y=6x-5-x?

et X
\6

7. The diagram shows part of the
curve y = x* — 2x — 3. Find the area
of each of the two shaded regions.

()/\2/4
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4. The diagram shows part of the graphs

of y=1-x"andy=e¢". Find, to two
decimal places, the area of the shaded
region.

7

(8] |\j.-:]__x2 £

. The diagram shows part of the curves

y=x-8x+ 24 and y = 8x — 1%,

intersecting at the points A and B.

Calculate

(a) the coordinates of A and B,

(b) the area of the shaded region.
(C)

: y=x1-H8r+ 24

y=Hx—x?

\ & X

. The diagram shows part of the curve

y =7+ 6x - x". Find

(a) the coordinates of the points P,
O, R and S,

(b) the area of each of the three
sha(fved regions.




9. The diagram shows part of the 10. Find the total area of the shaded

curve y = Lz and the point P(k, k). regions bounded by the curves

2

y=sinxand y=cos xforQ = x =

X .
What condition does this impose . :
as shown in the figure. .

upon A7 Find, in terms of £, the
area of the shaded region. M

For a region R below the x-axis, enclosed by the curve y = f(x), the
x-axis, the lines x = ¢ and x = b, the area of R is

A=r—f(x)dx T
b o

where f(x) < 0 foraq < x <

(b) For a region S enclosed by the curves y = g(x), v = f(x) and the lines
x =aand x = b, the area of Sis

=i + y=f(x)
A= J' (1) — (0] dx,
where fiv) —o(v) =0 : |
forga < x < b. :l -"=gmi
 — b %
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(¢) For a region R enclosed by the curve x = h(y), the y-axis and the lines

y = a and y = b, the area of R is y
B
(i) A= '[ h(y) dy, &
where h(y) = 0 fora = y = b. -
0 =
(i) A = -r—-h(y) dy,
where h(y) = O fora =y = b
>\
Ze=h(y) 9

Miseellaneous Examples

= v
V2Nl [ 2 The diagram shows part of 4
R the curve v = 2 + 4y — 7 10+
and the tangent to the curve

at the point P(3, 5).
(a) Find the equation of the

tangent line.

(b) Calculate the area of 6=

the shaded region. T Z\PG.5)

=» % =4 = 2x _/

At the point P(3, 5), 0 : ' el
[T / i 4\ ¥

dy

The equation of the tangent at P is v — 5 = -2(x - 3),
ie. y= -2x + 11.

(b) Hence, the area of the shaded region

= J'[(-2x+ 11) = (2 + 4x — &9 dx

%]
=J.(x3—6x+9)dx
(

]
4

o = [ﬁixj -3+ 9.\:]"
3 0

=(9-27+27)

= 9 sq. units
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ar A
Show that dr[.r In x — x] = In x.

The diagram shows part of the

curve v = In x. Find, correct to i
two decimal places, the area of the b ;

shaded region. 0 /i 3 B

- I

]

d d
E(x In x) - Et—(x)
[.x-(f—r(ln x) + In .r——ij;-(.t)] -1

=(xx.lr+lnx)—!
=Inx

i
Area of the shaded region = J In v dx

1

&
= [xlnx-x]l
=[3mIn3-3]-[Inl-1]
=3n3-2

= 1.30 sq. units (2 dec. pl.)

ml-'r The diagram shows part of the curve y = %1
|

(2) Show that the area under the curve y -, the lines x = q,

X
x=b (b > a > 0)and the x-axis is -}I- - }l)
(M) Showthat & + L+ L+ L 4 L o5
2° ¥ 4 57 6" 6

et

0

e i
-‘- (a) Area under the curve = -[ —l,— dy
A X
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(b)

Q
1B
(%

=
I

Area (R, + R, + Ry + R, + R;) < Area under the curve

y = Lz between x = | and x = 6

X
1 1 1 1 ] 1 | 5
4+ o+ 5+t < - =2
23 45 et 1 66
1. The diagram shows part of the 2. The diagram shows part of the curve
curve y = x° — 2x + 2 and a chord y = .. Find

PO. Find

(a) the coordinates of P and Q,
(b) the area of the shaded region A,
(¢) the area of the shaded region B.

(a) fhe area of region A,
(b) the value of p for which regions
A and B are equal in area.

1 y=xi-2r+2

|

&
=]
=]
]

1

|

i

1

o -
4. The diagram shows a shaded region
bounded by part of the curve y* = 3x

and the line x = 3. Find, to two decimal
places, the area of the shaded region.

3. Calculate the area of the shaded
region shown in the figure.

¥ ¥
[ L3 =3x
21 L=
~|x=3
. :‘ R >
On —2 | 4
__‘2 1 \ “a
44 et
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5. The figure shows part of the curve 6.
y = 6x — x* and part of the line
y = 2x. Find
(a) the coordinates of A and of B,
(b) the area of the shaded region.

y=2x

o R B
7. The figure shows part of the graphs 8.
of the curves vy = cos x and
v = sin 2x. Calculate the total area
of the two shaded regions. (C)
.‘}

4

= = y=5in2x

N,

= o8
Y=C05 X N

————,

,‘_4
b
-

e

0

A=

§]
9. The line PQ is the normal to the
curve y = x> — 4x + 5 at the point
where x = 3. Show that the equation
of PO is 2y + x = 7. Find the area
of the shaded region.
N

10.

e & oy

o

I1. The diagram shows a region
bounded by the curve y = e', the
tangent to the curve at A where
x = 2 and the x- and y-axes.

(a) Find the coordinates of the
point where the tangent cuts
the x-axis.

Show that the area of the

(b)
bounded region is —¢” — 1
square units. —

ta | —

(a) Sketch the curve y=x(5 —x). If o
line x = 2 divides the region
enclosed by the curve and the
A-axi§ into two parts, show that
the areas are in the ratio 44 : 81.
Find the area of the region
bounded by the curve y = x(x - 3)
and the line y = -2,

(b)

Sketch the graphs of y = cos x and

y=sinxfromx=0tox= -{,3 Calculate

the area enclosed
(a) by the curves and the x-axis,
(b) by the curves and the y-axis.

The diagram shows part of the curve
y= x* and of the line vy = kx, where & is
a positive constant. Calculate the value
of & for which the area of the shaded

region is 0.288 square units. (C)
¥
1 y=kx
e //
f k1)
//n'
\ Y.
\ £
\ V=4
R _'_-HL-_:._ SR

— X
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14,

+16.

Find the maximum value of dx — ¥* — |
and sketch the curve y = 4y — x* — |
for 0 = x = 4. Determine the
equations of the tangents to the curve
at the points whose x-coordinates are
| and 3. Show that these tangents
intersect at the point (2, 4). Calculate
the area of the region bounded by
the curve and the two tangents. (C)

Show that

-(%l.'; sin x 4+ ¢o$ X| = x cos v. The

diagram shows part of the curve

¥ = X COS X.

(a) Find the coordinates of the point A.

(b) Calculate, correct to two
decimal places, the area of the
shaded region.

)I
4
y=xcosx
\.'-.z'\
; X
0 \

The diagram shows part of the curve
¥y = x(x — 1}x — 2) and the two
shaded regions A and B. Show that
the areas of the regions A and B are
equal.

y y=uxlx - 1){x-2}

| /

—— X

*17.

The diagram shows part of the line

y =1 + and of the curve

s,

¥ = sec’ x, intersecting at the points
where x = 0 and x = }%. Show that the

. LS—
area of the shaded region is %E + 1.

¥ Sye= |y
a J'I in
2
|
&7 |
© 7y = secly

1 3 |
S |
A |
/ |
|
|
I
|
|
|
|
|
|
|

|--| = Y
0 In
1

Show that -d%-l(:c ~- e'] = xe”.

The diagram shows part of the curve
y = xe'

(a) Find the area of the shaded region
A,

Calculate, correct to two decimal
places, the area of the shaded
region B. "

(b)

fy = xet

rafA

Evaluate J. sin x dx.

T

1]
Hence show that the area of the shaded
3

&4 ) §q. unit.

.. 45
region ;.‘a (']'-iﬁ =
3

R 0 S

Wd
il
G,

A .
/




Kinematics is the study of the motion of a body without considering the cause of its
motion. In this chapter, we shall discuss the kinematics of a particle moving along a
straight line using such terms as displacement, velocity and acceleration.

22.1 Displacm Velocity and
Acceleration

The diagram below shows a particle P moving in a straight line and its distance 5 m,
from a fixed point O, ¢ seconds after passing O, is given by s = 4t — .

The position of P at time ¢ is specified by s:
whent=1, s=4-1=3 and P is at A,
whent=2, s=8-4=4 and Pis at B,
whent=3, s=12-9=3and P is back at A.

1=1

y=3 =2
i ik S ox=4
(2 1 -—Q-A- --------- ’[':’

t=3

s=3

Using the concept of rate of change discussed in Chapter 16, we note that the rate of

change of s with respect to t is % =4 -2t

When r=1, £=4-2=2

This implies that s increases at a rate of 2 m s and P moves away from O at a speed
of 2 ms’. '

When 1=2, =4 -4=0.

This implies that s changes at a rate of O m s ' and P is said to be instantaneously at rest.

%
i
L
!

dr
What does this imply?
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Note that ds determines both the speed and the direction of motion of P at that instant,
dt I

%‘% is called the velocity of the particle at time ¢ and is denoted by v

A particle Q moves in a straight line so that its distance, s m, from

a fixed point O on the line, is given by s = 6 — ¢, where 1 is the

time in seconds after passing O. Find

(a) the velocity and speed of @ after 5 seconds,

(b) the distance of Q from O when it is instantaneously at rest
after passing through O,

() the total distance travelled during the first 5 seconds.

" Soluti s=6f-P = v=$ o3

(@) Atr=5v=12x5-3%x25=-15ms"'
-~ after 5 seconds, its velocity is 15 m s ' and its speed is
ISms™.

(b} When Q is instantaneously at rest,
v=0 = 12-37 =0
= 34-1n=0
= t=0ort=4
Since @ has passed O, f = 4 and so 5 = 6(4°) — 4’

=96 - 064 =32
the distance of Q from O is 32 m.
(¢) Whenr=35,s5=6(5)-5 =25
Hence the motion of @ is as shown:
=0 v=10
s=1{ poasd
e & =32
+ ‘:, =
=
§=25

the total distance travelled during the first 5 seconds is
32+(32-25=39m

Recall the motion of the particle P at the start of our discussion. Since s = 0, the
distance function s = 41 — r* is defined only for 0 = r = 4 and so we cannot study the
motion of the particle when t = 5 for which 5 = 20 - 25 = -5, However, if we treat the
line as the s-axis with its origin at the fixed point O, then the s-coordinate, which can
be negative, gives the position of a particle. We call this s-coordinate the displacement
ofthe particle from O Hence the position-of Pat- #=5-15-as shown below:

'{) {‘l l}
o+ - $ — } 1 t -8
5 2 o 2 4
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M 7 A particle P moves in a straight line so that its displacement, s m,

from a fixed point O on the line, is given by s = 3¢ - 12, where
tis the time in seconds after passing a point A on the line.

(1) Find the distance OA.

(b) Find the velocity of P when it passes O.

(¢) Show that P never comes to rest alter passing A.

(d) Find the average speed of P during the first 3 seconds.

" Soluti (1) =3 <12

AtA =0 = §=-12
the distance OA is 12 m.

b ALO,5=0 = =4
= =2 (=0

Il

s=30-12 =% 1’=£=6r
det

So,at O, r=2 = v=12.
the velocity of Pis 12 ms™,

(¢) After passing A, + >0 = v = 6f > { and so P never
comes to rest.

(d) At1=3,5=27-12=15
Since P never comes to rest, the motion of P during the first
3 seconds is as shown below:

={
A
t

-

s
[}
ad

=12 0

distance travelled
time taken
15 - (-12)
3
9ms’

o, average speed =

Beside displacement and distance, velocity and speed, another useful quantity for
describing motion is acceleration, We define the acceleration as the rate of change of
velocity with time. In calculus notation, we have

acceleration. a = dv
dr

= g= ii

dt
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A particle travels in a straight line so that, ¢ seconds after it started
moving, its displacement, s metres, from a fixed point O on the

N . B .
line is given by s = 6 —-I+3.Fmd

(a) the expressions for the velocity and acceleration of the particle
in terms of 1,
(b) the velocity of the particle when it is 5 metres from O,

(¢) the time r when the acceleration of the particle is _IL" ms>

i s e _— .9... i = = — -—9
w @ s=6- 2 (B Whens=5, 5=6- 2
U]

dy =06
y= — = > i
dt (t+3) = v=%‘
dv 18 9
=5 == 3 |
! (t+3) =—=ImS:s
y

(¢) Whena = _li" m s

18

2~ @+

t+3)° =18x12
tr=3

Note: Can we have s = =5 in (b)?

For a particle moving along the x-axis (along a straight line), its position at time 1 is
given by its displacement x from a fixed point O. By differentiation, we obtain:

velocity, v = %‘Ii and aceeleration, a4 = %

Conversely, i v is known, we can find x by reversing the process of differentiation, that
is, by integrating v
X= J.v dr

For example, v=2t+1
= x= J(2: + 1)dr
=r+t+c

If v=1whent=0,then ¢ =1 and so

x=rC+t+1

l

Similarly, if the acceleration « is given, then its velocity v is given by:

yo= -[a dt
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A particle P moves in a straight line with a velocity vm s™' given

by v =4 -, where ¢ is the time in seconds after passing through

a fixed point O on the line. Find

(a) the acceleration of P after 4 seconds,

(b) the distance of P from O after 6 seconds,

(¢) the displacement of P from O when P is instantaneously at
rest.

m (a) The acceleration, a = %;- =-2t

after 4 seconds, f = 4 and the acceleration is —8 m s,

E
.ﬁﬁg(
i

(b) The displacement x from O is given by

X= jv dt

J.(4 — 1) dr

.3
4!—33 + C
Whent=0,x=0and so ¢ = 0.

Hence at time ¢, x = 47 - %f

When =6, x =24 - 72 = -48
the distance of P from O is 48 m.

(c) When P is instantaneously at rest, v =0
4-1 =0
t =2 (since t = (0)
= BB
= x= 8 3
=gl
=5 -

the displacement is 5 % m.

A particle starts from rest from a point O and moves in a straight
line such that its acceleration, ¢ m s°, is given by
a = 12 — 24t + 8, where ¢ is the time in seconds after the start of
its motion. Its displacement, s m, is measured from (. Find s in
terms of 1.

Calculate the time taken for the particle to return to O and its
acceleration at this instant,

dm._ “Tts vetoeity, vm's™, s given by —_— R

y= Ja dt
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Jl(l‘?.lf2 — 24t + 8) dt
= 48 — 12 + 8t + ¢

Particle starts fromrest = whent =0, v =0 and so0 ¢ = 0,
Hence at time 1, v = 4£ — 12 + 8¢,

Now, 5§ = J.v dr

=Jmﬂ-uﬁ+&mr
= -4+ 48+ d

Particle starts from @ = whent =0, s =0 and so d = (.
Hence at time 1, 5 = ' = 4¢7 + 47,

When the particle returns to O, + > 0 and
5=0 =2 P-4 +4 =0
P -dr+4) =0

-2 =0
e
= a=12x4-48+8
= §
" the particle returns to @ in 2 seconds with an acceleration of

8 m s~

m'ﬁjl

A particle moves along the v-axis. It passes the origin O with a
velocity of 8 m s and its acceleration @ m s° ¢ seconds after
passing O is given by a = 3 - ¢. Calculate

(a) the velocity of the particle when ¢ = 2,

(b} the maximum velocity of the particle,

(c) the displacement of the particle from @ when it is at rest,
(d) the average speed during the first 12 seconds.

(a) The velocity v is given by

Vo= Ja dr
= j(3 — 1) dt

=3t—%1‘2 +c

Whent=0, v =28 and so ¢ = 8.

)
Hence al time {, v = 3f — %t' + o,

Whent=2,v=6-24+8=12
its velocity is 12 m s~ when ¢ = 2.

476 Kinematics




(b} For maximum velocity, %:- =0
= 3-r=0
f=3

d*

Furthermore, d—- =—1 <0 = vis maximum when r = 3.
!

maximum velocity = 3 x 3 — % X9+8=125ms".

(¢) The displacement, x m, [rom O is given by

i Iv et

_ B
_EI_

il
—_—
~~
[
-
I
to ] —
—
-+
-+
o
—
=8
=

When =0, x = 0 and so = 0.
Hence at time ¢, x = %rj - %r‘ + 8t
When the particle is at rest,

p=0 = 33— i +8=0

7
-6t - 16=0
t-8)r+2)=0
Sincet =0, t=8 = x= % X 8 — % x 8 + 64
2
= 743— m
the displacement of the particle from O when it is at rest

is 74-2- m.
3

(d) Whenr:lE,x=%xlzz—%x123+96=24m

Hence the motion of the particle is as shown below:

=3¢ 8,.\'=?4§
D e e e e e e e e e e e e i iy \
R t $——x
9] T SN S s S O S S &~
r=12
24

average speed during the first 12 seconds
_distance travelled

time taken
] Fd

"{

o} \ :
TS

12
104 ms?
9

1l
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1. A particle P moves in a straight line so that its distance, s m, from a fixed point O
on the line, is given by 5 = 1(r — 6)°, where 1 is the time in seconds after passing O.
Find
(a) the velocity of P whent = 1,

(b) the values of ¢ when P is instantancously at rest,
(¢) the acceleration of P when ¢ = 3.

2. A particle moves in a straight line and its displacement, x m, from a fixed point O,
t seconds after passing O, is given by x = 12t — ¢*. Calculate
(a) the acceleration of the particle when it comes instantaneously to rest,
(b) the velocity of the particle when it is next at O,
(¢) the distance travelled by the particle during the first 3 seconds.

3. A particle P travels in a straight line so that its displacement, x metres, from a fixed
point O is given by x = 3¢* — 417 + 60, where ¢ is the time in seconds measured from
the start of the motion. Calculate
(a) the initial distance of P from O,

{(b) the magnitudes of the acceleration of P when it is instantaneously at rest,
(¢) the average speed of P over the first two seconds.

4. A particle P moves in a straight line so that its distance, s metres, from a fixed point
O is given by s = 181" — ', where 1 is the time in seconds after leaving 0. Calculate
(a) the non-zero value of s when P comes instantaneously to rest,
(b) the distance travelled by P in the third second (i.e. from t = 2 to t = 3),
(¢) the velocity of P when the acceleration is —12 m s

5. A particle moves in a straight line so that its distance, s m, from a fixed point O on
the line, is given by s = #(r — 2)°, where 7 is the time in seconds after passing O.
Calculate

(a) the velocity of the particle after 3 seconds,

{h) the distance of the particle from O when its velocity is 7 m s,

(c) the acceleration of the particle when it is next at O.

6. The height, 1 m, of a stone ¢ seconds after it has been thrown vertically upwards
from ground level is given by /1 = 24¢ — 3¢, Find
(a) its velocity after 3 seconds,
(b) the maximum height reached,
(c) the time of flight.

7. A particle P travels in a straight line through a fixed point O. Its distance, s metres,
from O is given by s = t' — 9¢° + 15¢ + 40, where ¢ is the time in seconds after
motion has begun. Calculate
(a) the distances of P from O when its velocity is instantaneously zero,

(h) the values of £ when the aceeleration has a -magnitude of 9-m s~
(¢) the average speed of P during the first 2 seconds,
(d) the total distance travelled in the first 6 seconds.
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8,

*9,

10.

11.

14.

A particle P moves in a straight line so that its displacement, s m, from a fixed
point O, t seconds after passing through point A on the line, is given by

s =1~ 3 -9+ 30. Calculate

(a) the speed of P when t = 2,

(b) the acceleration of P when t = 4,

(¢) the distance of P from A when it is instantaneously at rest,

(d) the average speed over the first 4 seconds.

A particle P moves in a straight line so that its displacement, s metres, from a fixed
point O is given by s = £’ — 97"+ 24t + 2 where ¢ is the time in seconds after the
start of motion. Calculate

(a) the initial velocity and acceleration,

(b) the values of r when P is instantaneously at rest,

(¢) the distance travelled in the first 4 seconds,

(d) the average speed of P during the first 5 seconds.

Show that P will never return to its starting point.

A particle moves in a straight line with a velocity v ms ' given by v = 2r* — 31 - 2.

When ¢ = 0, its displacement from the origin O is 3 m, find

(a) the value of r when the particle is at rest and the displacement at this instant,

(b) the displacement when ¢ = 3 and the total distance travelled in the first
3 seconds.

A particle travels in a straight line so that its velocity v m s' is given by
v =-3t" + 8¢+ 5, where ¢ is the time in seconds after passing O. Find an expression
in terms of ¢ for

(a) its acceleration,

(b) its displacement from O.

Calculate

(¢) the value of # when the velocity is 2 m s,

(d) the value of ¢ at which the particle passes through O again.

A particle moves in a straight line so that its velocity v m s™' is given by v =9 — 7,
where 7 is the time in seconds, measured from the start of the motion. Find

(a) the value of r at which the particle is instantaneously at rest,

{b) the value of r and the speed when the particle is again at its starting point,
{(c) the total distance travelled when the particle returns to its starting point.

A particle passes a fixed point O with a velocity of 7 m s " and moves in a straight
line with an acceleration of 2(3 — 1) m s~ where ¢ is the time in seconds after
passing O. Calculate

(a) the value of + when the velocity is again 7 m s,

(b) the position of the particle at this instant.

A particle travelling in a straight line passes a fixed point O with a velocity of
I m s . Its acceleration @ m s~ is given by a = 12¢°, where ¢ seconds is the time
after passing-Q.-Caleulate

(a) the acceleration of the particle as it passes O,

(b) its distance from O when t = | and when f = 3,

(¢) the average speed of the particle between ¢t = 1 and t = 3.
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16.

1%

18.

19.

A girl runs in a straight line for 25 seconds. Her speed after 7 seconds, where
0=r=25isvms’, where v = 0.75r - 0.037. Find

() the time at which the girl’s acceleration is zero,

(b) the distance the girl runs. (C)

The velocity, vms ', of a particle moving in a straight line is given by
v =06+ pt+ gt', where 1 is the time in seconds after the particle passed through a
fixed point O. Given that when ¢ = 2, the distance of the particle from O is 16 m
and its acceleration is 32 m s, calculate

(a) the value of p and of ¢,

{b) the velocity of the particle at the instant when the acceleration is zero.  (C)

A particle travelling in a straight line passes a fixed point O with a velocity of
1 %m s . It moves in such a manner that, 7 seconds after passing O, its acceleration,
ams’,is given by g = p + gt, where p and ¢ are constanis,

Given that its velocity is 3% m s when 7 = 2, and that it comes instantaneously
to rest when ¢ = 3, calculate the value of p and of q.

Find the distance travelled by the particle between f = | and t = 2. (C)

A particle starts from rest at O and moves in a straight line with an acceleration
am s’ given by a = 8 — 41, where 1 is the time in seconds since leaving O. The
particle comes to instantaneous rest at A. Find

(1) the time taken for the particle to reach A,

(b) the distance OA,

(¢) the maximum speed of the particle during its motion from O to A,

A particle moving in a straight line passes a fixed point O on the line with velocity
30 m 5. The acceleration, ¢ m s~, of the particle, t seconds after passing O, is

- given by a = 13 — 61. Calculate

{(a) the velocity of the particle 3 seconds after passing O,

(1) the time taken to reach the maximum distance from O in the direction of the
initial motion,

(¢} the value of this maximum distance.

A particle moves in a straight line so that, at time  seconds after leaving a fixed
7

point O, its displacement, s m, is given by § = 4 — 4e ' -; 1. Calculate

(a) the initial velocity of the particle.

(b) the value of r when the particle is instantaneously at rest,

(e} the acceleration of the particle at this instant.

A particle moves in a straight line from a point O in the line so that, ¢ seconds after
leaving O, its velocity, v m s, is given by v = 3(e”" + 2}, Caleulate

(a) the initial acceleration of the particle.

(b) the displacement of the particle from O when t = 1.

Will the particle return to O?
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22.2 Displacement-Time and Velocity-Time
Graphs

A particle moves in a vertical line such that its displacement, x m, from a point O on the

line r seconds after leaving O is given by v = 61" — 1.

Then its velocity, v = %}5 = 12 = 3"

The diagram below shows the motion of the particle along the vertical line and its

displacement-time(x-t) and velocity-time(y-r) graphs.

1. Observe how the x- graph is related to the motion along the straight line,

v rm
\ %
f =15
5 6
]
-20 1
¥ 40T
vms!
&
e i
20 g (0]
1 f B = fy
g | 2 3
=20+
—40+
—60

2. Since v = % the velocity at any instant ¢ is given by the gradient of the x- graph

at that instant.
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3. Similarly, since a = %, the acceleration at any instant 7 is given by the gradient of the
v-¢ graph at that instant.
In the interval 0 < ¢ << 2, note that @ > 0 and v is increasing; the particle is2ccelerating,

For t > 2, a < 0 and v is decreasing; the particle is decelerating or retarding. So,
negative acceleration is also known as deceleration or retardation,

4, Displacement, x = | v dt. Hence, we note that

-4 6

vdt=x(d)—v(3)=32-27=5and area of O = mJ. vodr =32,

4

area of P = .[

3

6 4 ]
So, the change in displacement [rom ¢t =3 1o t= 6 is J. v dt = J. v dt + j v dt
3 3 4
=area of P + (- area of Q) = -27
but the distance travelled during this interval = 5 + 32
= area of P + area of Q = shaded area.

5. A linear graph has a constant gradient and its rate of change is said to be uniform,
Hence a linear x-¢ graph shows motion of uniform velocity while a linear v-r graph
shows motion of uniform acceleration, as seen below:

AIT

vims!
\ A
y= dr , constant 0= A constant
dr /
1s =15
5 5 s
Uniform velocity motion Uniform or constant acceleration motion

The diagram shows the velocity-time graph of a particle P moving
in a straight line.

rms!
.

20
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() Describe very briefly the motion of the particle.

(b) Find the deceleration of P for the interval + = 10 to r = 25.
(¢) Find the time when P is instantaneously at rest.

(d) Find the total distance travelled in the 25 s,

(¢) Find the distance of P [rom its starting point after 25 .

D
20 E 2

0 |

) iE
I
R 8

(a) P moves with a constant velocity of 20 m s ' for 10 seconds
and decelerates uniformly for the next I35 seconds to a velocity
of ~10m s .

{b) The acceleration is given by the gradient of the v-¢ graph.
From ¢t = 10 to t = 25,

o s (=10) =20 _
a = gradient of AB~———25_I(] =-2

i e : I}
the required deceleration is 2 m s,

(¢) Let T be the time when P is at instantaneous rest. Then
gradient of AC = a

0-20 _
T-10
T=20

(d) Total distance travelled in the 25 s
= area of trapezium OCAD + area of triangle CBE

= L %2020+ 10)+ 2 x5x10
=325 m

(e) Change in displacement in the 25 s is given by area under the
graph from t = 0 1o t = 25,
So, change in displacement
= area of trapezium OCAD + (- area of triangle CBE)
= L x2000+ 100 - L x5x 10

=275 m

. the distance of P from the starting point after 25 s is
275 m.
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A car accelerates uniformly from rest, at a rate of 1.5m s 7, to a
speed of 12 m s, It then continues moving at 12 m s for T
seconds before decelerating uniformly to rest in a further
10 seconds.

(a) Sketch the velocity-time graph for the motion of the car.
{b) Find the time taken while accelerating.

(e) Find the distance moved while accelerating.

Given that the total distance moved by the car is 852 m, find the
value of T,

(a) The velocity-time graph for the motion is sketched as follows:

vims!

A
a=15ms*?
12__,_,.‘.,__/’._ e f\
il i\
gt | : \
e ! |
i o T 10 s
I7] B S
(b) Gradientof OA =a=15 = lf— =15
= t= 8

the time taken while accelerating is 8 s.

(¢) The distance moved while accelerating

= area of triangle OAB
1
2

48 m

xtx 12

(d) Total distance moved = 852 m
= area of trapezium= 852

Lx12(8 + T+ 10)+ T} = 852
2T + 18 = 142
T= 62

A train accelerates at a constant rate from rest to a velocity of
30 m s'. On attaining this velocity, it retards uniformly to a
velocity of 15 m s, The train has been in motion for 40 seconds.
Sketch the velocity-time graph for the motion of the train.
Given that the magnitude of the acceleration is 6 times the
magnitude of the retardation, find the total distance travelled during
this time.




m The velocity-time graph for the motion is sketched as follows:

€

30

= 1, =40-1
=30

total distance travelled = area under graph
L x4, x30 + L x 1,30 + 15)

2
=825 m

2

A man P, running along a straight road, passes a point A at a
constant speed of 6 m s, Twelve seconds later a second man Q,
running in the same direction as P, passes A at a constant speed of
10 m s'. Q overtakes P at a point B, where AB = s metres,
t seconds after P left A.

Draw, on the same diagram, the displacement-time graphs for the
motions of P and Q from A to B, and evaluate s and 1.

Soluti OF The displacement-time graphs for the motions of the two men are
sketched below.

xrm ¢ P
&

vp=6bms!
7

vp=10ms’!

A =12 =[5
o 12 t

Kinematics 483




1’p=i=6 = § = 0r
t
V= r_"'m =10 = s =100t —12)
100 =12) =61 = ¢t =30
= & =01
=180

Exercise 22.2

1. The diagram shows an x-r graph for a e
moving particle along a straight linq and 154
the equation of motion is x = (- 1) + 4
for 0 =t = 4. Find ol

(a) the velocity at = 1 and t = 3,

(b) the total distance travelled during the
interval 0 < ¢t = 4 and hence the 5
average speed over this interval.

2. The displacement, x m, of a particle from a fixed point O on the line it is travelling
is given by x = 61 — .
(n) Sketch the displacement-time graph. With the help of this graph, find the total
distance travelled in the first 6 seconds.
(b) Find v in terms of ¢ and sketch the velocity-time graph.
(c) Is the particle accelerating or decelerating? Is it doing so uniformly?

3. Match the x-f graphs (a), (b), and (c) with their corresponding v-¢ graphs (d), (e),

and (f):

(a) {(b) (c}

rm _ xm ¥m

3 &

204 204 30+
10+ 10+ 20

; riailill SV S A T 10

| g il -4 02 4

} 1 5
——— . e Ql s = 2 # i ]
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(d) (e) ()
vms ! vms vins!
¥ r 2
20+ / 20+ / 20+
j , /
10+ 10 \ / 10+
: \
- t F—1 5 - } —e 1 5 1 =15
o ‘\\2// 4 7] \;.' i 0 \-\,_..,../,3 3
4, The diagram shows the velocity
velocity-time graph of a ‘
particle moving in a straight |
line. TN
(a) Describe very briefly A | B \\
the motion of the | | ™~ W = lime
pirticle. 0 f N s
(b) If the particle has g © i
returned to its starting |
i o g S |
point after time ¢,, what \IL
deduction can be made
about the regions marked A, B and C? (C)
N vms!
5. The velocity-time graph shows the velocities ¢
at different times of a particle travelling along [
2 ; 20 =
a straight line. Calculate - _,\_\
(a) the acceleration during the first 30 s, ol ! ™
(b) the distance travelled in the first 70 s, : \\ -
(c) the total distance travelled in the 90 s, —+ e ey
: . : 2 0 30 70 i
(d) the displacement of the particle from ;
the starting point after 90 s. i
6. The velocity-time graph shows
the velocities at different times vms!
of a particle moving in a straight 1 -
line. Calculate ‘ . 40 2 —g _'I__
(a) the acceleration during the 20 F— —— T —
. first 10 seconds, O = = —h =15
(b) the distance travelled in the 20 T N M —
first 50 seconds, A
(c) the average velocity during
the first 50 seconds,
(d) the total distance travelled in the 80 seconds,
(e) the distance from the starting point after 80 seconds.
gp
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7. The figure shows the velocity-time ' “%“
1

diagram for the first 12 seconds of ;
the motion of a particle P. This
particle starts from rest at a point X

and moves in a straight line. When J*
t = 2 its velocity is 2.4 m s ' and

when r = 6 it is instantaneously at -2.4
rest. Find l
(a) the distance of P from X when t = 6,
(b) the acceleration of P during the time interval t =2 to ¢ = 12,

(¢) the speed of P when 1 = 12,

(d) the distance of P from X when ¢ = 12,

(e) the value of ¢, correct to one decimal place, when P returns to X. (C)

—{ b2

o
el I
12

AN

8. A boy running a 400-m race accelerates uniformly from rest for the first T seconds
and reaches a velocity of 5 m s™'. He maintains this velocity for the rest of the race.
His time for the race is 82 s. Sketch a velocity-time graph. Calculate
(1) the value of T,

(b) the acceleration,
(¢) the distance the boy runs before he reaches his maximum speed.

9. A motorist starting a car from rest accelerates uniformly to a speed of v m s in
12 seconds. He maintains this speed for another 40 seconds and then applies the
brakes and decelerates uniformly to rest. His deceleration is numerically equal to
four times his previous acceleration,

(a) Sketch a velocity-time graph.

(b) Calculate the time during which deceleration takes place.

(¢) Given that the total distance moved is 570 m, calculate the value of v.
(d) Calculate the final deceleration.

1. A particle P, moving in a straight line, passes a point M with a constant speed of
6 m s . Five seconds later a second particle @, travelling in the same direction as
P, passes M with a constant speed of 8 m s™'. The particle O overtakes P at a point
N, where MN = s metres,  seconds after P lelt M.
Draw. on the same diagram, the displacement-time graphs for the motions of P and
0 from M to N, and evaluate s and £

11. A lift cage descends a mine shaft 155 m deep. It accelerates uniformly to a speed
of 5 m s, maintains this constant speed for 22 s, and then decelerates uniformly
to rest. Given that the acceleration is twice the deceleration, sketch the velocity-
time graph. Hence or otherwise calculate the acceleration and the total time of
descent.

12, Two cyclists, A and B, start from rest at the same instant. Cyclist A accelerates at
a uniform rate to reach a speed of v m s in 7 seconds. Again accelerating uniformly,
cyclist A’s speed is doubled during the next 37 seconds. Sketch a velocity-time
graph for the motion of cyclist A.

CycTist B attains the same Tinal speed as cyclist A in the same t(otal time by
accelerating from rest at 2 m s~ . Find v in terms of ¢.

Given that the total distance travelled by cyclist A during the given 4¢ seconds is
80 m, calculate the value of v and of 1.
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13.

14,

15,

A car starts from rest and accelerates uniformly at a m s for 1, seconds to a speed
of 10 m s It then accelerates at 2a m s * for a further 7, seconds to a speed of
20 ms . It maintains this speed for a further 24 seconds. The total distance covered
is 555 m.

(a) Show that f, = 2¢..

(b) Sketch a velocity-time dingram.

(¢) Find the total time taken.

(d) Find the value of a. (C)

A’ car accelerates uniformly from rest, at a rate of 1.6 m §7, to A speed of

20 m s ' It then continues moving at 20 m s ' for T seconds before decelerating

uniformly to a speed of 12 m s in a further 5 seconds.

(a) Sketch the velocity-time diagram for the motion of the car.

Find

(b) the time taken while accelerating,

(c) the distance moved while accelerating,

(d) the distunce moved while decelerating.

Given that the total distance moved by the car is 1245 m, find the value of T.

On another occasion the car accelerates uniformly from rest at a point A until it

reaches B with a speed of 15 m s'. At B the driver observes an obstruction ahead

at a point C and immediately applies the brukes, causing the car to decelerate

uniformly to rest 5 m before the obstruction. Given that the car is in motion for

12 seconds, sketch the velocity-time diagram for this motion and find the distance

AC. Given also that the magnitude of the deceleration is four times that of the

acceleration, find the distance BC. (C)

A motorcyclist travelling along a straight road passes a fixed point O with a speed

of 10 m s ' and continues at this speed for ¢, seconds. Over the next 10 seconds he

accelerates at a constant rate 10 a speed of 15 m s, He then brings the motorcycle

to rest in a further #, seconds by retarding at a constant rate. His acceleration and

retardation are of equal magnitude.

(a) Sketch a velocity-time graph to illustrate the motion of the motorcyclist after
passing O.

(b) Calculate t,.

{¢) Given that the total distance represented by the graph is 850 m, calculate 1,

223 Equations of Motion witih Constant

Acceleration (Optional)

A particle moves in a straight line with an initial velocity of
um s and constant acceleration ¢ m s, At any time 1 seconds
after the start of motion, its velocity is v m s ' and its displacement
from its starting point is s m. Use integration to prove the following
equations of ‘motion-with-constant acceleration

(a) v=u+ at (b) s = ut + %af

{c) s

,}l{u + Vit (d) v = i+ 2as
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m (2) %lt- =g, a constant = v = J.a dt

=at + ¢

When 1t =0, v=uand so ¢ = 1.
Sov=u+oat

.[v dt

J(u + at) dr

(b) So, s

Il

—

at’ +d

Hf+‘2-

Whent=0,5s=0and so d = (.

1

So, s = + -,J-m‘2

() s =ut+ »;g-arz
= 7!-1(211 + at)
& %I(u + u + at)
5= »l-(u + vt
2

V= H
o

(d) v=u+at = 1=
5 = -%(u+v)t

| Vo i
= 5= - p) ———
2(u-l-v) =

Zas = (4 + v)(v - u)
el
= -
1
= Vv =i + 2ay

Note: If the displacement of the particle is not measured from

its starting point, how would this affect the above results?

For linear motion with constant acceleration:

v

u + ar s =ul + %at2

w
1l

1}

%(u+v)r v: = u? + 2as
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Examples 12 to 16 illustrate how to apply these equations for a particle moving in a
straight line with constant or uniform acceleration. Where necessary, we shall use an
arrow (—) to indicate velocity and double arrows (—+) 10 indicate acceleration.

7 A car moving with a constant acceleration of 3 m s ° passes point
A with a speed of 6 m s, Find its speed and the distance travelled
after 8 seconds.

—e 3 m s vims!

—wO6ms! ST

t t sm
A I
=40 t=8

Wehave u=6ms',a=3ms  and t = 8.
Using v = 1 + at from A to B,
v=0+3x8=30
. its speed after 8 seconds is 30 m 5.

Using s = ut + %az'l from A to B,
S=6X8+ 2 x3x8
= 144
-~ its displacement from the starting point A, and hence the distance
travelled, is 144 m.

Nofe:  Alternatively, s could be found using s = %(u + vit or

b | .l
Vo= o+ 2as.

A car travelling with constant acceleration along a straight road
passes two bus stops A and B with speeds 8 m s and 12 m s
respectively. Given that the two bus stops are 800 m apart, calculate
(a) its acceleration,

(b) the time taken to move from A to B,

(¢) the distance BC if it reaches C after another 10 seconds.

< —e g m § 12ms!
Soluti€ il )

A i C
e B ) s

= 5 m

(1) Using v =1 + 2as from A to B,
127 = 8 + 2a(800)
S — _a . . ma _,.gl —
2 x B0OO
0.05
its acceleration is 0.05 m 5.
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(b) Using v =u + ar from A to B,
12 =8 + 0.05¢
t = 80
the time taken to move from A to B is 80 s,

1}

(¢) Using s = ut + _I,—uf: from B to C,
12 % 10 + 4 % 0.05 x 10° = 1225

the distance BC is_122.5 m.

h

Two particles, X and Y, are moving in the same direction on parallel
horizontal tracks. As X passes through a point P on its track, X
overtakes Y. At this instant X is travelling at a speed of 28 m s
and retarding uniformly at 4 m s, and Y is travelling at a speed
of 4 m s and accelerating uniformly at 2 m s, Calculate

(a) the speed of ¥ when X comes to rest,

() the distance of X from £ when Y overtakes X.

T ISP o
!J
Yo—dms!
e 2 i s
(a) Since X is decelerating, its acceleration is negative, i.e.
-4 ms>.
Using v = 1 + at, X comes to rest when
v={0 = 28+ {-4r=0
t =7

So, using v = u + at for ¥, we have
v=4 +2x7=18
- . -1
the speed of ¥ when X comes to rest is 18 m 5™,

(b) Let sy and s, be the displacements of X and V respectively

from P.
Using s = ut + —,Ij—a.'a, we have
sy =280 + L4

and s, = 41 + -,l;(.’i)lj

Y overtakes X at 1 > 0 and

Sy=8, = 28+ %(—4):"
T o4 ar
r=8
= 5 =28X8+ S(-4) 8 =96

1 1
4t + E(E)r

1]

the distance of X from £ when Y overtakes X is 96 m.




Vertical Motion under Gravity (Optional)

When an object falls under gravity, its downward acceleration is called the acceleration
due to gravity and is denoted by g. To simplify calculations, we shall take the value of
g to be constant at 10 m s, although the value of g varies slightly at different points on

the earth.

If an object falls vertically and we neglect the effect of air resistance, its motion is a
constant acceleration motion in a straight line and the equations of motion hold.

%r!f L5

A stone is projected vertically upwards from a height of 14 m
above the ground with velocity 9 m s, Calculate

{(a) its greatest height above the ground,

(b) its speed when it hits the ground,

(c¢) its time of flight.

§m

Bromv=0

9ms!
g=10mg? I
A

14 m

bl

(a) Using v' = &’ + 2as from A to B,
at the greatest height, v = 0 = 0 = 9° + 2(-10)s
s =4.05
its greatest height above the ground is
14 + 4.05 = 18.05 m.

(b) The stone hits the ground at C where s = —14.

Using v* = u* + 2as from A to C (through B),
Vo= 9% 4 2(-10)(-14)
= 361
v = =19 (v << 0 as the stone is moving downwards!)

the stone hits the ground with a speed of 19 m s,

{c) Using v
-19

-+ ar-from A 1o C(through 8),
9+ (-10)u

=28
the time of flight is 2.8 s.

It
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A particle falls from rest from a point i m above the ground.
During the last 2 seconds before it hits the ground, the particle
moves through 140 m. Calculate

(a) its speed at the beginning of the last 2 seconds,

{b) the speed at which it hits the ground,

{(¢) the total time it takes to reach the ground,

(d) the value of fi.

SOluti. } _ A =10
t l g=10ms~

hfm B+ -[

140min2s
c I

(a) Using s = wr + %m‘2 from B to C,

140 = u(2) + + x 10 x 2°

i = 60
. its speed at the beginning of the last 2 seconds is
60 ms™.

(b) Using v = u + at from B 10 C,
=60+ 10x2=280
it hits the ground with a speed of 80 m 5™,

(¢) Using v =u + at from A 1o C,
80 =0+ 10¢
t=28
it takes 8 seconds to reach the ground.

(d) Using & %(u + )t from A to C,

h

I

10+ 80)8
= 320
Nate:  Remember that the dicplacement ¢ i taken from the
starting point. Hence in (a) for the motion B to C, B is
taken as the starting point while in (d) for the motion A
to C, A is taken as the starting point.
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9.

10.

A particle moving in a straight line with constant acceleration increases its speed
from 6 ms' to 34 m s in 4 seconds. Find its acceleration and the distance
covered.

A man started from rest and attained a speed of 8 m s after 10 seconds. If his
acceleration is uniform, how far did he run? How far will he cover if he runs a
further 5 seconds?

A car travels on a straight road with a constant acceleration of 2 m s and its initial
velocity is 10 m s, After T seconds, its speed is 24 m s, find the value of T and
the distance travelled during these T seconds.

A lorry travelling in a straight line increases its speed uniformly from 40 km h "to
62 km h' over a distance of 0.935 km. Find its acceleration and its velocity when
it has travelled (.64 km.

A cyclist travels on a straight road with constant acceleration a m 5. He passes
through points A, B and C with speeds of 3m s, 5ms ' and 12 m s ' respectively.
Given that the distance of B from A is 80 m, find

(a) the value of a,

(b) the distance of C from B.

A train is travelling at a speed of 30 m s™'. On approaching a station, the brakes are
applied and the train retarded uniformly and came to a stop in 20 seconds. Calculate
(a) the retardation of the train,

(b) the distance covered before the train came to a stop,

(¢) the speed of the train 5 seconds before stopping.

A stone is released from rest at a height of 45 m above the ground. Calculate the
time taken for it to hit the ground. What is the speed with which it hits the ground?

A stone is projected vertically upwards from a height of 13 m above the ground
with velocity 8 m s . Caleulate

(a) its greatest height above the ground,

(b) its velocity when it hits the ground.

A pariicle is projected vertically upwards from the ground with a speed of
40 m s . Calculate

(a) the time for which it is above a height of 75 m,

(b) the speed which it has at this height on its way down,

(c) the total time of flight.

A particle-is-thrown vertically. downwards with a speed. of 5.m &' from a paint
x m above the ground. During the last second before it hits the ground, the particle
moves through 17 m. Calculate its speed at the beginning of the last second. Hence
find the value of x.
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. A marble is thrown vertically upwards with a velocity of V.m s, where V > 0,
from a point 30 m above the ground. Given that its velocity is 5 m s ' after
2 seconds, calculate
(a) the value of V,
(b) its maximum height from the ground and the time taken to reach this height,
(e} its velocity just before it hits the ground,
(d) the time when the marble was in the air.

12. A particle is projected vertically upwards from ground level. Between 2 seconds
and 4 seconds after leaving the ground it rises 40 m. Calculate
(a) the speed of projection,
(b) the maximum height reached,
(¢) the time interval for which the particle is above a level of 120 m.

13. A balloon is ascending vertically at a constant velocity of 4 m s '. The crew
releases some gas and as a result the balloon experiences a constant downward
acceleration of 0.2 m s*. How much further will the balloon ascend, and how long
will it be before the balloon returns to its original height? If this height is 120 m
above the ground and the balloon continues to descend with the same acceleration,
how much longer will it be before the balloon strikes the ground and what will be
its velocity at impact?

14. A car moves along a straight level road, accelerating from rest at a constant rate for
10 s over a distance of S, m until it reaches a speed of V m s ', Express S, in terms
of V.
It then accelerates at a constant rate of 4 m s° over a distance of S, m until it
reaches a speed of 24 m s™'. Express S, in terms of V.
Given that the car has now travelled a total distance of 104 m, calculate the possible
values of V. Using the smaller of these values, calculate the time taken to travel this
distance.

15. (a) Two particles, X and Y, are moving in the same direction on parallel horizontal
tracks. As X passes through a point P on its track. X overtakes Y. At this instant
X is travelling with a speed of 22 m s ' and retarding uniformly at
3ms>?, and Y is travelling with a speed of 7 m s and accelerating uniformly
at 2 m s°. Calculate
(i) the speed of ¥ when X comes to rest,
(ii) the distance of X from P when Y overtakes X.

(b) A car, moving with a constant acceleration of 2 m s~ passes three points A, B

and C, on a straight horizontal road, where AB = BC. Given that the car passes
A and B with speeds of 7 m s and 17 m s respectively, calculate its speed
when it passes C.
The point D also lies between A and C and the car took the same time to travel
from A to D as 1t did from D to C. Calculate the speed of the car when it
passed D and the distance of D from A. (C)
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Important Notes

5. (Optional) For a particle moving in a straight line with constant acceleration,
including vertical motion under gravity, the equations of motion are

Vv =u+ at,

Il

!
t '+ —at,
s=a 2m‘2

1 .
s 5-(u + V)t

. v =’ + 2as,

where s is the displacement from the -starting_goint,
i1 1s the mitial velocity,
v is the final velocity,
a is the acceleration, and
¢ is the time.
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Miseslbinaaus |

|7 A particle moves in a straight line so that at time ¢t seconds after
- leaving a fixed point O, its velocity v m s, is given by
v =200,
(n) Find its initial acceleration.
(b) Calculate, to 2 decimal places, its displacement from O when
=3,
(¢) Sketch the velocity-time and displacement-time graphs for
the particle.

() v=200% = a= % = 200(-2¢)

= —400e™
When t =0, ¢ = —400 x 1 = 400

- its initial acceleration is —400 m s

Jv dt = JQUUe‘Z‘ dt

200 x ! ¥4 e

2

~100e™ + ¢

(b) Displacement from O, x

When ¢t = 0, x = 0 and so
0=~-100x1+¢
¢ = 100
 ox=100(1 —e™)

When £ = 3, x = 100(1 - ¢*) = 99.75

(¢) Its velocity-time graph and displacement-time graph are as

follows:
yvms-! xm
100 -
x = 100(1 =g
] 0 =[5
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| & During a certain stage of its journey, a car decelerates uniformly
from a speed of 30 m s~ to a speed of 20 m s~ which it maintains
for a time before accelerating uniformly to its former speed of
30 m s, Sketch a velocity-time graph to illustrate this stage.
Given that, for this stage of the journey, the total distance travelled
is 7200 m, the total time taken is 320 seconds, and the magnitude
of the acceleration is three times that of the deceleration, calculate
(a) the time during which the car is accelerating,
(b) the speed of the car 160 seconds after the start of this stage,

+(c) the speed of the car 290 seconds after the start of this stage.

TOptional

@i}jﬁs.' Its velocity-time graph is sketched below:
vms! it
1 - (13
/
30 i g 7
5 Vi
\“\__\ P I
WpF-———————e— ~ }
] | 1
1 | I
] | I
I | I
I | [
I | |
| | |
1 I i oty
) LS N . Y
0

(a) Total distance travelled = 7200
= 1030 +20) + 20, + 11,30 + 20) = 7200
=5 Stp% b .50 = 1440 s (1)

Total time taken = 320
= Lk By =320 snanninnieniains (2)

Magnitude of acceleration = 3 X Magnitude of deceleration
o] =3 x |ay]

W _3x 0
h I
L= Bhsauanmenses 3)

Substitute (3) into (2):
34+ 45+t =320
tn =320 - 4ty .. (D)
Substitute (4) and (3) into (1);
5 X 3t; + 4(320 - 41) + 51, = 1440
dt, = 1440 — 4(320)
t = 40
the time taken for accelerating is 40 s.
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(by 1, =3, =120 = whent=160,v =20
. after 160 seconds, its speed is 20 m gl

() 1, =320 - 4, =160
L+ t,=120+ 160 = 280 = att = 290,
the car is accelerating with a, = % =0.25
3

It is into (290 — 280) = 10 s of this acceleration.
Using v = 1t + at, we get
v= 20+ 0.25 x 10
= 22.5
. after 290 seconds, its speed is 22.5 m e,

A particle P is projected vertically upwards from a point X with a
speed of V m s, Given that it reaches a maximum height of
80 m, find the value of V. When P reaches its maximum height, a
second particle Q is projected vertically upwards, also from X.
Given that 3 s after Q is projected, P and Q collide at a point Y,
find

(a) the height of ¥ above the ground,

(b) the speed of the projection of Q,

(e) the speed of  at Y and state whether it is moving upwards or

downwards.

p z |
Solutia ; Gl 2 Oms

lg: 10ms?

(Optional

l g=10mg?
80 m

IVm g7l I st
X

At the maximum height, v = 0. So, using v/ = #* + 2as,
0 = V* + 2(-10)80
V =40

() Using s = ur + %m2 for P from Z to Y,

s=0+%umf

=45
the height of Y above the ground is 80 — 45 = 35 m.
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(Optional)

Solutiol

(by Using s = ur + %m‘: for @ from X to Y,

35

Ux3+ 1103

U

Il
i~

6

walra

the speed of projection of Q is 26% m s™.

(¢) Using v =u + at for Q from X to ¥,
v=%%+GmB

]
=3
; 1
at ¥, @ is moving downwards with a speed of 33 m s

A balloon is ascending at a uniform speed of 5 m 5. A small

stone is released from the balloon at a height of 60 m above the

ground and moves freely under gravity. Find

(a) the greatest beight above the ground attained by the stone,

(b) the speed with which the stone hits the ground,

(¢) the time taken by the stone to reach the ground from the
moment of release.

After the release of the stone, the balloon accelerates uniformly

upwards at 0.6 m s°. Find the height of the balloon above the

ground when the stone hits the ground.

For the stone,

maximum height S

A‘Iﬁms" q
g=10ms=

(a) At the maximum height, v = 0.
Using v' = 1 + 2as for the stone from A to B,

0 P~ VAR s 08
A M e R
§ = 1.25

. the greatest height of the stone above the ground is
(60 + 1.25) = 61.25 m.
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(b) Using v* = " + 2as for the stone from A to C,
=5+ 2(-10)(-60)
= 1225

v =-35 (v << 0 as the stone is moving downwards!)
- the stone hits the ground with a speed of 35 m 57",

Il

(¢) Using v = u + at for the stone from A to C,
-35 =5 - 1k
t = 4
the time taken is 4 s.

1l

I

Using s = ur + %ar"' for the balloon with t = 4,

Il

5% 4+ 1(0.6)4

=248
. when the stone hits the ground, the height of the balloon
above the ground is (60 + 24.8) = 84.8 m.

Note:  Can you think of an alternative solution for (¢)?

1. A particle moves in a straight line and its displacement, 5 cm, from a fixed point
0, t seconds after passing O, is given by s = 27t — . Calculate
{(a) the acceleration of the particle when it comes instantaneously to rest,
{b) the velocity of the particle when it is next at O,
(c) the distance travelled in the fourth second,
(d) the distance travelled in the first 4 seconds.

2, A particle passes a fixed point O with a velocity of 6 m 5™ and moves in a straight
line with an acceleration of (2 — 1) m s, where ¢ is the time in seconds after passing
0. Calculate
(a) its velocity when t = 5,
(b) the distance travelled during the first 6 seconds after passing O.
3. A particle moves in a straight line so that, at time ¢ seconds after leaving a fixed
point O, its velocity v m s™' is given by v = —;}M—J’%— — 4k, where k is a constant.
Its initial velocity is 12 m s'. Find (@r+3)
(a) the value of &,
(b) the value of ¢ for which the particle is at instantaneous rest,
(c) the acceleration and the displacement of the particle from O when ¢ =

12| —

4. A particle starts from rest and travels in a straight line so that ¢ seconds after
passing a fixed point 0, its acceleration @ m § * is given by a = 2(3 — e ). Calculate
(n) the velocity of the particle when t = 2,
(b) the displacement of the particle from O when ¢ = L.
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0.

10,

A particle moves in a straight line so that its distance, s m, from a fixed point A on
the line is given by s = 21" — 41 + 9, for r = 3, where 1 is the time in seconds after
passing through a point B on the line. Find

() the distance AB,

(b) the distance from A of the particle when it is instantaneously at rest,

(¢) the total distance travelled by the particle in the period t = O to r = 3,

(d) the velocity of the particle when ¢ = 3.

At 1 =3 the acceleration of the particle is changed to ( — 8) m s, the instantaneous
velocity remaining unchanged. Find the next value of 7 at which the particle comes
to instantaneous rest. (C)

A particle moves in a straight line so that, ¢ seconds after passing through 0O, its
velocity, vm s, is given by v = £~ 8¢ + 7. The particle comes to instantaneous rest,
firstly at A and then at 8. Find

(a) an expression for the displacement, x m, of the particle from O at time 1,
(b} the distance AB,

(c) the total distance travelled in the first 9 seconds after passing through O.
Given that C is the point at which the particle has zero acceleration, determine,
with full working whether C is nearer to O or to B.

A particle X moves along a horizontal straight line so that its displacement, s m,
from a fixed point O, t seconds after motion has begun, is given by
s = 28 + 4t — 5% — 1. Obtain expressions, in terms of 1, for the velocity and
acceleration of X, and state the initial velocity and the initial acceleration of X.

A second particle ¥ moves along the same horizontal straight line as X and starts
from O at the same instant that X begins 1o move. The initial velocity of ¥ is
2 m s and its acceleration, a m s, t seconds after motion has begun, is given by
a = 2 - 6t. Find the value of ¢ at the instant when X and Y collide and determine
whether or not X and Y are travelling in the same direction at this instant. (C)

A particle moves in a straight line passing a fixed point O with a velocity of

3 m s, It moves in such a manner that ¢ seconds after passing O, its velocity is
. 2 - . - . - - .

given by v = ar” + b. If the particle is again at O after 3 seconds, find its speed at

that instant. Find the total distance travelled between ¢ = O and ¢ = 3.

A particle moves in a straight line so that at time ¢ seconds after leaving a fixed

point O, its velocity, v m s, is given by v = 12 sin %t. Find

(1) the time at which the particle first has a speed of 8 m s™' and its acceleration

at this instant,
(b) an expression for the displacement of the particle from O in terms of 1.

A particle P moves in a straight line so that, after ¢ seconds, its displacement,

x metres, from a fixed point O is given by the equation x = 12 sin(2t) — 6.

Determine

(a) expressions tor the velocity and acceleration of P in terms of f,
(b) the time at which P first returns to O,

(¢) the maximum distance of P from O during the motion,

(d) the speed of P when x = 3.
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11.

13,

:

15,

A particle moves in a straight line so that at time ¢ seconds after leaving a fixed
|
point O, its velocity v m ™', is given by v = 8¢ ',
(a) Sketch the velocity-time graph for the particle.
(b) Calculate, to 1 decimal place, the acceleration of the particle when r = 3.
(¢) Find an expression for the displacement of the particle from O and sketch the
displacement-time graph.

The diagram shows the vms!
A

velocity-time graph of a particle

P moving in a straight line. .

(a) Describe very briefly the
motion of the particle. ) —" i

(b) Find the deceleration of ;. b 45
Patt=35. o 1w 0 w1

(¢) Find the time when P is NG
instantaneously at rest. sl N

(d) Find the total distance
travelled in the 45 s.

(e) Find the distance of P from its starting point after 45 s.

The figure shows the velocity-time vms’

diagram for the motion of a delivery van

travelling on a horizontal road from of "

shop A to shop B. Find v X

(a) the distance AB, a PN

(b) the average speed of the journey, ! | \\_\

(¢) the deceleration during the last 12 ) V7 _ B _|d_ﬁ\\_“ .
seconds, ();i- 16 28 40

(d) the speed of the car when it has
travelled 441 m from A,
(e) the two values of ¢ at which the speed of the van is 4.5 m s™".

— rms!
Tom was asked to sketch a velocity-time graph to Vs

illustrate the motion of a stone which is projected

vertically upwards from the ground. His sketch is

shown in the given diagram. What is wrong with his  ——=t+—¢ - 15
v-t graph?

Two bus stops are 570 m apart. A bus accelerates uniformly from rest at the first

stop to a speed of V' m s ', It maintains this speed for T s and then, with a uniform

retardation, comes to rest at the second stop. Sketch the velocity-time diagram for

the journey.

(a) Given that 7 = 6 and that the bus accelerates for 15 s and slows down for
30 s, find the value of V.

(b) Given that V = 10, and that-the magnitude of the acceleration and of the
retardation are unchanged, find the value of T.

A car starts from rest at the first bus stop and accelerates uniformly to 30 m s in

18 5. On attaining this speed 1t retards uniformly, coming to rest at the second bus

stop. Find the retardation. (C)
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16.

(a) A pamc.t{, P, moving in a straight line, passes a point A with a constant speed
of 8 m s, Three seconds later a second particle O, lm\'t.llmﬂ in the same
direction as P, passes A with a constant speed of 10 m s . The particle Q
overtakes P at a point B, where AB = 5 metres, ¢ seconds after P left A.
Draw, on the same diagram, the distance-time graphs for the motions of P and
QO from A to B, and evaluate s and ¢,

(b) A car passes a service depot on a4 motorway with a speed of 20 m s and a
constant retardation of 0.2 m s, At the same instant a motor-cyclist leaves the
service depot, starting from rest, and with a constant acceleration of
0.6 m s *. The motor-cyclist passes the car at time T seconds after leaving the
service depot at a point whose distance from the service depot is S metres.
Find
(i} the value of T and of §.

(if) the speed of each vehicle at time T seconds.

(iii) Sketch, on the same diagram, the velocity-time graphs of the motor-
cyclist and the car over the time interval of T seconds.

(iv) Find the time, after leaving the service depot, when the speeds of the
vehicles are the same. (C)

[Questions 17 te 26 are optional.]

17,

18.

19,

20.

A stone is projected vutlcully upwards from a height of 55 m above the ground

with velocity 60 m s, Calculate

(a) its greatest hc]ght above the ground and the time taken for it to reach this
height,

(b) the total distance the stone covered in the first 8 seconds,

(¢) its velocity when it hits the ground.

A missile is fired vertically upwards from a point on the ground, level with the foot
of a tower 51 m high. The missile is level with the top of the tower 0.6 s after being
fired. Calculate

(a) the initial velocity of the missile,

(b) the time taken to reach its greatest height,

(¢) this greatest height,

(d) the length of time for which the missile is higher than the top of the tower.

Two particles, P and @, are 40 m apart on a smooth horizontal surface. Particle P

is moving directly towards Q with a speed of 3 m s and an acceleration of

0.2 m s°. Particle Q is moving in the same direction as P with a speed of

7 ms " and a deceleration of 0.4 m s*. Calculate

(a) the time taken before the particles collide,

(b) the velocity of @ just before the collision and state whether it is still moving
in its original direction,

Two particles, P and Q are moving in the same direction along parallel horizontal
lines. Tlu. particles pass a point A slmu]tdnmu%ly, P moving with a speed of
3ms and a constant acceleration of 0.5 m s, and O moving with a speed of
.8 ms ' and a constant acceleration of 0.8 m s

Given that, f seconds after passing A, the speeds of P and Q are equal, calculate
(a) the value of ¢,

(b) the distance separating the particles at this time.
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Given also that, x seconds after passing A, the particles pass a second point B
simultaneously, calculate

(¢) the value of x,

(d) the distance AB,

(e) the speed of each particle as it passes B.

21. A particle A moves in a straight line with uniform acceleration from a point O
towards a point P. After 3 seconds it is 33 m from O and after 6 seconds it is
84 m from Q. Calculate
(a) the initial speed and the acceleration,

(b) the speed when A is 48 m from O.

At the instant that A moves from O, a particle B leaves P and travels towards O at
a constant speed of 19 m s, Given that OP = 940 m, calculate

(¢} the time it will take for A and 8 to collide,

(d) the speed of A at the moment of collision.

(]
[

. (a) A car starts from rest and accelerates uniformly for ¢ seconds to a speed of
V m s . It maintains this speed for 8 seconds and then comes to rest with a
uniform retardation of 3 m s, Sketch a velocity-time diagram to represent
this motion. Given that the total time of motion is 13 seconds and that the total
distance moved is 63 m, {ind the value of
i v (ii) =

(b) Two particles, initially at rest at points A and B, move towards each other with
constant acceleration @ m s° and b m s respectively. Given that
AB = 375 m, and that after 12 seconds the particles are 240 m apart, find
(i) the value of a + b,
(i) the time taken from the start of motion to the point C where the particles
meet.
Given that AC = 150 m, find the speed of each particle when they meet. (C)

23. (a) A caraccelerates uniformly from rest to a speed of 20 m s in T's. It maintains
this speed for 40 s and then decelerates uniformly to rest in a further 27 s.
Sketch a velocity-time diagram for this motion. Given that the total distance
travelled is 1160 m, find
(i) the value of T,

(ii) the magnitude of the deceleration of the car in the f[inal stage of the
motion.

(b) A particle starts from rest at a point X and moves in a straight line with an
acceleration of 0.75 m s . Five seconds later a second particle is also projected
from X in the same direction at a constant speed of 8 m 5. Find
(i) the distance between the two particles 6 seconds after the first started

moving,
(ii) the distance from X of the point at which the second particle collides
with the first. (C)

24, From the foot of a vertical cliff 45 m high a stone was projected vertically upwards
so as just to reach the top. Find its velocity of projection.
One second after the first stone was projecied, another stone was allowed o fali
from rest from the top of the cliff. The stones passed one another after a further 7
seconds at a height i m above the ground. Calculate the value of ¢ and of /.
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=. & 25,

(a)

()

A particle moves with constant acceleration a m s, lts velocity changes from

| . . . . .
wms ' tovms'intseconds. Sketch a velocity-time graph to illustrate its
motion. With the help of this graph, derive the equations of motion

i) v=u+ at (if) s = J,-(u + VL.

From the above two equations, show that s = ur + %ar’. Hence, deduce
s 1, 2 -

that & = vt — Sar.

A car travels in a straight lane with a constant acceleration of 2 m s, It passes
. > . . i 1 A

points X and ¥ with velocities 20 m s ™' and 36 m s ' respectively. Calculate the

distance XY and the distance it covers during the 3 seconds before reaching Y.

Two cars P and @, travelling in the horizontal straight road, pass a fixed point A at
the same instant. Each car subsequently passes the fixed points B, C and D. Car P
travels at a constant speed of 20 m s™'. Car Q accelerates uniformly from a speed
of wm s at A until it reaches a speed of 22 m s™' at the point B. Given that car Q
overtakes car P at B, find the value of .

Car Q then travels from B to the point C at a constant speed of 22 m s ™', taking
[5 s. From C car Q decelerates uniformly until it reaches the point D, with a speed
of 13 m s, Given that AB = 250 m and BD = 750 m,

(a)
(b)
(c)

show that car P reaches D before car Q,

draw on graph paper, the velocity-time graph for car Q’s journey from A to D,
calculate the distance of car Q from D at the instant when car P reaches D,
giving your answer to the nearest metre. (C)
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23.1 Basic Concepts

Scalar and Vector Quantities

In the earlier chapters, we Ims!

calculate distances between : >y
points and areas of regions Z

enclosed by curves. These quantities involving only magnitude are called scalar quantities.
However, when studying the motion of a particle moving along the x-axis, we use
positive and negative signs to indicate direction of displacement, velocity and acceleration.
For example, when a particle P is moving with a velocity v = -3 m s at a certain
instant, P is actually moving with a speed of 3 m s ' in the direction opposite to the
positive direction of the v-axis as shown.

Displacement, velocity and acceleration, which involve not only magnitude but also
direction, are known as veetor quantities.

In this chapter, we shall explore the basic concepts on vectors and study the general
properties of vectors and its applications in simple geometry. These same properties for
all vector quantities will be applied to solve relative velocity problems in Chapter 24,

Representation of Vectors by Directed Line Segments

A simple way to study vectors is to represent them by directed line segments and define
operations on them by using the intuitive properties of directed line segments.

For example, a displacement of 10 m on the bearing 0327 is represented by the directed
line segment AB and a velocity of 25 km h' in the direction N 30°E is represented by
the directed line segment ?’_é as shown below:

N
F
N
&
o
25 km !
30;
7 E
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For the displacement, its magnitude is represented by the length AB and its direction is
indicated by the arrow from A to B. Similarly, the magnitude of the velocity is represented
by the length PO and its direction is from P to Q.

The above displacement represented by AB can be written as AB or denoted by a single
letter d or d. The magnitude of the directed line segment AB is denoted by | AB|, [AB,
\dl, |d| or simply d.

Equal Vectors

The diagram shows a parallellogram PORS, the directed S > R
line segments PO and SR have the same direction

and are of equal length, The vectors PO and SR are

said to be equal and we write PQ = SR. Similarly, £ Q
PS = OR.

a="h ¢« aand b have the same direction and |a| = [b|.

Negative Vectors

Refer to the parallelogram PQORS shown below. The directed R
line segments PO and RS are of equal length but in opposite

directions., The vectors PO and RS are negative vectors of
each other and we write: g

PO = -RS or RS =-PQ

Similarly, S =~RO or RO = -PS P

a=-b < aandb are in opposite directions and |a| = |b].

Zero Vector

The directed line segment AA has zero magnitude and it represents a zero vector
denoted by 0 or 0. - - - .

a is a zero vector < |a| = 0.
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Scalar Multiplication of a Vector

In the diagram, the points M and N are midpoints of the sides PO and PR of the triangle
POR respectively.

—— ——— . R
Since @R and MN have the same direction,
OR =2MN = OR = 2MN,
and B o 0
MN = 20R = MN = L0R. N
Also, M
OR = 2MN = RO = -2MN,
MN = EQR = MN __ERQ' p

Note that the negative sign indicates that the related vectors are opposite in direction.

b=*kaand £ > 0 < a and b are in the same direction and

[b] = [K[lal,
b=4kiaand £k < 0 <> aand b are opposite in direction and
Ib| = [k][al.

Unit Vectors

If [u| = 1, u is known as a unit vector. The unit vector in the direction of a given vector

Land we write: a ="

ais
|a| al

parallel lines, AB = u, PO = a

and MN = b. =

(a) Express a and b in terms of u. PV M /
(b) Express b in terms of a,

(¢) If u is a unit vector, find the M / /

magnitude of a and of b. / /N MB /
A

m The diagram shows a grid with / M M
a

S(_)lutio_._ (a) FQ and AB are in the same direction and PO = 2AB,
PO =2AB
a=2u
o MN and AB are in opposite directions and MN = 3AB. "
MN =-3AB
b =-3u
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| 3
(M) b=-3u= —3(;11] =-2a

(¢) |a| =2ul =2 units ¢ |ul=1)

|b| = |-3|ju| = 3 units
Addition of Vectors

1. Triangle Law of addition
In the triangle POR, the vectors —Pﬁé @fi" and PR are related as follows:

Let PO be the displacement from P to O,

@ be the displacement from Q to R, and

PR be the displacement from P to R.
In physical situations, the displacement PQ followed
by the displacement QR is the displacement PR p : 0
and we write:

PO + OR = PR

R

This process of adding the two vectors PO and OR using the triangle POR is
known as the triangle law of addition.

2. Parallelogram Law ofl addition S R
Refer to the parallelogram PORS shown on the right.
PS = OR
PG + FS = PO + OF = PR
Hence: }_’"Q"' + PS = PR X 0
—— II\ —_—
This process of adding PO and P§ using the parallelogram PORS is known as the
parallelogram law of addition.
3. Commutative Law

In the diagram, OACB is a parallelogram. We have OA =B
and OC =¢.

By the triangle law, OA + AC = OC
— — and OB + BC = OC

ie. a+b=c

and b+a=¢c

Hence a+b=b+a
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That is, vector addition is commuiative
By the triangle law, OA + AA = OA.

i.e. a+l =a
O+a=a

The diagram shows a rectangle P X c
ABCD in which AB = 24AD.

Given that M is the midpoint
of CD, express each of the
following sums as a single
vector, A i

(a) AB + BC + MD (b) AM + MD + DB

 Solutig () AB + BC + MD = (AB + BC) + MD
= AC + MD (triangle law)
=R+m (‘ﬁ:ﬁﬁ)

= AM

B =AD + DB (¢riangle law)

(b) AM + MD +

"

= AB
Subtraction of Vectors
Refer to the triangle POR in the diagram. R
OR = OP + PR
= PR + OP " oK
. - g . PR
= PR + -PQ| = PR - PO
_ 0

Hence @—I_i; = PR - FQ P

In the diagram OA, OB and
oC represent vectors a, b
and 2b respectively. P and
() are points such that

AP=1aBand a0 = 2AcC.

Express OP and OQ in
terms of a and b.
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BTN TR T e T T T
M AB = OB — OA (subtraction of vectors)

=b-a
OA + AP (triangle law)
OA + L1AB

oP

|
a+ E(l}—a}
I

2

Il

1
ﬂ+i-b

AC = OC - OA (subtraction of vectors)

=2b-a
56 = OA + Z-Q (triangle law)
= OA + -23»3"5
=+ %(Zh —a)
) A
= 311 + 3‘h
In the diagram, OAB is a 2 "
triangle with OA = a A
and OB = b. M is
the midpoint of OA, N is M

a point on AB such that

AN = %AB and P is the

point of intersection of ON and BM.

Given that OP = LON and BP = uBM, express OP
(a) in terms of A, a and b,

(b) in terms of g, a and b.

OA + AN

- OF + L7

(@) In AOAN, ON

Solutiof
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(b) In AOBP, OP = OB + BP
= OB + uBM

=b+pf3n - b)

= ‘;—La+(l—u)b

In Example 4, we found different expressions for the vector OP by considering different
triangles.

514 Vectors

In the diagram, ABCDEF is a
regular hexagon and X is a point
on the line BE. It is given that
A—B=p,§6=(lund§—f=kBE P c
where kis a scalar.
(a) Express FD, €D and BE
in terms of p and q.
(b) Given that p is a unit vector, A
evaluate |AC|.
(¢) Express AX in terms of p, q and k.

(a) Consider the parallelogram ACDF.
FD = AC
AB + BC
P+q
Consider the AACD.
CD = AD - AC
=2q-(p+q Y,
=q—-p A i
Consider the trapezium BCDE,
BE =2CD
=2(q-p)
(b) jp=1 = |y =1
ie. AB=1and BC=1
By the cosine rule,
AC® = AB’ + BC* - 2AB. BC cos 120°

=1+I—2x(-%)
T

| AC| = +3 units

o




AB + BX
AB + LBE

p + 2k(q - p)
=(1-2k)p + 2kq

(¢) AX

Inu

Exercise 23.1

In the figure, ABCD is a quadrilateral. P and Q are the C
midpoints of BC and CD respectively. Express each of
the following sums as a single vector. L

(n) AB + BO + OP (b) AC + CD + DB P
(¢y AQ + OB + BD

In the diagram, AB =naand CD =b

A
0 A)
are two vectors shown in a grid with / M M
parallel lines. Express

(a) PO and RS in terms of a, 1’44 / M /

(b) E.S' in terms of b, / / / / /

(c) PS in terms of a and b. & )

ABCD is a parallelogram. P and Q are the midpoints of D c
AR and AD respectively. Show that

(a) AP + AQ = 1AC. (b) PC + OC = 24AC,
] 2

2 B

A P

OAB is a triangle. Given that M is the midpoint of AB and N is a point on OB such

that ON = m_O-E, express

(a) AM and OM in terms of OA and @.

(by MN in terms of OA, OB and m.

OAB is a triangle with OA =auand OB =b. M and N are points between A and B
such that AM = %AB and AN = %AB. Express OM and ON in terms of a and b.

OABC is a trapezium with CB = kOA. C £
The points D and £ are midpoints of AB

B

and BC respectively. Given that OA = a

and OB = b, express OF and DE in terms
of a. b and k. 0 A
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7. In the diagram, A and B are two points 4

on a line and OAB is a triangle with / ——r
OA =aand OB =b.Pisa point on the / .. e /_:::3-;.3
line such that AP = kAB where k is a o 2 P

scalar. Show that OP = (1 — k)a + &b. S ot

Describe briefly the position of P foreach =

of the following cases.

() k=2 (b) k=1 ) k=2

taf

8. ABCD is a rectungle, Given that AB = p and BC = q, express in terms of
p and q,

(n) AC, (b) DB, (¢c) BX, where X is the midpoint of CD.
Given that |p| = 2|g| and q is a unit vector, evaluate | BX|.

9. In the diagram, OAB is a triangle with OA = a and
OB =b.Misa point on OA such that OM = %OA
and N is the midpoint of OB. X is the point of
intersection of AN and BM. Given that AX = AAN

and BX = ,UB—M_', express 19)¢
(a) in terms of A, & and b,
(b) in terms of u, a and b.

10. OABCDE is a regular hexagon with OA = a and OB = b.

(n) Given that P is on BC such that BP = fLB—C.;, express OP in terms of A,
a and b.

(b) Given that Q is on EC such that FQ = uFD, express 5@ in terms of p,
a and b.

*11. ABCDEFGH is a regular octagon and AB = pand BC =q. Express AH in terms
of p and q and show that AE + BH + CG + DF =2(2 + ﬁ){q— V2 p).

232 Vectors Expressed in Terms of Two
Non-Parallel Vectors £

D

F——
In Example 5, p and q are non-parallel vectors and
FD =p +q, -
C_5=(1-p=—p+t], F\ \ 2
BE =2(q - p)=-2p + 2q, q
AX = (1 - 2k)p + 24q.

I

A B
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Each of the above vectors is expressed in terms of the non-parallel vectors p and q and
is of the form mp + nq, where m and n ure scalars.

If a and b are two non-zero and non-parallel vectors, any vector
OF in the plane containing a and b can be expressed in terms of
a and b. That is,

OF = ma + nb, where m and n are constants,

* The above result may be explained as follows: B F

For any vector OP there is a parallelogram OA'PB' such that &
OA =, OB =nb
and OP = OA’ + OB (parallelogram rule)

= nma + nb 3 i
0 a A 4

Iy

An important nature of vectors is that two non-parallel vectors cannot be equal. This
enables us to have the following results:

If non-zero vectors a and b are non-parallel, then:
() Aa=ub = Aa=0 and pub=10
= A=0and u=0

(by pan+gb=rm+sb = (p-ra=u-qgb
= (p-r=0and (s —q)=0

which gives: pa+¢gb=ra+sb = p=randg =y

Given that p = a + #&a + 2b) and q = 2a + b + sa where a and b
are non-parallel and non-zero, find

(a) the values of rand s if p = q,

(b) the relationship between ¢ and s if p and q are parallel.

= l+t=2+%
and 2t =1

fro= % and s = - %

p = kq where k is a scalar
(Lot 2h = L2 + s)a + h] .
l+r=k2+s)and 2t =k

1 +1=202 + 5)

1=¢3+ 2y)

(b) p and g are parallel

Loulu
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mﬂ In the diagram. OA = a, OB = b,

OP = 2a + 3b and M is the point of
intersection of the lines OP and AB. Given
that OM = AOP and AM = pA—B',
express OM

(a) in terms of 4, a and b,

(b) in terms of y, a und b.

Hence find the values of A and g and

express OM in terms of a and b.

= M2+ Bb) cciiiiiiiminmmmmsmasseres (1)

(b) AM = pAB
= (OB ~ OA)
= (b — a)
By the tnang,le law,
OM = OA + AM
=a+ ub-a)
S i+ Wb i (2)

From (1) and (2):
22a + 34b = (1 — wa + ub

= 21 = l — i and 3=y (~-aandb are non-parallel vectors)
A= 2
= =g M=
OM = —(2a + 3D)
2 3
=3a+73b

Exercise 23.2

1. OABC is a parallelogram with OA =a and OB = b. ¢ 0 5
P and O are the midpoints of AB and BC respectively.
Find OP, OQ and AQ in terms of a and b. b
P
———— 0 4

2. ABCDEF is a regular hcxagon with centre O. Suppose AB = p and AF = q,
express AO, AC, AE and CE in terms of p and q.
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3. Given that the non-zero vectors a and b are non-parallel and that
Ja+#2a-3b)=a+ Db+ s(a+ 2h),
find the value of ¢ and of s.

4. Two non-zero vectors a and b are non-parallel. I 2a + ¢(a — b) and 2b + a + (b are
parallel, find the value of 1.

OABC is a square with OA = a and OC = ¢. M is the midpoint of BC and AM
produced intersects OC produced at P. Given that AP = kAM and OP = nOC,
express OP

(a) interms of &, & and c,

(b) in terms of »n, a and c.

Hence find the value of # and of k. A

wr

6. In the figure, OA =a, OB =band OC = a + 2b. AB meets

OC at R so that AR = kAB and OR = nOC. Express OR 9%
(a) intermsof L, aand b, () in terms of i, a and b. b .
Hence find the value of n and of k. R‘w

B C
7. Giventhat OA =a, OB =, OP = %5@ and OQ = 2b, express AB and PQ in
terms of a and b,
PQ meets AB at R so that PR = nPQ and AR = kAB. Express OR

(a) in terms of n, a and b, (b) in terms of &, a and b.
Hence find the value of # and of k.

23.3 Position Vectors

In the diagram, the position of a point P with respect to an

. - . " . - - o 4 I’
origin O 1s indicated by the directed line segment OP. The e
vector OP is called the position vector of P relative to O. //

0

Relative to an origin 0,
the position vectors of
the points A and B are a
and b respectively. P is
the point on AB such
that AP = mAB where
0 < m < 1. Find, in
terms of-a, b-andm, the
position vector of P.
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Given that the position vectors of the points M and N are 2a and
;l,—b respectively, and P lies on the line MN, express MP in terms
of a, b and m. Hence find the value of m.

OA + AP

OA + mAB

a+ m(b —a)
=(l —m)a + mb

oP

MN = ON - OM

. %h -2a
MP = OP - OM
= (1 —m)a + mb - 2a
= (=1 —m)a + mb
Since P lies on MN, MP = kMN
(1 = m)a + mb = k(-2a + 1b)
—l —m =2k SORTITOTRITO (hH
m= %k ST OTOPOOPUP ¢2) |
Solving (1) and (2):-

o ik

In the above example, we apply the basic concept on parallel vectors for a point lying
on a line segment. In the following section we shall further apply the method for
collinear points in geometry.

Collinear Points

The diagram shows three distinct points A, B and C. If A, B and C lie on a straight line,
the vectors AB and BC are parallel. The converse is also true. Hence we have the

following result:
A

Three distinct points A, B and C are collinear
& AB = kBC, where k is a scalar.
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Relative to an origin O, the position vectors of the points A, B and

Care 2p - 2q, 3p + Aq and (2 + A)p + 6q where p and g are non-

parallel vectors.

(a) Express AB and BC in terms of A, p and q.

(b) Given that A, B and C are collinear, find the possible values
of A

| SolutioNE IR B R

(3p + Ag) - 2p - 2q)
p+ A+ 2)q

OC - OB
=2+ A)p+6q-Q@Gp+ Aq)
=(h—Dp+(6-2A)q

3l

(b) Since A, B and C are collinear,

BC = kAB
(A-=Dp+(6-Dg=4kp+(1+2))
= A-1l =k and 6 -A=kA+2)

SN 6-4=(A-1A+2)
— A +21-8=0
= A-2A+4) =0
A=2o0r-4
The possible values of A are 2 and —4.

Relative to an origin O, the position vectors of the points A and B
are a and b respectively. The position vectors of the points C, D
and E are OC = -‘—;-bmﬁ', 0D = 208 and AE = %Z_ﬁ respectively.
(a) Express CE in terms of a and b. }

(b) Express ED in terms of a and b.
(e} Show that C, D and E are collinear points and find the ratio

CE : ED.
=104 + 1AB
3 2
= lay i(b-::l)
3 2

|
= —6—(—0 + 3b)
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i

(b)y ED = EB + BD
=%_B'+Eé
= %(h—a)-ﬁ-h
= 3(-a + 3b)

(¢) From (a) and (b),

ED = 3CE = C, D and E are collinear and
CE.ED=1:3.

OABC is a parallelogram with OA =a and OC = c¢. The midpoint
of AB is X and CX meets OB at Y,

Given that OY = 10B and CY = uCX,

(a) express OY in terms of A, aand ¢,

(b) express OY in terms of a and c.

C

X
0 - A
Solution (@) OF = A0B = Mal + €) ccoressrcnssissiaminmunn (1)
(b) OY = 5_? + CY
= 0C + ,u_CT\’

| Tomn gty e
=c+y(a—-;c) (CX = CB + BD)

=,uu+(l—;_‘)c ........................... 2)

(¢} From (1) and (2):
da+ Ae=pa + (1 = i:-]c

= A=y and l=l—%

= die = =§_ . .

From (1), OF = Ata + ¢)
=2@+0)
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Examplei®

“In the diagram, the position vectors of points A and B

relative to O are a and b respectively. Given that

BP = ma, where m is a scalar, express OP
in terms of m, a and b,
The lines AB and OP intersect at X,

Given that AX = %E and

OP = ;15_)?, express OP in terms of @ b 8

i, a and b and hence evaluate m and n,

OP = OB + BP
=h + ma
SR P (1)
Next,
OX = OA + AX
= 5/1'+%A_‘B
=a+ i(h—u)
-
= 4u+ 41)
OP = nOX
Y & N § 9
_;1(4“ 41;) ............... (2)
From (1) and (2):
: S P |
ma+ b = 4;:.1+ 4ub

_ 3. = 4
= m = 4:1 and |1 4:1

= m=3 udn=4

Exercise 23.3

1. The position vectors of the points A A
and B relative to an origin O are a
and b respectively. The points M
and N lie between A and B such
that AM = MN = NB and the point

P is such that AP = kAB. Express
m_m CtOrs o ____ = a

N in terms of a and b,

(b) the position vector OP in
terms of &, & and b.
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6.

9.

10.

OABC is a trapezium and CB = mOA. Relative 1o O, the position vectors of A and
B are a and b respectively. Express the position vector of C in terms of m, a and b.
The points P, Q and R have position vectors a + b, 3a — b and 6a — 4b respectively.
Find PO and PR and hence show that P, Q and R are collinear.

Relative to an origin O, the points A, B and C have position vectors p + q, 3p — 2q
and 6p + Aq respectively where p and q are non-parallel vectors.

(a) Find AB and AC.  (b) If AB = AAC, find the value of  and of A.

The points A, B and C have position vectors a, b and ma + nb respectively. If A
B and C are collinear, show that m + n = 1.

L]

A, B and C are points with position vectors p — ¢, A(p + q), and p + Aq respectively,
relative to an origin 0. Obtain expressions for AB and AC. Given that A, B and
C are collinear, and p and q are not parallel, find the value of A.

ABCD is a parallelogram whose diagonals meet at E. M is the midpoint of DC.

Given that AB = p and AD = q, express in terms of p and g,

(a) AE, (b) BD, (¢) MB.
AD is produced to N where AD = DN. Prove, by a vector method, that N, M and
B are collinear. (C)

In the diagram, the position vectors of A and B,
relative to an origin O, are a and b respectively. OA
is produced to C so that OC = kOA, and C is joined /
to the midpoint, D, of OB. E is the point on CD such D

E
that CE = nCD. b Sl
(a) Express the position vector of £ in terms of a, _
b, k and n. o— 4 x €

(b) If A, E and B are collinear, find % in terms of n.

Relative to an origin O, P, Q and R are points with position vectors p, g and
3q — 9p respectively, where p and g are non-parallel vectors. S is the point on PQ
produced such that :Q:S = JJ:FQ and RS = nOQ where k and m are constants.
Find the position vector of S in terms of

(a) p, gand m, (b) p, q and .
Hence evaluate i and n and find the position vector of S.

Points A and B have position vectors a and b respectively relative to an origin O.
P is the point on OA produced such that OP = 304 and Q is on OB produced such
that OQ = 20B. The lines AQ and BP meet at R. Express AQ and BP in terms
of a-and b, Given that AR = Aﬁé and BR = Ju}ﬁ, EXpress OR in terms ol
(a) A, aand b, (b) g, aandb.

Hence determine the values of A and p and find the position vector of R.
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I1.

13.

14,

15.

Points A and B have position vectors a and b i

respectively relative to an origin O. The point D is /_?f-" \\
such that OD = kOA and the point E is such that ol />\!
AE = IAB. The line segments BD and OF intersect / f ?
—— I = sy 4—== i /"'/_,,--'/X
at X. If 0X = ?O[: and XB = %-DB, express OX /- - .

and XB in terms of a, b, &, I and hence evaluate &

and /.

(C)

ABCDEF is a regular hexagon, centre G. The position vectors of A, B and D
relative to an origin O are a, b and d respectively. Find the position vectors of G,

C, E and F in terms of a, b and d.

The position vectors of points A, B and C relative to an origin O are p, 2p + g and
4p - 5q respectively. Given that ABCD is a parallelogram, find the position vector
of D in terms of p and . Given that T is a point whose position vector relative to
O is 6p + Aq and OBTC is a parallelogram, find the value of A.

ABCD is a parallelogram whose diagonals meet at M and the position vectors of A,
B and C relative to an origin O are a, b and e respectively. Find the position vectors

of D and M in terms of a, b and ¢.

In the diagram, the position vectors of

points 4 and B relative to O are a and b
respectively. The lines AB and OP intersect
at Q. Given that BP = 2(a + D),
AQ = AAB and OQ = pOP, express
5@ in terms of

(a) A, a and b, () g, a and b,

and hence evaluate A and p.

e
A //,://
/\ N el 4

H) -

\\Q’__,""" F
e 7 2a+ by

= i

0 b

23 .4 Vectors in the Cartesian Plane

Let i and j be the unit vectors in the positive directions of the
xv-axis and the y-axis respectively. Then the position vector

of the point P(x, y) is

P

OP = i + yj

and its magnitude is

0P| = ¥ +y.

The unit vector in the direction of OP is

OF _ i+

|()—P| Xy

¥
4

Py

|
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For the vector a = xi + yj, [vi + yj| = J/x* + y?and the unit

vector in the direction of aisd = » = X *tY
|“| ;;':‘1' +y?

The position vector of the point A(3, 4) is a. Find

(a) the magnitude ol a,

(b) the unit vector in the direction of a,

(e) the vector b which has a magnitude of 20 units in the direction

of a.
o= V3 + 4 =5
(b) The unit vector in the direction of a is & = |—:| =;—(3i + 4j)
(¢) b=20a=20x %(31 + 4§) = 4(3i + 4j)
Distance between Two Points
In the diagram, if OP = x,i + y,j and 00 = X0+ g
are the position vectors of the points P and Q, then Otx,. ,)
PQ = 00 - OP = (v = )i+ (3, = y)i 00 PO
and the distance between P and O is
Plx,m)
|7’§| = \/(-'Cz - -ra): + (3 - .‘*"l)2 . 5 oF -

Relative to an origin O, the position vectors of two fixed points A
and B are 2i + j and —i + 2j respectively. P is a point on the line
passing through A and B such that AP = mAB. Find

{(a) the distance between A and B,

(b) the position vector of P in terms of m,

(¢) the value of m if P lies on the x-axis,

(d) the value of m if P lies on the line y = x.

Solution (@) AB = (- +2) - i+ =3i+]
The distance beiween A and B s fﬁT= }’i—:ﬂl +ITE]
= \!—I-O_units
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OA + AP

= OA + mAB

=20+ j+ m(=3i +j)
= (2 - 3mi + (1 + m)j

(h)y OP

(¢} If P lies on the x-axis, then its y-coordinate is 0.
l+m=0
m =-1
(d) If P lies on the line y = x, then | + m =2 — 3m and so

Iﬂ_l'
=3

Column Vectors

The vector r = xi + yj may be written in the column form

= (3)

which is called a column vector.

Ifu=[
)]'

(a)
(b)

()

() u—b:[}

X
* ], then:
¥,

a=h & x, =x,andy =y,

ky

) = (kx,), where £ is a scalar

X X +x
+ =[N 2
)+ ()= ()

- (3]

ma + nb = m[’“i) = n[sz = [mxl + n.rz]
b ) my, + ny,

Relative to an origin O, the position vectors of the points A, B and

2 1 8
C area= [l], b= [_J and ¢ = [q] respectively. Find the value
2R A N

of m and of »n such that ma + nb = ¢.
Show that AC = 2(_07’: + (_)Ti}.
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m ma + nb =c¢
2 | 8 : g |
m | + n 3l = o = 2m+n=28... R (1)

1338 =D unvesassssssiiiis (2

Solving these equations, we have m =3 and n = 2,

Then, 3a + 2b = ¢
= c—a =2(ua+h)

Hence AC = 2(—0_2 + CT!.?)

Relative to an origin O, the position vectors of two points A and

1 7
B are [4] and []] respectively. Given that the point P(t, 1 + 1) is

on AB, find

(a) AP and BP in terms of t
(b) the value of r and the ratio AP : PB.

(a) AP = OP — DA
() (!
T+l 4
el
=43

BP = OP - OB

(b) Since AP and BP are parallel vectors,
AP = kBP for some scalar k.

« ()

which gives

[ U < (A ) TR (1)
F=3 =kt oiciionisiniecricen s (2)
. ey — |
A T
1Pt =t = 10r + 21
I=1
3
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From (2);

-3 _ 2
k=22

Zﬁ:%i}?ﬂ’ = AP:PB=2:7

Given that n = 3i + 2j, b= 2i — j and ¢ = 4i + j, find

(n) a+ b, (b) 3a+ 2b, (c) 2b-r¢, (d) 2a+ b - 2¢.
: 2 ( -1 3
Given that a = , b= | and ¢ = , find
1 {2 -2
(n) 2a+ b, (b) n+b+e (t) 3a+ 2¢, (d) 2a + 3b - 2¢.

Find the magnitude of each of the following vectors. Write down the unit vector
and the vector of magnitude 65 which are in the direction of the given vector.
(a) 3i+4j (b) 5i- 12j

7

2 1
Given that a = [ 1] and b = [ ] find the value of m and of n such that

3 4
(@) ma+ nb = [4] (b) ma+ nb = [_?J.

The position vectors of the points A and B are a = { 1] and b = [ } respectively

relative to an origin 0. Given that
(2) AE = 3}5{}, find the position vector of E,
(b) AP = H.ZE, express the position vector of P in terms of A. Find the value

3
of A such that OP is parallel to [q]

- 3
Relative to an origin O, the position vectors of the points P, Q and R are [ } [ }

8 Y

and ;5 respectively. Find
\

(a) the distance between Q and R,

{b) the unit vector in the direction of @:‘,

(¢) the value of m and » such that OP + mb'@ = nOR and hence deduce that
PR = 300.
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) [
7. The vector [Jr ] is parallel to [7] Find the relationship between p and ¢. Given that
q 2

p = 0and [P] has a magnitude of 5, find the value of p and of ¢.
q

8. Find the relationship between p and ¢ if

3 3
(a) the vector ’ - 1§ parallel to ,
(q 5 l

-1

(b) the vector [p
q

] has a magnitude of 2.

1 3
Y. The position vectors of the points A and B, relative to an origin O, are [1] and [2]

respectively. Find the position vector of C if
(n) AC = 2AB, (h) AC = 3BA.

0y (1 -3
10. The position vectors of three points O, A and B are [0], [0] and [ 6] respectively.

Given that OC = 30A and 0D = éﬁ, write down the position vectors of C and '
D. Given also that AB and CD intersect at £, and that DE = pﬁf‘ and AE = q;‘l_!j,
find the position vector of £ in terms of
() p, (b) q.
Hence find the value of p and of ¢.
1
11. The position vectors, relative to an origin O, of the points A and B are a = [ O] and
3 "
b= [4] Given that the position vector of Cis ¢ = Ad + 3Ab and ACB is a straight

line, find the value of A.

1 3
12. Relative to an origin O, the position vectors of the points A and B are /1[2] and [5]

respectively. Find AB and the values of A if the distance between A and B is 5.

Important Notes
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Parallel vectors :

b=Fkaand k > 0 < aandb are in the same direction
b =kaand k <0 < aand b are opposite in direction
b = ka = [b] = [k|a|

Addition and subtraction of vecters
(a) P_Q' + @é = PR (rrfang.!e' law of addition)

@ + PS = PR ( parallelogram law of addition)
a+b=b+a (commutative law) P

(by PR = PO + OR & OR = PR — PO (subwaction of vectors)

Vectors expressed in terms of two non-parallel vectors a and b
ra+gb=rma+sb & p=randg=s

Position vectors

(a) Relative to an origin O, the position vector of a point P is OP.

(b) A, B and C are collinear points < AB = kBC

(¢) ABCD is a parallelogram ¢ AB = DC

Vectors in the cartesian plane

(a) If P has coordinates (x, y) in a cartesian plane, then the position vector
of P is

OP = xi + yj
where i and j are unit vectors in the positive direction along the x-axis
and the y-axis respectively.

— -x ——
(b) In column form, we write OP = [y] and |OP| = q,fxz + ¥y,

(¢} Unit vector in the direction of OP is

I = —w 1 =
(xd + yj) or —=1| |
;l}xz +y Sy e

Miscellaneous Exer CiS_é"ﬂ';__ 5 —

1. The position vectors of three collinear points P, @ and R relative to an origin O are
b - 2a, 3a - 2b and ka + 6Db respectively.

(a) Find the value of k and state the ratio PQ : OR.

(b) Find, in terms of a and b, the position vector of the point S such that

PS = 250.
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2, The position vectors of three points A, B and C relative to an origin O are 2p — q,
4q and 14q — 4p respectively. Show that the points A, B and C lie on the same
straight line and state the ratio AB : BC.

Given that OABD is a parallelogram, find the position vector of D. P is the point

on DB such that DP = kDB, find the position vector of P in terms of p, q and £.
If O, P and C are collinear, find the value of 4.

3. Given that OA = a, OB =hand OC = 3(3?}', express Pa
AB and AC in terms of a and b. /// \
Given further that AX = 2XB and AY = kYC, !/’4 5 Y
express OX and OY in terms of a, b and k. “-_// i \ 1

If the points O, X and Y lie in a straight line, find £.

4. The position vectors of three points A, B and C relative to an origin O are a, b and
Sa respectively. The point P lies on AB and is such that AP = kAB. The point Q lies

on OF produced and is such that 0Q = ”TIA OP. Find the position vector of @ in
terms of a, b and k. If @ lies on BC, find the value of & and the ratio BQ : QC.

:Jl

iz
The position vectors of four points A, 8, C and D relative to an origin O are { I]’

"

I 10 5
[ ], [ i] and [4} respectively. Two points P and Q are points on AB and CD

respectively, AP = AAB and CQ = uCD. Show that the position vectors of P and Q

[+ A

point of intersection of AB and CD.

2 - 10 - 51 . .. g \
are | - and 5_ 4 respectively. Hence find the position vector of M, the

4 9
6. The position vectors of points A and B, relative to an origin O, are [3] and { ;]

respectively. P, @ and R are points such that OP = -15;1:, AR = kAB and

00 = %5‘[} Write down the position vectors of P and Q. Express the position
vector U‘I' R in terms of &. Given that P, @ and R are collinear, find the value of k.
7. Relative to an origin O, the position vectors of three points P, Q and R are a + b,
a and a - 2b respectively. The point L lies on OP and is such that OL = %OP. The

point M lies on OR produced and is such that OM = AOR. Find
(a) in terms of a. b and A, the position vector of M,
(b) the value of A for which L, @ and M are collinear. Hence find the value of

oM
Lo
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8.

9,

10,

11.

(a) Given that A, B and C are collinear points with position vectors p, p + 2q,
A(p — 2q) respectively, find the value of
¥ " \i
iy A, i) —:.
(1) (ir) e
(b) A, B and C are points with position vectors 2p — 3q, 3p — 2q and p + 3q
respectively, relative 1o an origin O. The point X is such that OX = kOA and
CX = mC—B, express OX in terms of
(iy A, pandq, (ii) m, pand q.
Hence evaluate & and m and write down the position vector of X in terms of
p and q.
(n) Find the unit vector n in the direction of the vector 4l Express the vector
6) . \
in terms of n.
-8
(b) Find the vector p which has a magnitude of 39 units and is in the same
L 5
direction as ;
12
. : . " 8 12
{¢) The position vectors of A and B relative to an origin O are q and |
5

respectively. Find AB and the unit vector in the direction of AB.

In the figure the points X and Y are such that
AX = %XB and OY = YX, while the point P is
such that OA = 3AP, The lines Y@ and PO are
parallel to OA and OB respectively.

Given that OA = a and OB = b, express OP
and OY in terms of a and b.

Given that YO = ma and PT_) = nb, find the
values of # and 1. Hence show that OAQY is a
parallelogram. (C)

o

0

OACB is a parallelogram in which OA =a and OB = b. ABXY is a parallelogram

in which AY = 30C. OCPQ is a parallelogram in which CP = 2BA. Find, in
terms of a and b, the position vectors P, O, X and Y relative to O.
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12, The position vectors of three points A, B and C, relative to an origin O, are a, b and
ka respectively. The point P lies on AB and is such that AP = 2PB. The point @ lies
on BC and is such that CQ = 608. Find. in terms of a and b, the position vectors
of P and Q. Given that OPQ is a straight line, find

i 3 g 3 o - ot LJ_"l
(a) the value of k, (b) the ratio 70"
The position vector of a point R is %u. Show that PR is parallel to BC. (0)

13. (a) Given that a is a vector of magnitude 10 units in the direction of the vector

3
[ 4 and that b is a vector of magnitude 15 units in the direction of the vector

4
[%], find the vector a + b.

(b) In the diagram, the position vectors of A and B relative A
to an origin O are a and b respectively. Given that A7 s
BX = pOA, express OX in terms of p, aand b, The _ 'V /
point M lies on AB such that AM : MB =2: [. Given o4~ o~ )
also that OX = qOM, express OX in terms of g, a and b.
Hence find the value of ¢ and of p. (C)

a -3 8
14. The position vectors of the points P, Q and R are p = {8] = [ ] and r = [; ]
)

respectively. Find

2
(a) the value of @ and of n such that p + nq = [l(']’
D

(b) the value of & such that the points P, @ and R are collinear.
2

15. Relative to an origin O, the position vectors of two points A and B are { 4] and

7
[ ]] respectively. The point C lies on AB, between A and B. Given that the position

vector of C is [;] find the value of t and the ratio AC : CB.

16. (a) ABCDEF is a regular hexagon with centre G. The position vectors of A, B and
C relative to an origin O are a, b and ¢ respectively. Express
(i) OG in terms of a, b and ¢, (ii) CD in terms of a, b and c.

(b) The position vectors of points P, Q and R relative to an origin O are p + q,

2p + 3g and 4p — g respectively.
Given that PORS is a parallelogram find, in terms of p and q, the position
vector of §. Given that T is a point whose position vector relative to O is 5p,
show that OPTR is a parallelogram. (C}
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24 1 Relative Motion in a Straight Line

True Velocity

‘,la"-é'-,'

carth

A ;% e 20 km h!
G ———— —

In the diagram, A (an athlete) jogs along a straight road at a speed of 2 m s due east.
The velocity of A, denoted by v,, is written as

2ms’

VA .
which is the velocity relative to the earth and is known as a true (or actual) velocity.
The true speed v, is also known as the ground speed.

Similarly, v is the true velocity of C (a cyclist) who travels at a speed of 20 km h™' due
west and we write
20 km b

Vo = ————

The velocity of a moving object P relative to the earth is
known as a true (or actual) velocity and is denoted by v,.

Suppose that P and Q are two fixed points on the earth and A jogs from P to O in

30 minutes, then the distance (true distance) from P to Q is
PO = vt = 2(30 x 60) m = 3600 m (3.6 km)

¢ 2ms!
P : : : 0

Relative Velocity

Let us begin with a simple example:

P i Q A

jﬁ" Ims! P 2ms!
eSO S e L
B2 L,
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The diagram shows two men P and Q running at speeds of 3 m s and 2 m s
respectively. Intuitively, we can observe the following:

To the man @, the man P appears to move P Q
at a speed of 1 m s towards Q. Relative
1o Q(observer), P is moving at a speed of
1 m s due east as shown

Il ms!

L febserver)
Jl

an e write .
and we } sy
Vip=—"7>

which represents the velocity of P relative 1o (. The velocity v,,, is known as a relative
velocity and it covers the distance between P and Q. If the distance between P and O is
20 m, then P will overtake O after 20 seconds.

Similarly, relative to P(observer), Q appears to move at a speed of 1 m s due west
towards P and we write

lms'

VQﬂi = = -

which represents the velocity ol O relative to P.

(a) The velocity of a moving object P relative to another
moving object  is known as an apparent velocity
and is denoted by v,

(b) Vpp = =Vyp

In the diagram, A and & are two fixed points on a straight path and
the distance apart is 30 m. A man P jogs from A at a speed of
3 m s' due east. Another man @ jogs from B at a speed of
2 m s in the opposite direction. Find

(a) the velocity of P relative to Q,

(b) the time taken for P and @ to pass each other.

3ms! 2ms!
—_— -—

30 m

dms 2myg!
(@) vy=——» Ve ——

To Q, P appears to move at a speed of 5 m s ' towards him. In
mathematical terms, we say that refative to giobserver), Pis
moving at a speed of 5 m s ' due east.

Sms'
Vi = —
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(b) The time taken for P and © to pass each other,
i\ 30
t= — = —( s=1058.
Vi )
Note:  AB = initial distance between P and Q.
In Example |, we study intuitively the relative motion between two moving objects.
Next, we shall apply basic laws of vectors 1o study relative motion and develop systematic
approaches to solve more complicated problems.

Relative Velocity Equation

For two moving objects P and 0, the relationship among the true velocities v,, v, and
the relative velocity v, is given by the vector equation

Vi = Vpo + Vg (Addition of Vectors)
S S
which is known as the relative velocity eguation.

To solve the vector equation, we apply the Triangle  y

Ypip Yo Z

Law of Addition on a straight line 1o draw a velocity
dingram as shown: vp

(1) Draw v, represented by XY followed by v, represented by YZ.
(2) Draw v, represented by NZ.

We shall begin by illustrating the application of the above equation as follows:

(a) A particle P is moving at a speed of 3 m s ' due east. To P, another particle O
appears to move at a speed of 2 m s ' due east.

. | o
3ms 2ms’
et ——— Ly I ————
v_n- VU-‘P

Applying v, = v, + ¥,, we have the

) . ¥oup ¥p
velocity dingram as follows: T m ! v I s
X = o Z
) Smy!
Spvg=—2 08 vo
(b) In Example |, we have
3mg’ 2ms’
V, = —————> Vy= ———
Applying v, = Yoo ¥ Yoo Vpp = Vp— ¥y
. ' = ¥p + (_VQ) ¥y ~¥g
5 - i Img! ¥ 2myg! i
_§Q YJL\{_I = #" - . - —— - — -
Sms!
¥

Note that in (b) we gquote the same relative velocity equation and apply the Triangle
Law of Addition.
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ﬁ!ﬁ]’_’ I ms! walkway 1.5ms!
A carth B

A straight horizontal moving walkway travels at 1.5 m s in a
direction from the fixed point A towards the fixed point B as
shown in the diagram. A man walks from A to B on the moving
walkway, at a speed of 1 m s,

Write down

(a) the velocity of the man relative to the walkway,

(b) the true velocity of the man.

What is the true speed of the man if the walkway increases its
speed to 1.8 m s ' and the speed of the man relative to the walkway
remains unchanged?

o1 Let W denote the walkway and M the man.
() The velocity of the man relative to the walkway is:

Ilms'

=—
Vigrw =

15ms’
(b) vy=—""

Apply v, = vy, + vy to draw a velocity diagram.

Yo Yy
lms! y 1.5ms!

X — B ‘—"Z

25mst
Vas

The true velocity of the man is:

25m g’

— v—_-’.
Var

When the walkway increases its speed to 1.8 m s, the speed
of the man relative to the walkway remains unchanged.

- .7 it 4171 2 , — .
28 » 28ms!
.0 I 8 e
B —— X s - A
Imst ¥ L8ms!
Yarw Vi
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From Example 2, we assume that vy, (= 1 m s ) remains the same when the walkway
is still or moving with different constant speeds.

In the diagram, a river is flowing at a speed of 3 m s~ due east.
A boat, whose speed in still water is 5 m s, is moving upstream,
Find the true speed and the actual direction of motion of the boat.

e NS Sms! s

i ——— ’ ‘ ——. ‘ == L
SOlut.f Let B be the boat and W the water.

Ims’! S5ms’

Vy=——""> and v,= «———

Apply v, = vy + vy to draw a velocity diagram,

Yo

Y Sms! I
. - o|x
- " i
Ims! Z 2ms!
Y Vi

-1
2ms
Hence, vy = <=——

Again, we assume that the boat travels at a speed of 5 m s ' relative to (still or moving)
water.

For an shject P moving in the water, we always assume that
the speed of P relative to the water, v,,,,, remains unchanged
when the water is still or moving at different constant speeds.

In an international airport, a straight horizontal moving walkway
travels at 0.8 m s in a direction from the fixed point A towards
the fixed point B. A passenger £ walks from A to B on the moving
walkway, at a speed of 1 m s relative to the walkway. At the
same instance, another passenger Q walks from 8 to A, on a fixed
horizontal ground alongside the walkway, at a speed of 1.2 m s .
Calculate

. e R TR e

(b) the speed of P relative to Q.

The distance AB is 120 m. Suppose P and Q pass each other after
t seconds, lind the value of t.
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/r !
Lo BmMy
walkway =7 7% o
AL
s :

Let W denote the walkway.

08 ms"' lms”'
s = —
Yy = Veow =
|
1.8 ms

The velocity of P isv, = vy + vy= ——

(b) True velocities of P and O are as follows:

18ms’ 12ms’
Vp= ———» Vo = ——————
P o
; 1.Ems! 1.2ms!
i e - c—

carth

Applying v, = v,,, + v, the velocity of P relative to Q is

given by:
Voo = Vp + (<¥g)
¥p ~Yu
1.8 ms! ¥ 1.2ms!
b - - z
Ims!
Vi

From the velocity diagram

Ims

= —_—
Ve

The speed of P relative to @ is vy, =3 m s,

O (observer)

Suppose P and Q pass each other after ¢ seconds.

Time taken, r = A8 120 o 40 seconds

Vo
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Exercise 24.1

1. In each of the following, find the velocity of particle B relative to particle A.

(1) A 3ms’ B 5ms! (b) A 3ms’! Sms! B
B m—— e e — f———a
(¢) 3ms! Sms! (d) Ims! Sms!
Pe————— — - Afr——— e
A B A i
pJ P e
& 25my! 3mst W
L > . g K‘;{?":"
=L A5
A ]
110m
In the diagram, A and B are two fixed points on a straight path and the distance
apart is 110 m. A boy P runs from A at a speed of 2.5 m s due east. A girl O runs
from B at a speed of 3 m s in the opposite direction. Find
(a) the velocity of P relative to O,
(b) the time taken for P to meet Q and the distance travelled by P.
3. >
P
S
3& 1.3ms! 1.2ms!
o ———— e
L
A n
A straight horizontal moving walkway travels at 1.2 m s in a direction from the
fixed point A towards the fixed point B as shown in the diagram. A man P walks
from A to B on the moving walkway at a speed of 1.3 m s'. Write down
(a) the velocity of the man relative to the walkway,
(b) the true velocity of the man.
4. In the diagram, a river is flowing at a Ims!

speed of 3 m s due east. A boat,
whose speed in still water is 5 m it
is moving upstream. Find the true Sms! *—— E——
speed and direction of motion of the
boat. At a certain instant, the river is
flowing at a slower speed of 2 m s Find the true speed of the boat at that instant,

5. In an international airport, a straight horizontal moving walkway is designed to
travel at 0.8 m s in a direction from the fixed point A towards the fixed point B.
A passenger P walks from A to B on the moving walkway, at a speed of
1.2 m s ' relative to the walkway. At the same instant, another passenger Q walks
from A to B, on a fixed horizontal ground alongside the walkway at a speed of
15w e Caleatate 8 -

(a) the speed of P, (b} the speed of P relative to Q.
The distance AB is 120 m. Find the distance between P and Q at the instant when
P reaches B.
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6. A straight horizontal moving walkway travels at 2 m s in a direction from the
fixed point A towards the fixed point B. A man P walks from A to 8 on the moving
walkway, at a speed of 1.5 m s relative to the walkway. Another man O walks
from B to A, on a fixed horizontal ground alongside the walkway, at a speed of
1.6 m s, Calculate the speed of P relative to O.

The distance AB is 200 m and P and O pass each other at a point halfway between
A and B. Find the time between Q’s departure from B and P’s departure from A.
(C)

7. The diagram shows a car A and a van B moving in the same direction on a straight
road; car A is travelling at 12 m s ' and van B is travelling at 8 m s .

m 12ms! @ Bms!
_ O i i

Car A Van B

Write down the velocity of B relative to A, Hence find the time taken from the
instant when A and B are at a distance 200 m apart to the instant when A catches
up with B.

24.2 Relative Motion in a Current

By now, we have some ideas about true velocity, relative velocity (apparent velocity)
and the vector equation relating true and apparent velocities for motion along a straight
line. In the following, we shall study motion in a current (of water or air) and continue
to apply the relative velocity equation v, = v,, + v,

Motion in the Water: River Crossing Problems

First, we begin by studying some examples on River Crossing Problems.

In the diagram, a river is
flowing at 3 m s due east. A Ims!
boat. of speed 4 m s in still
witer, is steered in the
direction due north. Find the
true speed and direction of L .
motion of the boat.

m.__ Let B denote the boat and W the water.

& =1
Vpy=—""> and v, =4ms
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Ims!

Using v, = V4 + Vyy, we obtain the velocity

diagram as follows: |
4ms”

vp= 3+ 47 =5m g Vo

4

tan « e 55 =53.1°

The true speed of the boat is 5 m s and it travels downstream
making an angle 53.1° with the bank.

In example 5, we use the fact that the course taken by the boat is the direction of vy,
the velocity of the boat relative to the water.

For an object P moving in the water, the course taken by P is
the direction of v,,,, the velocity of # relative to W the water.

Again, in Example 5, the velocity v, is the vector sum of the velocities vy, and v,
v, is also known as the resultant velocity.

Perpendicular Components of a Velocity

In Example 5, the velocity v, =5 m s"/' is the composition of two perpendicular
components as shown in Fig. (a).

4ms!

3ms!

Fig. (a) Velocity diagram 4mg!
i vy

A 3!

Fig, (b} Position diagram

In Fig. (b), the component of 4 m s along the direction (T) enables the boat to cross
the river. If the width of the river is 32 m, then the time taken to cross the river is
%% = § seconds.

The component of 3 m s~ along the bank (—- ) enables the boat to move downstream
from the point of crossing. When the boat reaches the other bank of the river, it will
reach a point C which is 3 x 8 = 24 m downstream from B as shown above.

Given that_AC_=_ I (32) + (24) = 40 m, the time taken to cross the river from A to C

is B il e 8 seconds.
Vp 5
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mﬁ G A boy who swims at I m s in still water wishes 1o cross a river

20 m wide. The river is flowing between straight parallel banks at
1.5 m s '. He heads upstream in a direction making an angle of
60° with the bank. Find

(a) the speed at which he travels,

(b) the angle which his resultant velocity makes with the bank,
(c¢) the time taken for the crossing, to the nearest second.

Let B denote the boy and W the water.

1.5ms’ o
Vs — 5 Ypw = 1 M s

Using v, = v, + vy, we draw a velocity diagram as shown.

1.5ms!

20m

(a) Using cosine rule:
vp= VP + 157 =2 x 1 x 1.5 X cos 60° = 1.32 m s~

(b) Using sine rule:

sin o _ sin 60 o =41°
l 1.32
So the angle which his resultant velocity makes with the bank

is 41°.
(c) Resolve the resultant velocity into two components as shown.

1.32sin41°ms! l 132 ms!

41°

1.32cos 41" ms !

20

———— = 23 seconds
1.32 sin 41"

Time taken for the crossing, ¢ =
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6 m B

dms! 80'm Joms!

A

The diagram shows a river, 80 m wide, flowing at a speed of
3.6 ms ', between straight parallel banks. A boat crosses the river
from a point A on one bank to a point B on the opposite bank,
60 m downstream. The speed of the boat in still water is 4 m 5,
In order to travel directly from point A to B, the boat is steered in
a direction making an angle ¢ to the bank as shown. Find

(a) the value of ¢,

(b) the resultant speed of the boat,

(¢) the time taken for the crossing, to the nearest second.

Soluti‘ (1) Refer to the position diagram: sin f = B _ 0.8 and the

5 " . 100
direction of v, is known.

060 m b1

36ms’ - 3
Yy = ?
VYp = Vy /
Vyw =4 m "I‘\

80 m 100 m
Using vy, = Vyy + ¥y va
= Vy + VYo

we draw a velocity
diagram as shown.
Using sine rule on the velocity diagram,

siny _ sinf

A

3.6 4
siny=36x X =072
Velocity diagram 4
sin =08 and sin y=0.72 = f =53.1°and y =46.1°

Hence o = 180° - f— y= 80.8°.

(b) Using sine rule on the velocity diagram,
Vi _ 4
sin 80.8° sin 3

vy = 4 %0987 =494 ms'
0.8

: ’ o . A 12 4 TH . a
(¢) Time taken for the crossing = -— = e = 207 seéconds (to

the nearest second)
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Graphical Method

In Examples 5 and 6, we use A7
the calculation method to find L
the unknown speeds and T
directions with the aid of a /
rough sketch for each velocity /
diagram. However, we can /
construct a velocity diagram to /
scale on graph paper and 7
measure the unknown speeds /
and directions. This method is

most convenient for problems v,
involving more computations.

To illustrate the graphical
method, we construct the
velocity diagram in Example
7 as shown.

Rewrite the relative velocity v B 3-(’2“"
ecquation v, = vy, + vy as Vi
Vy = Vi + V. I is because

v, is the only known vector

(in magnitude and direction) and it is the first vector to be drawn under the construction
of the velocity dingram as shown below.

With reference to a rough sketch, we choose the scale : 2em : 1 ms™

Draw a directed line segment XV of length 7.2 cm to represent vy,

. Draw an arc of a circle with centre Y and of radius 8 cm for vy, which has unknown
direction.

Draw a line segment from X in the direction (6 cm —, 8 em T) so that the line meets
the arc at Z as shown.

fad b

.

In the velocity diagram, YZ represents vy, and XZ represent v, By measurement, we
have (a) o= ZZYX = 81°

(b) XZ = 10 cm and so the speed of B is v, = ? =5ms’.

Motion of Aircraft in the Air

In this section. we shall continue our study on the motion of aircraft in a current of air
(wind) using the same basic concepts and methods for problem solving. Again, we shall
learn through the solutions of the following examples.

The speed of a commercial aircraft in still air is 300 km h''. The

wind veltocity s 80 ki b from the west. The aircraft is siecred
on the course in the direction 060°. Find the true velocity of the
aireraft.
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Solu_. C Let A denote the aireraft and J:’ 80 km !

Vi

W the wind (air).
Vow= 300 km k'

vy =80 km h'—>

300 kmh!

!
i
1
I
I
|
I
Apply v, = v + vy to draw 'l
a velocity diagram as shown. |
Using the cosine rule, the true speed is

vy = 3007 + 80° — 2(300)(80) cos 150°

=37l mg’

Using the sine rule,

sin (e — 60°) _ sin 150
80 371
o - 60° =6.2°

o = 66.2°

The true velocity of the aircraft is 371 m s~ on the bearing 066.2°.

Note: (1) The speed of the aircraft is 300 km h' relative to
the (still or moving) air.

(2) The course taken by the pilot is the direction of

¥ the direction of the plane relative to the wind.

For any object P moving in the air,
(a) the speed of P in still air is v,
(k) the course taken by P is the direction of v,
where v, is the velocity of P relative to the wind (air).

Exalmpi An aircraft flies due north from A to B where AB = 252 km. The
wind is blowing from the direction 040° at 85 km h™". The speed
of the aircraft in still air is 350 km h'' and the pilot sets the course
on the bearing 8, where 8 is acute. Find
(a) 6, B
(b) the time taken, in minutes, for the

journey from A to B.
Vi

m (a) Let W denote the wind and A the aircraft. 252 km /
vy =85 kmh' F

A |
Vyw= 300 kmh" /7 | g

V= ¥y T (aircraft flies due north with
unknown speed v, ) A
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Apply v, = vy + v, to draw the velocity diagram.

Using the sine rule,
sin 0 sin 140° 85 km Ir-!

85 350 Viv
sin 8 =0.156 and 8=9°

Vaw

v, 350
(b) 350 kmh!

sin 31°  sin 140
v, = 2804 km h'

" ] 187 ¥
Time taken = Lok - h !
v, 280
= 54 min

E(\amp ..r:1 () (a) Inawindblowing at 3 ms ' from the direction 060°, a cyclist
travels due west at 4.5 m s, Find the velocity of the wind
relative to the cyclist.
(b) A boat travels due north at a speed of 20 km h'. To the man
in the boat, the wind appears to blow at 10 km h' from the
bearing 030°. Find the actual velocity of the wind.

(a) Let C denote the cyclist and W the wind.
Vve=45ms' «— and vp,=3m sh'//

=¥ Y
Apply vy = Ve + Ve LA -
Vige = ¥y + (=)
30° - 0
45ms!
Ve = 30 + 4.5% - 2(3)(4.5) cos 30°
=242 ms™
sin @ _ sin 30°
3 242

8 = 38.3° (to | dec. pl.)

The velocity of the wind relative to the cyclist is 2.42 m s from
the direction 308.3° (270° + 38.3°).

(b) Let £ denote the boat and W the wind.

20 kmh!

¥

v, =20kmh' T and Viw = 10 km b ¥

Apply Vi = vy, + v, to draw a velocity diagram as shown.
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Using cosine rule:
JO0Y + (20)° = 2(10)(20) cos 30°
=124 kmh' (to 1 dec. pl.)

Using sine rule:

Il

Viy

sina _ sin 30° o =13.8°

10 12.4

. - . . -1
The actual velocity of the wind is 12.4 km h™ from the
bearing 156.2°,

A river is flowing at 4 m s due south. A boat, whose speed in still water is
3 m s, is steered in the direction due east. Find the true speed and direction of the
motion of the boat.

A river is flowing at 3 m s due east. A speedboat, whose speed in still water is
S ms ', is steered in the direction on o bearing of 330°. Find the resultant velocity
of the speedboat.

In the diagram, a river is flowing at a speed
of 2.5 m s dile east. A boat, whose speed in
still water is 6 m s, is steered in the direction

due north. Find the true velocity of the boat. ]5 ms!

25ms!

A soldier who swims at 1.2 m s ' in still water wishes to cross a river 20 m wide.
The water is flowing between straight parallel banks at 1.8 m s, He swims upstream
in a direction making an angle of 70° with the bank. Find

(a) the resultant velocity,

(b) the time taken for the crossing, to the nearest second.

~ bms!
\“\

30m

A

The diagram shows a river, 30 m wide, flowing at a speed of 3.5 m s ' between
straight parallel banks. A boat, whose speed in still water is 6 m s ', crosses the
river from a point A on one bank to a point B on the opposite bank, 5 m upstream.
In order to travel directly from A to B, the boat is steered in a direction making an
angle o to the bank as shown. Find

(a) the value of o,

(b} the resultant speed - of the boat,

(¢} the time taken for the crossing, to the nearest second.

In order to make the return journey from B to A, what is the course taken by the
boat?
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6. The speed of an aircraft in still air is 300 km h™". The wind velocity is 60 km h'
from the east. The aircraft is steered on the course in the direction 060°. Find the
true velocity of the aircraft.

7. An aircraft flies due east from A to B where AB = 200 km. The wind is blowing
from the direction 030° at 60 km h''. The speed of the aircraft in still air is
300 km h™' and the pilot sets the course on the bearing 8°. Find
(a) the value of 8,

(b) the time taken, in minutes, for the journey from A to B,

8. (a) An aircraft is flying due south at 350 km h''. The wind is blowing at
70 km h'' from the direction 6°, where 6° is acute. Given that the pilot is
steering the aircraft in the direction 170°, find
(i) the value of 6,

(ii) the speed of the aircraft in still air.

(b) A man who swims at 1.2 m s ' in still water wishes to cross a river which is
flowing between straight parallel banks at 2 m s ', He aims downstream in a
direction making an angle 60° with the bank. Find
(i) the speed at which he travels,

(ii) the angle which his resultant velocity makes with the bank. (C)
9.  10m
— e S
24ms! i
— | 56mg!
} l60m
|
e . | -
A

The diagram shows a river, 160 m wide, flowing at a speed of 2.4 m s, between
straight parallel banks. A boat crosses the river from a point A on one bank to a
point B on the opposite bank, 120 m downstream. The speed of the boat in still
water is 5.6 m s In order to travel directly from A to B, the boat is steered in a
direction making an angle e to the bank as shown. Find

(a) the value of o, (b) the resultant speed of the boat,

(e) the time taken for the crossing.

The boat then makes the return journey from B 10 A. Find the resultant speed of the
boat on this return journey. (C)

243 Relative Motion of Two Moving Objects

For two obiects P and O moving with true velocities v, and v, respectively, we shall
apply the same relative velocity equation:
Vo = Voo + Vg
Or Vpgp = Vpt+ (= V)
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Apparent (relative) Path

North

il - ~1
s 10 kmh

i 5 km

At a particular instant, two ships P and Q are 5 km apart and
move with constant speeds and directions as shown. Find

(a) the speed and direction of P relative to Q,

(b) the distance apart, in metres, when P is due south of O.

(a) Using v,= vy, + Vg

v”rg - VP + (‘—VQ)
PP.-"Q == \182 + 102 = 12.8 ](m h-l

tan o = % o = 38.7° and so the motion of P relative to O

is in the direction 098.7° (60° + o).

(b) The path of the motion of P relative to Q (observer) is shown
in the position diagram.

5km %

af .nh.fen'w}

})

f“t} : I alry,
pd i ¢l
”] }f P 'l' e fo Q

When the ship P is due south of @, the distance apart is
d =5 tan 8.7° km
=765 m

In the previous example, the path of P observed by Q is known as the apparent path
and the velocity v, is in the direction of the motion of P along the path.

Interception

At an instant, two cyclists A and B, are 120 m apart with B due

east of A. Cyclist A is travelling at 3 m s in a direction 030° and

S eyetist B is travedting at 3.8 nr s in 4 direction o Find x

(a) the value of a for which cyclist B should travel in order to
intercept cyclist A,

(b) the time taken for the interception to occur.
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Assuming that cyclist A is travelling at a speed of 4 m s™' in the
same direction and the speed of cyclist B remains unchanged,
show that there are two possible directions in which B should
travel in order to intercept A.

Indicate the direction in which B should travel in order to intercept
A as quickly as possible.

m (a)  For interception, B appears to move towards A as shown.
: 38ms!
Ims!
60° (¢
A B
¥

bserve
{obsen (J‘JA

i

Applying v, = vy, + v,
VA + \’m_-, ¥

we draw a velocity diagram

as shown.
sin 8 _ sin 607 :
37 38 38mg! Ims!
sin 6 = 0.684 9 60°

So 8=43.1" and & = 270° + 6 = 313.1°.

(b) From the velocity diagram,
Viga 38

sin 76.9¢ sin 607
Vya =4.274 m 5™

. istance apart 120
Time taken = distance apart = 28.1 seconds
Viyra 4.274
Applying v,=v, +v,, withv,=4ms Van Vaia

we draw the velocity diagram as shown.

Notice that there are two possible
triangles and so there are two possible 4ms!
directions of v, as shown, 38ms!
For interception to occur as quickly as &
possible, we choose the course of B for

e whictt vy, is Targer. o e '

Note:  Since v, is a known vector, we write v, = v, + v, so that
we can draw v, first.
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For two objects P and @ moving in a plane, it is important to
obtain the information:

i) QP, the initial position vector of P relative to O
i) v, the velocity of P relative to Q

Vi and OF are in opposite directions

& To O (observer), P appears to move towards O

< P will intercept O

Two particles P and Q, are 30 m apart with @ due north of P. Particle Q is moving
at 5m s ' in a direction 090° and P is moving at 7 m s~ in a direction 030°. Find
(a) the magnitude and direction of the velocity of Q relative to P,

(b) the time taken for @ to be due east of P, to the nearest second.

At a particular instant, two ships P and Q are 5 km apart.
P is due east of Q and they move with constant speeds ¢ 1 1y

. ¥ . - |
and directions as shown. Find 25 kmh
(a) the speed and direction of P relative to Q, 120° :
(b) the distance apart, in metres, when P is due north of Q. 0= £tk > p
5km
At a particular instant, two boats P and Q are 2 km apart and  /———— 3m !
P is due north of Q. The ships move with constant speeds and
directions as shown. Find ’
(a) the speed and direction of Q relative to P, > ki
(b) the distance apart, in metres, when Q is due east of P.
_ 4dmsg!
0

At a particular moment, two ships A and B, are 5 km apart with A due west of B.
Ship A is sailing due south at 5 km h™" and ship B is sailing due west at
8 km h'. Find

(a) the velocity of A relative to 8,

(b) the distance between the two ships when A is on the bearing of 225° from B.

Two aircralt A and B fly at the same height with constant velocities. At noon,
dircraft Bis 30 kKm due cast of aircraft A and is flying due west at 450 km h .
Aircraft A is flying on the bearing 120° at 300 km h™'. Find

(a) the velocity of B relative to A,

(b) the time when B is due north of A.
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6. 10m s

Bmst

/ 0
paetian

50 km

e

In the diagram, two particles P and Q, moving with speeds 8 m s and 10 m ™'
respectively, leave simultaneously when they are 50 km apart with P due west of
0. Particles P and Q are moving in the directions as shown. Given that P and Q are
on the path of collision, find

(a) the value of 6,

(b) the time that elapses before the collision, to the nearest second.

7. At a given instant, an airship is moving due north with a speed of 6 m 5. A
helicopter which is 500 m due east of the airship flies at a speed of 12 m s and
steers on a bearing € in order to intercept the airship. Find
(a) the value of 6, (b) the time that elapses before interception.

8. Two particles, A and B, are 50 m apart with A due north of B. Particle A is travelling
at 10 m s in a direction 075° and B is travelling at V m s™' in a direction 015°.
(a} Given that V = 20, find

(i) the magnitude and direction of the velocity of B relative to A,
(ii) the time taken for B to be due west of A.
(b) Given that B collides with A, find
(i) the value of V, (ii) the time taken for B to collide with A, (C)

f-flmpﬂ'o_rtant_ Notes
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4. Motion in the water

vy & True velocity of W (water)
Vyw o Apparent velocity of an object P relative to W (still or moving
water).

(a) v, remains unchanged
(b)  course taken by 2 is the direction of v,

5. Motion in the air
vy + True velocity of W (wind or air)
Ve o Apparent velocity of an object £ relative to W (still air or wind)
(a) v, remains unchanged
(b} course taken by P is the direction of v,

w () (observer)

6.  Apparent path of P
relative to an observer O

Pagy o,

7. Interception (collision)

Two moving objects P and O will 0
intercept each other < vy, is V/
P

in the direction 'P_Q'

|, Aship A is travelling at a speed of 20 km h™' due east. At a certain
instant, the captain of ship A sights another ship B which is 3 km
away on the bearing 120° and moving in the direction of bearing
020°. The captain senses that they are on the path of collision.
Find the speed of B relative to A and the time that elapses before

collision,
20 km h'
V, = —————>
4
|
v, = 120
: 1‘&'
|
Yo = ‘%\
Apply v, = vy, + v, /< L . %\
VB = V\ + vﬁf‘f" 20 km h_l

L i ¥
to construct the velocity diagram as shown, !
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sin 70°  sin 80°
sin 70°
v, =20 x 2
i sin 80°

19.1 km h™

Il

i . - initial distance between A and B
The time that elapses before collision = = DGR I ]

Virea

=942 min

1. To an observer on a train which is heading in the direction 135° at 50 km h™', a car
3 km due east appears to be travelling due north at 20 km h'. Find
(a) the actual speed and direction of the car,
(b) the distance apart of the train and the car after 3 minutes.

2. To an officer on a patrol boat which is sailing due south at 20 km h™', a ship 1 km
due west seems to travel on the bearing 150° at 20 km h', Find
(n) the actual speed and direction of the ship,
(b) the distance apart when the ship is due south of the boat.

W

A wind is blowing from the direction 060° at 20 km h™'. Find the speed and
direction of the velocity of the wind relative to a boy who is cycling due north at
30 km h''. At a certain instant, a boy makes a right turn and cycles due east with
the same speed, find the speed and direction of the velocity of the wind relative to
the boy.

4. n ‘__2[) m e C

a4

-1
60 m it_,.

A

The diagram shows a river 60 m wide, flowing at 3 m s between straight banks.
Point B is directly opposite point A and C is 20 m downstream from B. A canoeist,
who can paddle with 4 m s ' in still water, travels directly from 4 to C. Find

(a) the angle to the bank at which the canoeist should steer.

(b) the time taken to travel from A to C, to the nearest second.

If the canoeist crosses the river from A in the shortest possible time, find
(¢) the time taken, to the nearest second,
(d) the distance of the landing point from B.
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6.

A plane is scheduled to fly due north from Singapore to Bangkok. Bangkok is
1400 km from Singapore. There is a wind blowing from the bearing 060° at constant
speed of 96 km h''. Given that the speed of the plane in still air is
800 km h', find

(a) the course set by the pilot, (b) the flight time, to the nearest minute.

On the return journey, the wind is blowing at the same speed from the bearing 030°
and the speed of the plane in still air remains unchanged, find
(¢) the course set by the pilot, (d) the flight time, to the nearest minute.

Two small marbles A and B are 160 cm apart with B due east of A. Marble A is
moving at 8 cm s in a direction 030° and marble B is moving at 12 ¢cm s in the
direction 330°. Find, by calculation or drawing,

(a) the velocity of B relative to A,

(b) the time taken for B to be due north of A,

(c) the distance between A and B when B is on the bearing 045° from A,

A ship A is steaming at 15 km h' in the direction 045° and is 10 km due west of

another ship B.

(a) Given that the speed of Bis 20 km h ', find, by drawing or by calculation, the
direction in which B must travel in order to intercept A and the time taken, to
the nearest minute.

(b) Given that the speed of B is 12 km h'', find, by drawing or by calculation, the
two possible directions in which B must travel in order to intercept A.

(a)

— Ty SR

B
120 ml —_— > |5my!
A

The diagram shows a river flowing at 1.5 m s ' between parallel banks. A
rower, whose speed through still water is 2 m 57, rows from A to the point B,
immediately opposite A. The rower points the boat in a direction inclined at an
angle o to the bank. Find the value of a.
Given that AB = 120 m, find the time taken for the crossing, to the nearest
second.

{(b) At a particular instant, particles P and Q are
36 cm apart and are moving in a horizontal plane

2dems!

with constant speeds and directions as shown in the g s
diagram.

Given that they collide 3 seconds later, find !

(i) the velocity, in magnitude and direction, of P P 36 cm Q

relative to 0,
(i} the value of v-andof 0.
(c) A car is travelling at 80 km h' in a direction due north, and the wind is
blowing at 30 km h'' from a direction 240°. Find the angle that a streamer,
tied to the car roof, makes with the direction of motion of the car. (C)
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Y. (a) Twotrains, A and B8, are 10 km apart with 8 due east of A. Train A4 is travelling
at 120 km h™' along a straight track in a direction 045°, Train B is travelling
at 100 km-h™" along a straight track in a direction 300°. Find
(i) the magnitude and direction of the velocity of A relative to B,

(ii) the time taken for A to be due north of B.

(b) A motoreyelist travels due west at 100 km h™'. To the motorcyclist the wind
appears to blow at 80 km h™' from 300°. Find the magnitude and direction of
the actual velocity of the wind. (C)

10. (a) The speed of an aircraft in still air is 300 km h'. In a wind of speed
140 kmh', blowing from a bearing of 230°, the aircraft flies due east. Find
(i) the course set by the pilot,
(ii) the time taken for the aircraft to travel 100 km.
() To a cyclist travelling due east at 18 km h' the wind appears to be blowing
at 12 km h' from a bearing of 150°. Find the true wind-speed and the direction
from which the wind is blowing. (C)

11. (a) A plane, whose speed in still air is 320 km h'', flies directly from London to
Brussels, a distance of 320 km. The bearing of Brussels from London is 110°
and there is a wind of 120 km h™' blowing from the west. Find
(i) the course set by the pilot,

(ii) the time, in minutes, for the flight.

(b) At 08 00 hours, a coastguard station receives a distress signal from a tanker,
which is at a distance of 16 km on a bearing of 090°. The tanker is travelling
at 12 km h™' on a bearing of 315°. A lifeboat is immediately launched from the
coastguard station to intercept the tanker. This lifeboat travels at constant
speed in a straight line and intercepts the tanker at 08 20 hours. Caleulate the
speed ol the lifeboat. (C)

12. (a) The diagram shows a river 45 m wide which flows at 2 m s'. A motor boat,
of speed 2.5 m s in still water, leaves a point A to cross the river. Given that
the boat 1s steered at an angle 8 1o the bank as shown, find, by drawing or by
calculation,

(i) the value of 8 for which the boat travels directly to B,
(if) the time taken for the journey from A to B.

I—l:’s m

——— i | _ -y
A

257
et

(b) At 08 00 hours, a lifeboat which has a maximum speed of 50 km h ', is 30 km
to the west of a fishing boat. The fishing boat is sailing at 15 km h™' on a
bearing of 320°.

Find, by drawing or by calculation,
(i) the bearing on which the lifeboat should travel in order to intercept the
fishing boat as quickly as possible,
(ii) the time, to the nearest minute, at which the interception would oceur.
(C)
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13.

14,

15;

(a)

(b)

(a)

(b)

(a)

(h)

The diagram shows two trains D —> W ms! 4

moving towards each other - 2 —}:*'Jrf“*'ﬁﬁiﬂ'*+"*"*""+
on parallel tracks; train AB of ~ HHFHHHHHHERH] 100m f
length 80 m is travelling al € <—imy' D

29 m s and train CD of length 100 m is travelling at 11 m s~

Write down the velocity of train AB relative to train CD. Hence find the time
taken from the instant when A and C are adjacent to the instant when B and
D are adjacent.

Two towns S and T are 360 km apart and are such that 7' is on a bearing of
070° from S. A plane whose speed in still air is 300 km h™' flies directly from
S to T. Given that there is a wind blowing from north at 60 km h', find

(i) the direction in which the pilot must steer the aircraft,

(i) the time taken, to the nearest minute, for the journey,

When the aircralt returns from 7' to S, the speed of the wind has changed, but
it is still blowing from the north. Given that the pilot steers the plane on a

bearing of 270° find the new speed of the wind. (C}
A river flows between B B C

B _ S
two parallel bank% at o p—
|
- |
speed of 4 m 5. A boat, v 'l e R
whose speed thrnugh still 1
water is S m s, leaves a ‘f()‘ e

point A, hcmlmg in a

direction making an angle of 70° with the bank, as shown in the diagram. The
point # is directly opposite A on the other bank and AB = 80 m. At time ¢
seconds after leaving A, the boat reaches the bank at the point C. Find

(i) the value of ¢, (ii) the distance BC,

(ifi) the angle that the direction of motion of the boat makes with the bank,
An aircralt is travelling due north at 360 km h™'. The pilot is steering a course
of 350° and the aircraft’s speed is 300 km h'. Find the speed of the wind and
the direction from which it is blowing. (C})

A straight horizontal moving walkway travels at 2 m s in a direction from
the fixed point A towards the fixed point B. A man P walks from A to B, on
the moving walkway, at a speed of 1.5 m s ' relative to the walkway. A man
@ walks from B 10 A, on fixed horizontal ground alongside the walkway, at
a speed of 1.6 m s

Calculate the speed of P relative to 0.

The distance AB is 200 m and P and Q pass each other at a point halfway
between A and B. Find the time between Q’s departure from B and P’s departure

from A. l

(=27.20) (15.20)

H3ms'!

0. 0)
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A footballer C runs at a speed of 5 m s, with the ball close to his feet, in a
straight line towards the point (0, 0). At the instant when he passes through the
point (15, 20), another footballer D starts to run in a straight line, at
835 m s, from the point (=27, 20) at an angle 8 as shown in the diagram.
Given that D intercepts the ball, and that the given coordinates are in metres,

find
() the value of 6, (b) the velocity of D relative to C,
(c) the time taken by D to intercept the ball. (C)
16. Two ships, A and B, leave their ports 26 km b
simultaneously at 12 00 hours. The ports are 20 km Iy’

104 km apart with one port due west of the
other. The speeds and directions of the two ships

o ; 104km
are shown in the diagram, where tan a = .I and '

2 .
tan = Iﬁ—' Find

(a) the speed and direction of the velocity of A relative 10 B,

(b) the time at which A is due south of B and the distance between A and B at this
instant,

(¢) the distance between the two ships at 17 00 hours. (C)

17. A tanker, travelling due north at 11 km h', observes a liner 8 km due east at 07 00
hours. The liner is travelling at 20 km h™' on a bearing of 037°. Find
(a) the magnitude and direction of the velocity of the liner with respect to the
tanker
(b) the distance between the two ships at 08 00 hours.
Later, the tanker, still travelling due north at 11 km h™', sights a power-boat which
appears to be travelling due west at 60 km h™'. Find the magnitude and direction of

the actual velocity ol the power-boat. (C)
18, An aircraft leaves A to fly to B which is 100 km due North ¥

of A. The pilot sets a course due North but after 15 minutes Em[) -

he realises that, owing to a wind blowing from due East, i

the plane is at a point C, where C is 65 km from A and L#LET:

16 km West of A. Find \ 9

(a) the speed, in km h™', of the wind, Y

(b) the speed, in km h™', of the aircraft in still air, Ak 4

(¢) the course the pilot should have set from A in order to ;

have arrived directly at B. 1A

Find also the course the pilot should set from C in order to
fly directly to B and, in this case, the time, to the nearest
minute, taken for the journey from A to B. (C)
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(b)

(¢)

(b)

3. The diagram shows the shaded regions enclosed by ¥
the curve y = x7, the line x 4+ y = 2, the x-axis and the
y-axis. Find

(a)
(b)

4. (a)

Find the equation of the curve which passes through (4, -2) and for which

&L - 2x.
de  Wx
Find

M j(?.x _ 1Y dy, (i) _[ JAx dv.

Integrate with respect to x
i e'+.x (i) sin 2v + cos 3x.
Evaluate
" 4 4
: = o
(i) J.] Y2x+ 3 dy, (ii) J; el dx.
Show that, if y = * ., then o - Hence evaluate

|
I+ x° dy (] + .rl)\l'l +x° i

4

B I
—_— .
.[, (I +x3)\)] + 17 '

the area of the shaded region A,
the area of the shaded region B.

E

Three collinear points A, B and C have position vectors 3p - q, Ap + 2q and
p + 5q respectively, relative to an origin O, and p is not parallel to q. Find the
value of A and the ratio AB : AC.

(b) Find the relationship between p and g if

? I
(i) the vector ['!] - [l] has a magnitude of 245.
q
. p 1) . P 3
(ii) the vector - | is parallel to the vector - :
q 5 q -3

5. The positign vectors of A and B relative to an origin O are a and b respectively. The

line OA is produced to P where 20P = 30A and OB is produced to Q where

00 =20B. The lines AQ and BP meet at X. Express AQ and BP in terms of a
and b. Given that AX = AAQ and BX = uBP, express OX in terms of

()

A, a and b, (b) 4, aandb.

Hence determine the values of A and g and find the position vector of X.
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6. A particle P moves in a straight line so that its displacement, s m, from a fixed
point A is given by s = 31* — t*, where ¢ is the time in seconds after leaving A.
Calculate
(n) the time when it is next at A,

(b) the values of ¢+ when it is instantaneously at rest,

(¢) the acceleration when t = 3,

(d) the total distance travelled during the first 4 seconds,
(¢) the maximum velocity of P,

7. (a) A motorist starting a car from rest accelerates uniformly to a speed of
yms ' in 10 seconds. He maintains this speed for another 40 seconds and then
applies the brakes and decelerates uniformly to rest. His deceleration is
numerically equal to twice his previous acceleration.

(i) Sketch a velocity-time graph for his motion.
(ii) Calculate the time during which deceleration takes place.
(iii) Given that the total distance moved is 8355 m, calculate the value of v.
(iv) Calculate the initial acceleration.

(b) A stone is released from rest at a height of 80 m above the ground. Calculate
the time taken for it to hit the ground. What is the speed with which it hits the
ground?

8. A straight horizontal moving walkway travels at 1.5 m s ' in a direction from the
fixed point A towards the fixed point B. At the same instant, a woman P walks from
A to B on the moving walkway, at a speed of 1 m s ' and a man Q walks from A
to B, on a fixed horizontal ground alongside the walkway, at a speed of 1.8 m s
Calculate the speed of P relative to Q.
Given that the distance AB is 90 m, find the time taken for O to reach 8 and the
distance between P and Q at that instant. (Assume that the woman P continues to
walk at the same speed after she reaches B.)

Revision Exercise 18
1. (a) Find
(i) J'JE(z.w 1) dx, (i) J.ﬁ""l_:]_ dr.

(b) Given that % is directly proportional to the square root of x and that y = 9
1

and :;—‘ =3 when x = 4, find the value of v when x = 9.
X

5 5

f(x) dx = 12 and J f(x) dx = 4, evaluate

L]

2. (a) Given thut."

)

3

2 5 5
0 [ e [ e rwnas i j [26(0) - 11 dx.
[}] 2 (k
Find the value of m for which J“{f(x) + mx’] dx = 0.
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4
at 4 Pee = 3% v _
{(b) Show that % [{.‘c = B2 ] T Hence evaluate -[r p— dy.
3. (a) The shaded region bounded by the curve 3
y=x+ i and the line y = 5 is shown
. ¥ . y=2 4+t
in the diagram. Find " x
(i) the coordinates of P and Q, <0 y=5
(ii) the area of the shaded region.
) =0
(b) Calculate the ratio of the shaded areas A and
B shown in the diagram. yeAR e
e y=4
A
— y=1
it
0
4. (a) Find
Sef  1-x z
(i) J‘w dv (ii) J- L Call P
- [ |

(b) A particle P travels in a straight line from a fixed point O such that its
acceleration, @ m s, is given by a = 6f + k, where ¢ is the time in seconds
after it passes O and k is a constant. If the velocity of P is —16 m s after
| second and P comes to instantaneous rest after 3 seconds, find
(i) the value of £,

(ii) the distance travelled in the first 6 seconds.

5. Relative to an origin O, the position vectors of A, B, C and D are 2i + j, =i + 5j,
4i + 3j and pi — j respectively. Find
(a) the value of m and of n such that mOA + nBC =i + 55,

(b) the value of p such that OB is parallel to cD,
(¢) the value of p such that ABCD is a parallelogram,

(d) the values of p such that |AD| = y/13.

1 5
6. Relative to an origin O, the position vectors of two points A and B are [7] and [4}

- R — - - 1
respectively. The point C is on AB. Given that the position vector of C is (1 /J,
find the value of 4 and the ratio AC : CB.
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7. (a) A car accelerates uniformly from rest to a speed of 30 m s~ in 7's. It maintains
this speed for a further 5T s. Sketch a velocity-time diagram for this motion.
Given that the total distance travelled is 825 m, find
(i) the value of T,
(i) the acceleration of the car in the first stage of the motion.

(b) (Optional) A particle starts from rest at a point A and moves in a straight line
with an acceleration of 0.8 m s~. Ten seconds later a second particle is also
projected from A in the same direction at a constant speed of 16 m s . Find
(i) the distance between the two particles 15 seconds after the first started

moving,
(ii) the distance from A to the point at which the second particle collides with
the first.
8. B £ 2}
30m - e 2my!

A

Two soldiers P and Q who swim at 1.2 m s in still water leave A to cross a river

30 m !wide as shown. The water is flowing between straight parallel banks at

2ms .

(n) P swims directly towards B and arrives at D. Find the time taken for the
journey and the distance BD.

(b) O swims at an angle 8 with the bank and arrives at C which is 10 m from D.
Find the value of @ and the time taken to cross the river.

Which soldier crosses the river first?

Revision Exercise 19

1. (a) The curve for which By o EBE k, where & is a constant, has a stationary
dr Jx
point at (1, 2). Find
(i) the value of &, (ii) the equation of the curve.
(b) Find
. 5 s 1 ] . x— 1 a;
(i) J[.. + 8in 2x dx, (ii) w X.

b1

5 1 %
2. (a) Show that i—(tan X — x) = tan” x, Hence evaluate J. tan” x du.

L]

(b) A Tunction Tis defined by 1(x) = 2Zx for 0 = x = T and I(x) =4 — x for

| < x = 2. Sketch the graph of f and show that -[ flx) dx = 3—_];.

4]
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3. (a) The diagram shows the shaded region
bounded by the curve y = In x, the v-uxis
and the line x = 4, —_

Show that [li['.r(m x— D)) =Inxand hence
”

find the area of the shaded region.

(b) In the diagram, the area of the shaded region

; 2 ; ; <
is 203 square units. Find the value of £,

0

4. In the figure, OPOR is a parallelogram. The point S lies on P 0
OR produced so that RS = AQR and PS intersects OR at T

so that OT = gOR. Given that OP =pand OR = r, express

o _ 0— R
(a) PT in terms of p, r and 4,
(b) PT in terms of p, rand A
Hence deduce that 1 = u(l + A).
§

5. A particle moves in a straight line so that  seconds after passing a fixed point O,

its velocity, v m s7, is given by v = 5[1 - %e"’}. Calculate

(a) the initial velocity of the particle,
(b) the acceleration of the particle when 1 = ;l;’
(¢) the displacement of the particle from O when ¢ = 2.

6. (Optional) A particle A moves in a straight line with uniform acceleration from a
point O towards a point P. After 3 seconds it is 33 m from O and after 5 seconds
it 75'm from O. Calculate
(a) the initial speed and the acceleration,

(b) the speed when A is 52 m from O.
At the instant that A moves from O, a particle B leaves P and travels towards O at
a constant speed of 12 m s, Given that OP = 174 m, ca]n.ulutf:

S memﬂmm B o coliide, - o
(d) the speed of A at the moment of collision.
On the same velocity-time diagram, illustrate how the velocities of the two particles
change with time up to the moment when they collide.
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7. (a) A commercial aircraft, whose speed in still air is 800 km h'', flies directly
from A to B, a distance of 1420 km. B is due north of A. There is a wind of
80 km h™' from the bearing 045°. Find
(i) the course set by the pilot,
(ii) the time, in hours and minutes, for the flight.

(b) At 08 00 hours, a patrol boat detects a speedboat that is at a distance of 16 km
on a bearing of 120°. The speedboat is travelling at 18 km h™' due north. The
patrol boat leaves immediately and travels at constant speed in a straight line.
The patrol boat intercepts the speedboat at 08 30 hours. Calculate the speed
and the course of the patrol boat.

1. (a) Find the equation of the curve which crosses the y-axis at a point where

vy = 2 and for which & _ogen
by
(b) Find
{i) J-Sin (2.‘[’ —_ —:‘E} d.f, (ii) Jl(3 _ 2..'()-.2 d.f.
2. (a) Evaluate, to 3 significant figures,
(i) Y2+ tan® x) dy, (ii) _[[l i i} A,
LAt [ ’\/.‘(

(b) Differentiate cos’ 2x with respect to x and hence find

(i) cos” 2x sin 2x dx, (ii) ‘J..*;in3 2y dx.

3. (a) Find | e'e™dx.

o

(b)y If jej‘ f(x) dx = ™ cos 3x + ¢, find f(x).

(¢) Differentiate x*In x — x with respect to x. Hence evaluate j x In x dx.
1

4. (a) The diagram shows part of the curve y = x°. i y=1
The straight line y + 3x = 10 cuts the line A y+3x210
y=1at A(3, 1) and the curve at B(2, 4). The
line y = I cuts the curve at C(1, 1). Calculate (2. 4)
the area of the shaded region. ,,-/ \‘\
—\
c(1. b/
('/\f“___" —_AT3T)
y=1
\ L
0 A\
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{(b) The figure shows the loop of the curve
y~=x(x —4)". Find the area of the loop.

Points A and 8 have position vectors a and b relative to O. Point C is such that

BC = %(_)ﬁ. The lines OC and AB meet at D such that OD = A0C and AD = uAB.

Express OD in terms of

() A, aandb, (1) i, aand b,
- . (11’)

Hence evaluate A and g, and find the ratio —_—
A particle moves in a straight line and passes a fixed point O on the line so that,
t seconds after passing O, its velocity, v m s ', is given by v = 31 + 2(1 - 1)’.
Calculate

(a) the initial velocity of the particle,

(b) the acceleration of the particle when 1= 2,

(¢} the displacement of the particle from O when t = 3.

(Optional) A helicopter, initially at rest on the ground, rises vertically with constant

acceleration. When it is at a height of 80 m, its upward speed is 8 m s™'. When it

is at a height of 320 m, and still rising, an object A is released from the helicopter.

(a) Calculate the initial velocity of A.

(b) Calculate, to the nearest 0.1 s, the time that A takes to reach the ground.

(c) Sketch the displacement-time graph for the motion of A from its release to its
reaching the ground.

After A is released the helicopter continues to rise with a different constant

acceleration. When it is at a height of 520 m, it is rising with a speed of

24 ms

(d) Find the value of this new acceleration and the time when it reaches this
height.

(e) Sketch the velocity-time graph for the motion of the helicopter.

At 12 00 hours, two ships, A and B, are 20 km apart with B
A due south of B. The speeds and directions of the two "'5\}\ 12 km h-!
ships are shown in the diagram. Find 459
(a) the speed and direction of the velocity of A relative to \
B,

(b) the time at which A is due east of B and the distance 20 km
between A and B at this instant,
(¢) the distance between the two ships at 13 30 hours.

60° "
l_ j,/l‘i km h'!
r"l
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PAPER 1 {2 hours}

Answer all the questions.

Solve the simultaneous equations xv + y = 4 and 3¢ + 2y = 11, (4]
Three points have coordinates A(=-3, 5), B(1, -2) and C(5, A). Find, in terms of A,
the coordinates of M, the midpoint of BC. (2]
Find the values of A for which AM is perpendicular to BC. [2]

Find, in ascending powers of x, the first four terms of the expansion (I — 3x)
. o -y . ; 7

Hence obtain the coefficient of x~ in the expansion of |2y — | (-)—--](l - 3x),
5

(5]

Seven friends queue up for a buffet. How many possible queues are there?  [2]

After the buffet, they decide to split into two groups, of sizes 4 and 3, to go to their

next destination in two taxis. In how many ways can this be done if two particular

persons must be in the same taxi? [3]

. . . T
ABC is a sector of a circle, centre A and LBAC = = X

L] = W,

radians. Given that AB is perpendicular to BD and W
AD = 10 em, calculate, to three significant figures, el =

A ¢orad =2
(i) the perimeter of the shaded region, 3] — e P
(ii) the area of the shaded region. [3]

b dx(x — 2). Given that it passes through (1, 3), find

(a) A curve is such that —
: ; dy

its equation. [3]

(b) P is the point (3, 2) on the curve y = x ~ 5x + 8. Find the coordinates of the
point of intersection of the tangent to the curve at P with the line
x+yv+3=0. [5]

(n) Find the set of values of x for which (x + 2)" < (2x + 1) 3]
(b) Express b in terms of ¢ if the equation 3x” + 2ax + b = 3a has equal real roots.
131

A man accelerates uniformly from rest 10 a speed of 20 m s ' in T seconds. He then

decelerates uniformly at 1 m s~ until he comes to a stop. He covers 300 m during

this time.

(i) Sketch the velocity-time graph for his motion. [2]

(ii) Calculate the value of T, 2]

(iii) For the part of his motion when he is accelerating, obtain an expression for
the displacement, x m, from his starting point and sketch the displacement-
time graph for this part of the motion. [3]

4 3 = dy 3 v v .
(a) Given that v = x" — 3x, find = . Hence obtain an expression for the approximate
’ dr P

increase in the value of v when x increases from 2 10 2 + p, where p is small.
(3]
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(b) The area of a rectangle has a constant value of 50 cm’. One side, of length
x cm, is increasing at a rate of 0.2 cm s Find the rate at which the other side
is decreasing at the instant when x = 5, [4]

10. (a) Function fis defined by f: x b5 —— x# ;—’ where ¢ and b are positive
; i

constants. If 7 : x — -;I—--‘l—--, find

(i) the value of a and of !3," [3]

(ii) the inverse function [, [2]

(b) Sketch the graph of y = [3x — 7| for 1 = x = 5. Find the range of values of

x for which y < 1. [3]

11. (a) Prove the identity X S e B l. [3]

I + 2sinxcosx tan x + 1

(b) Find all the angles between 0° and 360° inclusive which satisfy the following
equations.

(i) cos (2x - 40°) = sin 70° [3]

(i) 2 cosec’ x = 5(1 — cot x) (4]

12. Answer EITHER (a) or (h)

(a) A particle P passed a fixed point O with velocity 3 m s ' and moved in a
straight line perpendicular to a wall. It hit the wall 6 seconds later. Before it
hit the wall, its acceleration, @ m s, t seconds after passing O is given by
a = 5t — 2. Caleulate

(i) the velocity of P just before it hit the wall, [3]
(ii) the least velocity of P, [3]
(iii) the distance of P from the wall after 3 seconds. [4]

(b) The diagram shows a rectangular poster of area 864 cm’ with side margins of
2 c¢m and top and bottom margins of 3 cm. The width and height of the
printing area are x cm and y cm respectively.

(i) Express v in terms of x and show g3em
that the area of printing, A cm’, is ___T_. N
a
. 864x .
riven by A = —— — 6. 4
. d &iskidd ! l il rem ]
(ii) Find the values of x and y for which )
A i$ a maximum. [6]
ycm
2cm 2cem
= g o
L 4]
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8.

PAPER 2 {2 hours)

Answer all the guestions.

Sketch the graph of the function g : x |3 cos x + 2| for the domain

0=x= 2';:5 State the range corresponding to this domain. [4]
3 4
-2 2 3
(a) Given that A = [ _— {}] and B=| 1 2], find AB.
-1 1
State, with reason, whether A™ and (AB) " exist. [4]
(b) Use a matrix method to solve the simultaneous equations:
x—2y =4
Sx+ 2y =8 [3]
The diagram shows part of the curve y = x*. The N
straight line y + 3x = 10 cuts the line

y=1at A3, 1) and the curve at B(2, 4). The line
v = | cuts the curve at C(1, 1). Calculate the area of
the shaded region. [5]

Given that f(x) = 4¢* + 24x" — 6,
(i) calculate the remainder when f(x) is divided by

x+6. (2] ‘ \
(i) Hence solve the equation f(x) = x. 41 }/_ L AG, 1)
i

() Solve the equation Ig (7¢" + 8x+3) — lgx’ = 1. - P e —
(3]
(b) By means of the substitution y = 3', find the y+de=10

value of x such that 7 x 3" ' +5=3""
[3]

- - = . 3 .
Find the values of x between 0 and m for which the curve y = e sin 2x has
stationary points. [5]

Given that € = (2, 4, 6, 8, 10, 12, 14, 16, 18}, A = {x : x is a multiple of 4} and

B = (x:15 < 3x < 30}, list the elements of A4 and B. [2]
(i) List the elements of A U B, A N Band A N B, [3]
(ii) Find n(A” U B). [2]
(iii) Find an element x such that x ¢ ‘A" and x € B. (2]

(Optional) Two particles A and B are 114 m apart on a smooth horizontal surface.
A 1s moving directly towards B with a speed of 8 m s ' and retardation 2 m s °. B
is moving directly towards A with a speed of 5 m s and acceleration 4 m s™.

(i) Calculate the time taken before they meet. [5]
(ii) Calculate their speeds at this instant. [2]
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9.

10.

5

(a) Differentiate ¥* In v — v with respect to x. Hence evaluate j vn v de. [4]
I

(b) Find

|
— o2 8
(i) J:] Jve'' dx, (ii) J.I x4 37 do. (4]

= i ] -
Variables x and y are connected by the equation px™ + ¢y = 1. The table below
shows experimental values of x and y. One value of y is subject to an abnormally
large error.

X l 2 3 4 5 6

y 047 0.87 1.53 247 3.87 5.14
Plot y against x* and use the graph to [5]
() identify the abnormal reading and estimate its correct value. [2]
(b) estimate the value of p and of ¢. [4]
Answer EITHER (a) or (b)
(a)

I5ms!
,11(; -
1500m

- ——— e

At 12 00 hours, a boat B is due east of boat A and their distance apart is
[500 m. The speeds and directions of the two boats are shown in the diagram
where a = 30° and 8 = 60°.

(i) Find the speed and direction of the velocity of A relative to B. [3]
(ii) Find the time at which A is due south of B and the distance between A
and B at this instant. (3]
(iii) I B changes its course immediately at 12 00 hours in order to intercept
A, find the value of . [4]

(b) Points A and B have position vectors a and b respectively relative to an origin
0. The point C lies on OA produced such that OC = 204, and D lies on OB

such that 0D = %Ob’. Express BC and DA in terms of & and b. [2]
The lines AD and BC intersect at P.
(i) Given that AP = ‘uﬁ:{, express OP in terms of 4, a and b. [2]

(ii) Given also that BP = ABC, express OP in terms of A,aand b, [2]
Hence calculate the value of A and of g and find the position vector of P.

i+
Another point Q is such that APCQ is a parallelogram. Find its position
vector. (2]
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ANSWERS

I Exercise 1.1A

1. (a) {Saturday, Sunday} (b) {April, August) () {2, 3,5, 7,11}
22mA={2n-1:2n-1<12,xe2'} ={1,3,5 79 1)

M B={n:n<35neiN}={1,2234,5)}

(¢) C={3n:5n <19, neZ) = (5 10, 15}

(@)D ={3n:12 <3n<20,ne2) = {15 18}

@ E={x:-2<x<3 xeR}

JmA={0,1234,56 7} h) B=(6,9,12,...}
(©C=(2,3,7} (d) D= {2}
4. (a) A = { } by B={} (¢) C = {4} (d) D= {7, 14, 21, 28)
5 F=1{1,23,35,6, 10, 15, 30}
G={6] 18, 24, 30 ...}, 6 or 30
6.C=1{1,6,7, 8}, T—{_,3456,7 8}, 1 7. {9, 16, 25, 36}
8. () A ={l,2 3 4 6,9, 12, 18, 36}
by B={3,4,5,6,7, 8) c) C= {1,209, 12, 18, 36}
9.D= {3,609, 12.E (6, 12}, C = {6, 12) 10. A = {1, 3, 5}
1. §=1{1, 2,3}, T= {1, 3 5, 9, 15, 45}
(a) 2 by U={1,2 3,509, 15, 45}
Exercise 1.1B
1. (a) A = {8, 9, 10} b B=1{1,273,4,5,6)} ) C=1{4,5 6,7, 8}
(@) D={1,23,4,5, 6}
2.(1) A=(2, 4 6, 8, 10, 12, 14, 16, 18, 20} (b) B = {5, 10, 15, 20}
(¢) C = {10, 20}; True, False, True,
3. (u) A = {5, 6 10, 12} (b) B = {5, 7, 11} () C= {69 12}
4. ) A =(3,6,9, 12, 15, 18} (by B={l1,2,4,5, 7,8, 10, 11, 13, 14, 16, 17, 19, 20}
5.4 = (8, 10, 12}, B = {9, 12}
(a) 11 (b) A is the set of multiples of 2, B is the set of multiples of 3.
A={4,5),B=1(5617, 8} (a) 4 (b) No

A= (b df g h}, B={a, c e g}, x= g, Yes.
A=1{612 18}, B = {2, 4, 6, 8, 10, 12, i4, 16, 18, 20}. Yes.
@®A={35729 11,13, 15, 17,19}, B = (3, 5, 7, 11, 13, 17, 19)
MC=1{325711,13,17,19}, D= {3, 5, 7,9, 11, i3, 15, 17, 19},

C is the set of common elements of C and D.

D is the set of elements which are either members of A or B (or both).

Exercise 1.2

©ENA

1. (a) 8 (b) 51, 24 2. (a) (b) 21, 21

3.7 4 4.0, 3 5.4 (b) 6 (c) 28

6. (a) 8 (b) 16, 7 () 9

7.{u)P={23468}Q—{35}PﬂQ-(?F)IO} b 1,3

8. () P=(2,4,6,8, 10,12, 14, 16, 18}, @ = (3, 6,9, 12, 15, 18}, P N @= (6, 12, 18}
3,6

2<x<3xeRpAUB={x:1=x=<35xeR}

11. A
A {.‘t’!.k<101‘x>5YER}AUB—{X.X<30YY>5 xeR)
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12Z.ANB={r:3sx=s4hANB={r:4<x<8)
ANB=lx:l<x<3hANB={r:x<1orx= 6}
Exercise 1.3 .
.LamPNH {(h) 48 2. B
L@ixe FNPUWFENC ixe FNPNC
F ‘ P
c
(h) 0
5. (h) 4 (c) 8
6. (b) (i) 12 ihcnr
R
7. (2) c (b) 6 (c) 2
aey
8. (a) 5 (b) 25 9.23 + x5 32 -1 32,5
10. (a) 35 — x by 5 11. (1) 13 (b) 5 )y PncC
12, (1) 9 (h)y 24 13 (a)x -3 (h) 3,9
14,22 —x, x+ 13, 15 - x, 0, 15
Miscellaneous Exercise 1
L.{(a)A=1[306209 ..} (by B=13,4,5.6,7) () C=13 69 12)
HAUVUBNO=A=1{30609 .. },AUBNC=C={(3079 12}: No
2.4o0r8 3. (6, 12, 18, 24, 30}, {6, 12, 18, 24, 30}
dx=3v=2 5.6
6. (1) Suiling Swimming (b) (i) 70 (i) 138
T
Golf
7. () () 21 (i) 25 .
(b) ) A = (1, 4.9, 16} (i) 0 (iii) {8, 10. 14}

573




A

8. (a) ‘ (h) (i) 4 (iHhsne

\VaV

B C
9. (a) 30 (b) 30 (c) 80 1. (a) 18 (b) 5, 150
11. (a) 8 (h) 16 (c) 40
Exercise 2.1
Fod= 1, $i=3 Zrx=3y=-2 Jao=-l,y=4
.
4. not correct 5.4=2b=-1 6.p=0,q¢= —%
Exercise 2.2
Lx=Il,yv=2orx=4,y=-+4 2.x=-1,y=3
Jae=1,y=-2 i 4=~ o 2
cx=ly=-2ory=-%,y= 7 ws==lt=2ors= 7, t=-7%
9 16
S.x=2,y=30rx=3,y=2 6bx=1vy=1 orx=-%5,y=-"75
T.x=0,y=-lorx=-4,y=-3 B.x=4 v=-lorx=7,y=-3
9 2 3 1 2 _ 1
x=—l,y=30rx=—5,y=5 10, x = 3',y=40rx=3,y=5
I x=lLy=-4dorx=-2,y=2 12.x=3,y=-lorx=-2,y=-2
1 31 13
B (5 -1 (5 5) 14.65.-3, (6. 7]
15. [,,, 8},(1,5)
Miscellaneous Exercise 2
] 5 5
Lx=lLyv=2orx= V=3 2.x-—5,y=3
9 19
Jox=lLy=lorx=2,y=4 dx=3y=2orx=-3,y=+
5, (s, 5),(6, 2) 6. (_E‘ _E],(z, %)
2 5 5
T.oa=lb=Torx=-T,y=17 B.p=-lix=-7,y=-2
9. 7mx1lm
Exercise 3.1 ; '
L (a) 1 (b) 4 (c) 144 )y 5 (e} 5 () 3
2. (a) 54 (b) 4
1 12 32 1 1
3. () 8y (b) -y (J @ 5 (©) 5y @y ¥ -3
—— t 22. -
4. (a) 18y (h) R (c) "
6. (a) 372 (b) 443 (©) 243 (@) 443
(©) V2 (1) -1 (® V3 -1 (h) 29 - 447
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7. (a) 243 M) 342 -3 (c) 643 +9 (d) 30 + 12/5
(e) 20 - 86 O 17-1242 (@ —1L-46 () W5-3
5 2
Exercise 3.2
3 5 5 1
L@ 5 (b) 3 (c) -2 (d) =3 (e) 3
2 5
(f) 2 (g 2, -2 (h) 2 (i) 3 §)] 2
(k) 2 h-62 (m) -2, 4 (n) -2, 1
a=3 ne2
4 1
3.(a)x=—“§,y=§ byx=2,v=1 @Wx=1y=-1
dm=4,n=3 53 6. (a) O, 1 (hy 0, 2
7. (a) O, 1 (by 1, 3 (c) —%, % (d) 0 (e) -2, 0 H 3
9, (a) 2 (h) £2 ()6 d) 3 (e) 2 () 2
10.r=3,k=% Il.x=1,y=-lorx=2y=1 12. 4
Exercise 3.3
1. (a) 4 = log, 16 (b) -2 = log, (%) (©) 2 = log,, 100
(d) 3 =log, y (e) x =log, p 4 =1log 214k
2, (a) 5 =125 (b) 2° = i (c) 4 = 64
(d) x* =3 () 3=y (D 20+7 =4y
3. (), (d) and (e) are not defined
4. (@) 8 M 3 © 2 @5
7 3
(¢) i () E (g 2, 4 (h) 4
25
5. (a) -2 (b) 4 (c) 8 (d) T (e) 3 e
6. 2 T, e+t
8 (ax=2,v=14 b x=4y=2 9.9
Exercise 3.4
1. 1.37 2. 648 3. 0.834 4. 0.282 5.1.95 6. 0.880
7. 0.829 8. 1.21 9. 1.26 10, 2.58 11. 1.94 12.-0.713
13. 0.811 14, 2.58 15. £2.40
16. (a) 1.29 (b) -9.85 (c) 1.71 17. 1.86
18. (a) 0.633 (b} 0.112 (c) -1.16 (d) ~1.70
19. (a) 0.693 (b) 1.10, 1.39 {c) 0, 0.693
20. (a) 1.26 (b) —-1.39, 2.20
21. x = 0.631, y = 1.631
22, (a) .11 (b) 4.38
2. () y=lg(x+ 1) b)y=1-1n3x c)y=e¢ -1
(d)y:l{]%"' (e) y = -;-ln (x —4) f)y=e"*—-x
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24. (a) 4.07 (b) 5.65, 0.177 (c) 1.35 (d) 333 x 10" (e) 189
(1 3.69 (g) 0.349 (h) 4.5 (i) 725

Exercise 3.5

L () 1.21 (h) 2.18 (c) 1.20 (@) -3.17 (e) 0.639 () 2.08
2. () 3 (b) 8 1
4. (a) 2 ) -1 (©) 3 @ 3 (e) -2 ® 3
5. (@) 1 M1 (c) 2 (d) -2 © 1 )0
25 3 :
6. (a) ~log, 2 (b) log, [?) (¢) lg [E] d)lg (x +2)
| |
7. (@) 5 (b) -3 © 3 @) 4
8. (a) 1.176 (b) 0.826 5 () -0.222  (d) 0.947 (e) 2.699 () —0.745
9, (a) 2a + b ) 1+ b ©@a+20 () a-b ©a-1 (f) 2a - b
10. () p + 2¢ M 1+p-gq {v) %(1+3p+q)
@2+ 3p-2 (©) 107+ () g(10")
100 ;
11. () y = 10 B y= = -1 @©y=9%+2: )y = -07x
12. () y = 2 - 1 13. (a) log, 45 (b) g 40 () log, (%]
14. (a)a=2.b=—% Ma=1,b=09 (©a=-15>b=17
Exercise 3.6
1 9
1.2 2.3 3 3 4.1 55
6@ 7. 1,7 8.1,7 9. 12 10. 1%
1. () 3 () 10 12.x=3,y=5 13.p=12§,g=%
1 N
4. (@) 3, 55 m1,37,3
| !
15: ()27, o5 (b) 8, ¢ (©) 3 @ -1, 1
16. 24, 5a 17. 40
Miscellaneous Exercise 3
1. (a) 24 (b) --3 2.a= % Biad, i
3. (1) 0.631 (b) 1, 1.262 - 4. (a) -0.453 (b) -0.916
5 () 1 (b) 3% (c) 1.10
6. @ x=3y=2 (b)) % (i) 3.82
7. (a) 45 (b) x =4, y=2
B@-2 B9 @i @3
1 2
© 64, o ® 3,2 ® 5 )
. i 1
() -2, 10 @4
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9. (a) 0.893 (b) 2.16 (c) 1.71 (d) 3.52 (¢} =2.56 N 1.26
) 4 7 I
I, 2330 D -3 g o ) b= ry 11. 1.631; 0.738; 3.262 12.2 + 3p; —p
] 2
13. () p + 29 (h) 5p -y (c) ';(] + ) (d) 2%+
| 1 1
14, 3(u+b+ 1), l‘?— 15. §(4m— 3n), m(.?m + 1)
16. (a) Y (b) (i) 73.5 (iiy 59.6 (e) (1, 7.39)
|
17. (a) (i) 13.2 (ii) 34.7 (h) 53 () 2
19, (a) (i) 80 (ii) 26.4 (iii) 5.81; I8 (b) (i) 4 (ii) —-1.73
200 () 3 (b) 3
5 . i
20 @) ) o (i) V10 )y = 5
|
2. @) 8 5 y 1-m 23, () 3 (h) 1
=~ 3m
4 3 =
24, (a) =T (h) % 25, (a) 4 b Ja
2. (a) 4a (h) %
4Exercise 4.1
2. (@min.y=1,x=3 (bymax. yv=4,x=2 (¢)min.y=2, v =10
(d) min, y = -5, x=—1 (e)max.y=1,x=-3 (Iymax. y=9,x= %
93 9 93 9
J O x=-2 4.7—&—5)“ (a) FEt g
S.a=4,p=2,g=-1,(2,-1) 6.1, x=1
7.1 9. v =2 +8Br+ 11
e () v =0, 4 v = 03 (-2, 4) () x=—4, 3y =12 (-, ?)
(eyx=-1, 7, v=-7:(3.-16) (=00, v=0,(3.9)
3 1 25 5 49
(e)x=-1, 3;_v=~3;(:.—?J M x=-1,6,v=-6,(5,-7)
13. (a) (~a. | —4a%) 14.5 v = -2+ 126 - 10
( ﬂz 4 2
17. k| x I +3f\—k.—3
Exercise 4.2
|
1. (a) real and distinet, 1 = /6 (D) real and equal, —%.—,jl (c) real and distinut,—;, 3

(d) not real

(¢) real and distinet, 1, 1.5 () real and distinct. ;l (1 + ﬁ]

2. k<9 3, /6
2
4. (a) £3 hyp =1 {c)p > 5 (d} p = %
17
Sem = o r;._? 7.k<—$;k;—%
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8. k= -3, k=x 2k+6 10, ¢ =
. x=12Jt-1,1=1 15. ¢ <
I6. p=-6,2;(3,0) (-1, 0 17, ()
9. (a)ym =2 {(b) m=

]
20. p < -2 2. ¢ <

Exercise 4.3

L (@) {v:x<-3orx>3,xc R}

() [v:-6<x<I,x€R}

(&) {x:x<-2orx>6,x¢c R}

() (v:v=-HAdorx=4, x¢€ R}

(i) {x:x<—%0r.x‘> l,v € R}

S5.p<-—l6orp =0

8. fk:—153<k<1,ke R}
12.6 < k<8
Miscellaneous Exercise 4
2Z.(p=2
J(mx=20rx=7

|

2. {x:.\:<—% 0r.n:>3,.r€[l'£} Ja<2- JI0 orx =2+ J10

6.{p:-5<p<4d,peR}
0. -6<c¢c<6
13.p=-12,k=4

5
s W 0
P 1. k > -1
i
3
1 i
2 .
2 (¢)m <2
1 |

., B AR

7 -3.&"44,4

M) {r:-l<xy<3 xeR}
(d) {x:.r:% %orxa 3,xER}

‘CER}
€ R}

(r {x:—%'&xﬁ
(h) {x:-d=x=0,

(j) (x: =18 < x< I8, x € R}

1
7
X

d.m<-2orm>8§

T.lm:m=0o0rm=§,me R}
M {k:2< k<2 keR)
dm<0orm=1

M) -1<p<3,pz2

) -3 <x< 3

4 (a)p=-d.g=2 (b) 9, -2 (¢) {x:x<-S5orx>1,xe R}
5. (a) (1, 3); % (Iy) —12
6. ()2, 10 (by k< -8ork > 8
3 %
7. (a){x:xC—lDrx> E,xE R} (b)k<z
8. (a) 4 (by7:6, 1
9. (n)~2<p<8;—2,8 (b) (x— 1) +36:36,x=1
.._is 2= -
10.()r_7q {b}{k. S =k 4,&5[&9}
I, (@) {x: d4=x=1],xe R} (©)m=-2
12. )2 < k<8 (hyp=—,x=1
14. (a) one real root, x = —1 h-l=x<lord<x=4
15. (@) 9 M) {k:k<-100rk>2 ke R} k=-10,2
16.2%,x=—%;k=€2% 17.@x<-lorz>2 ()¢ > 9
18, () k = 101  ym=2 19. k > 8
21. () Y x: l—-—-“~’~x‘11+ xe R MMp=1
- Foer} o
22, (m— 1y =4de 23, y=5+6c— ¢ 24. 2,5




Exercise 5.1

1 eve B s =2 2.a=3b=6 Ja=4,b=9
doa=10=-10 S5.a=6,b=1¢=-2 6.A=2 8B=4
Top=dg==1,r=17 B.a=1,b=-3c¢=-4 9.A=38B=7.C=6
M A=2B=-1,C=6 11.A=12,8=-2 12.a=6 b= -3
Exercise 5.2
1. () 6 (b) 19 (c) 47 (d) =12
|
2. 8 3.0, 3 4, £2 5 32—%g
6. a=-6,b=-1 7.3 B.a=-2p=2
11. (a) | b)a=55b=-14 12. 3
13.p=-1,¢9g=3 14, 26
Exercise 5.3
1. (a1) Yes (h) No (e) Yes 3.2 4, 3, ~1
5. -5, 7 6. -8, x +2 Toa=20b=-7(-4)x+ 1)2xr - 1)
3
8. 7 9, -3 0. 5= = = Ja 12.a=205=-2
13. (@) -1, -~ thi=l, Hpp=p 14, 6
Exercise 5.4
L (x = I)(x = 2)3x — 1), (x — 2Py + 2) 2.(a) 1.0, 4 by -2,2,3
3
3 (@) -1.23 M) -2, —%, > @2 3.3
-2 1,2 (€1, 1,4 -2, -2,2
4, -2, -2, % 3. (o) =2, -0.43. 0.77 (h) 0.72, 2.78, 3 6. -3, -2, %
Tolx+ 1)x— &) (a) 1. -1, 4 i(h) -1, 0, 4 (c) -2, -1, 5
;
8 -3,-2,-1,2 9. v + ais a factor; —a, —;—u, 2a
Miscellaneous Exercise 5
1. 3, x -2 22A=3B=-53x-35
3,42, 0; (c + 3 - Dix - 2); -%. 1
4. -1, 3 5.6 6.3 a=-2,b=1;-5
T.p=-5g=19 -2 8. () 4, 1, 2 wm_d L2
L P - il 1 - L] 3 & L] L] 3 4 L] 3
9. 4; 5 10. p = =2+3; =42, 42,243 11.-7,§
12. % 13. 4, 1, 2, ++43, #1 14. b) -2, 3. 6
15. 4 16 2L
2 2
17. 4, b=-5,¢c=6 (b) -1, -0.45, 4.45 - }
18. (a) 4 4,iJ§ (b) x + v, x+ 3y
19. ()9 )3 -2-4 3,2, 4
. 4 1 ] Ll 5! 5y 5
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20. -6 21, p=—4, q=—4, r=16,D(0, 16)
22, (@)-2,-1.3 () b=-3,c=3,d=22

23, () x(x — 2)2x — 1)y v < O or —,I; < e 3 MMA=3B=-2C=2

U, @a=11bh=-21 ) -10;-1,2, 2
25, 20 - 2ax + 3 0 << a < 6 28, -2, ¢t - = 2x
Revision Exercise 1
L. @(yA={1,357).8= {2, 3, 5} (ii) 1 or 7 (iii) 2
Mr=3yv=S3orx=1y=1
2. () 3 (b 3 (¢) 0.377
"u+-l d
3. () 2, 64 ) 3, 3 ma=-1,b=4
|
4-(li);€x<3 Wy=T7-2x-1%y=Tx=1
S -2<p<06 (h) -8, 4
6. () 25 (h) -2, 4
5
7. (a) -3 by -3, 2, 3

Revision Exercise 2 _

L A=1(357098=1{124,578)8=1(3629]
MANB={57),AuB=1(1,234572819)
(©) 5

hi<lork=8kz207 ) 2p =q—q

19

Jyv=060y= %m-.r=l,y=3;a=l‘63.h=—l ora=1{00=158

4. () (i) 24 (i) % (h) (i) 7.39 (ii) 5.68
1
5. () 2 hya=5 b= B
6. ) A=28B=-4C=7 {h}—%,3,4
7. p =06, g=-19 (2c - 1)x - 2)3x + 5)
(b) () a=-3,b=-2 (i) ¢ = -%
Revision Exercise 3
L () (i) 3 (ii) 15, 9 (h) (i) 7 (i) 9
2 5h 8O
2. () x = -3, _\!:..% orx=7yv= —3 (h) j‘%, ﬁ
3. () % ) (i) 20 (i) 0.829 (i) 0, 1
4. (a) ;IT, -3 a=2,0=-2
5, (1) (i) -6 (ii) 6Y ~ (i) Does not exist (iv) 13 -
(h) -2, —%, 2: (0.693
6. (1) -1 < x<lor2<x<4 (h) (2x — S)x + 1) (¢) -2(v -2+ 17: 17
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Revision Exercise 4
1. () 8 (¢) 2 (d) 9 2. 1,3 (b) 0.217
L@r=ly=lorx=-2,y=8 M®a=7Tb=-4 ()2

4 4

4.{a}k£—~iork93 h -16 <a<0
S5 @p=—-gq (b)—l,—%,?_;x<—lor—%<x<2
6. (a) 3 (b) 3.44 ()x=2,y=1
7.(n)x£—20rx?6;x£—xfgorx2-\/g by £ < 1
Exercise 6.1
1. () 1 x 3 h2x4 (e) 3 x1 (dy 4 x2 (e) 1 x1 H2x1
635 35 7 9
2. 155 45(;3 x2 3'(8 6);2x2
52 48
4. coffee tea  soft drinks
Monday 160 125 210
Tuesday 145 130 275 3 x3
Wednesday 120 155 325
5. Malaysia  Thailand
June 143 105
July 635 46 |3 3 x 2
August 122 89
6. () $1.80 (b) Stall A (¢) $8.90
7. a=4b=-2,¢c=5 bWa=0b=4c=1,d=-2
(¢) Different orders Ma=5b=-8,c=9d=4
(e) Not all corresponding elements are equal (f) Different order

Exercise 6.2

g 2.0
L@ |l 0 (b) Different orders (e) [7 6)
I 9
(d) (g) (e) (Z _3 E] () Different orders
s 4 -4 0 . ‘ (2 a4
. () 13 -6 -6 ()1l 4 —10 6) (c) Different orders (d) 9 1
3. @ () )@ -3 ©(7% 4 @ (' )
18 75 i i 15 48
4 (n) 39 2 {b) Does not exist  (c) (73 50) d) |91 58
2. .33 -33 -5
(e) (Iéé M.?;) () Does not exist 581




6 45 -I18 -l 225 13 5 375 -I5
2 (8) (21 -9 9] (b) (-10 25 -5) © [17.5 13 ?5)
0 30 -20 4 90 -52 6 0 12
() (13 28 7] © (40 10 20) ® (1.5 -6 —1.5]
335 360 260 120
6. (415 395 310 170
170 250 130 165
18 8 6
7. (a) 18 (b) 8 ()2 @ | 7 11 2
4
g p= (003 395 553 646
*T T 0638 6.12 595 6.55
13 6 8
% [11 12 3)
10. § = 90 75 30 60), (480 400 160 320},
TTTL75 105 45 45) (400 560 240 240)
The number of each type of papers delivered to each vendor in a week.
8.90Y, o _ (5.20). (-0.305Y,
1 M= (6.50)’ 5 = (3.20}’ [ 0.375)'
The numbers show how the prices of each item differ in Singapore dollars.
94.80
12, (0) | 72.60 {(b) The numbers show how much each child spent during the vacation.
105.50
283 388 180 250
130} (142 295) (b) (2{10 320)
(©) (157 409) ; The numbers represent the numbers of hardbacks and paperbacks
[213 508 sold at each branch.

Exercise 6.3
v ()

(&) (0 10)

(i) not possible

(b) not possible
(I} not possible
4 (3 -9 1
W (1 12 17)
1
) (g

w (§

(e) (18 18 -27)

(g) not possible
11 12

te [27 16)

!

1

0 -4
34 -45

w( 3

28 16
(hy | -9 6
-2 8

-19
] ( -6 4

30 -21

© (-27l 42)

1)

-26
0
=7

=8
-8
42

|




oS0 13
5 <8 2 3
@8 0 = (©) (_ ) @ ( )
[13 ; _14] 14 18 26 -140
4. (@) -2 M) a=2b=2 ©p=10,q=3 () -2, 4
5@ (g o) ) (§ ) No
6. @ (7 ¥*7) ® (3 59) ©r=-25="-3
2
7. (@) ( ] (b) G, V) © (3 5) (@) G] ?]
8@ (L5 24 ‘o) W (g o6 gfia=-8b=23
9. all G} }}] 10 all G} ?) 11. 153 kg 12. (lg'_?g)
" 280) B | N
. (a) 200 (b) The sales, in cents, from lemonade and orangeade.

232
14. [360]; The number of each type of toys produced.
216

15. (—égg) The amount spent, in cents, by each library for the newspapers.

1.20
. 12 40 25
16. (a) | 2.00 (b)( )
{2.35} 3 30 10

(c) (lgg’ig], '_}‘he total costs of the bulbs for the workshop as well as the offices.

Exercise 6.4

1. (a) 11 (b) 16 {c) 10 (d) -55
(e) 52 (-5 () -2 + 2 (h)
L3 11
2. () ({’ _}) (b) [‘5 },} @ 2y @|% ¥
5 6 10
T ] 3 =2
@ 5 m |2 3 W3 13
1 @ 3 0 2 3
2 13 13
N 1T :
«| 3 32 10y, (0 -1
337 4. 6 5. [O ]), (_1 0)
3
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6. (a) 10 (h)

(S
), ML

wjtaun | —
S|ws|-
—
[}
S

T @) -2 (b - (©) [

s.w (3 3)
9. @ [ 3) w (3 © (39
3

W @p=1q9=-2 M a=3b=7 a=-3,b=2
0y (1 -2 i ok 12 4 o2y
M.3x2;| 2 1[5(2 -l 12. 2| () [_1 5) () (_3 ,_-J
3 3/ \0 3 -3 -l

Exercise 6.5

—
=
"
S
|
—_— (=
1| Latd | —
N —
—
8
11!
oD —
joati g6}
SR

1. (1) (1., () not unigue (b G ] x=5y=1
(c) (? 3} r=1,y=-1 () (_{; ISJ not unique
2(:1).x—3 y = ) x=-3y=7 ©@x=5y=-3
(d) x = =—1 ()x=7y=4 BHe=-1y=2

Miscellaneous Exercise 6

1w (4) mos i @] 5 @ (1)
2Z.p=Lg=-3r=35
% - 7 =] 23 =}
sa(3% 3 w(EH &) o Z) @ () )
16 14 i
aw (') ) -1 © -2
5. () (‘6‘ ‘2'] (b) 4
6. () h =2 - 2k (b) Not possible because not all corresponding elements are equal.
1
L © ‘[0 ‘1} 7. (a) QJ_(;’,;SJ (i) (29 7) (b)) 2, -5 ‘
1 1
0 1 1 0
. (o 1) (o 1)
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9. (a) 5‘],_1 I {h),l -4 - ,_ll I._j. 1 I;Y*s
-1t 1} e\ll 5 305 2) 20 3) 6l s
10, ) v =3, y=2 by x=4,y=1 ) v=-1,v= (dy x=8 y=-2
_J__ 2 3 - ___f) Hmge ‘)_l ""l _3 5 - —
1. 5 (_3 ?],. =, g 12, 5(_] 2)..\:_5.;4
13. fifteen 22¢ stamps and eleven 40¢ stamps
61 32
14, [ 72 29 [: The numbers of sacks and boxes of vegetables delivered to the shop,
65 22
15. @) 3 ) 205 160 70
R 310 200 65
D
2245 ; ;
(¢) ["855]; The sales from tickets sold on Saturday and on Sunday.
4 -3 12
16. (@) AB = C b L
() / w4 ;) @ ()
(d) The selling price of a large tin and of a small tin of paint,
17. (a) (:%g) The cost of making the tables and chairs at each outlet.
(h) (92]; The profit from each table and each chair.
(¢) [T‘S_?;) The profit made at each outlet.
18. (a) (i) 28 (i) The cost of making cach type
g 32 e cost of making each type of toy.
(h) (i) (12 200) (ii) The cost of making 100 toy buses and 200 toy lorries.
19, (::J The numbers of spray 1 and spray 1l containers to order.
20. 114 ounces of mix A and 62 ounces of mix B.
21. Plywood Hours Grade Grade
Style 1 (4 14 Cost of A B (504 514
Style 2 5 10 Plywood 26 20Y. | 480 410
Style 3 38 Labour Cost\ 35 31) |358 308
Exercise 7.1
1. 28 units: 49 S¢. units 2. () 6 sq. units (b) 2(a + 2) sq. units
- 3 185 units N B _4.8BC= 10 units. AB = AC = /635 _units
5. 10 sq. units, %) units 6. 14
7. (a) (1, 0) (b) (0, -3) 8 3 9, B(7. 6)
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Exercise 7.2
1. (a) (5,7

2.p=9,g=3

4. () [—1, 2-;-)

6. p=-2,r=3
Exercise 7.3
1. (a) =1

2. MG, 1), N(i 3)

Exercise 7.4

Ly=2x+8§

J@y=-x+6

4 (a)y=-3xc+2
5. (a) (2, 0), (0, -4)

Exercise 7.5
Ly=4dv+7
dde+3y-1=0p

6. (a) (1, -2)

7. (3, 1)
0. x+3y+2=0

Exercise 7.6
2, ZABC

5.y =2¢v-3 F2, 1)
7. F(5, 5); /5 units

9, (a) 2 units

10, 15
5

units

12.0)a=2,b=-=

14, (a) v = -2v + 21
15. x+ 2y =14:6: 1

16. () x + 2y — 11 =0

586

(b) (3a, 2ua) c)(t+2,3-1

(d) a—-b a->b
[2 2)

.p=-l,g=3orp=3g=-1

S ol 5. (5. 3) 0o, ®)

7. (b) AC = BD = /20 units, Yes

7

(b) I (¢)t+ 1 (d) 2
38 5. 4,1 6. -1,2 7.1,2

2.y=3x-12

b) y= -+ 2 yy= sx-1 (d)y=3c-3

(1)y—-2x+5 (€) y= R (d} y = 3x - 3a
(b) v=-2x+5

(h) -2, 0), (0, 3) () (3, 0), (0, -4

T.oy=tlx-0,t=2,3 8.y=%x+t.t=—l.2

W (@y=3x+9 v=4-2x (b) 15 sq. units

2, 2x=3y=12=0 y=3x-2
=4 5.y=2xr -5
]
by |4, *
(b [4 2_]
8.3r+ 2 +5=0 9, P, 1)
g =3b=19
3 =i 4. () -12 (b) -3, 5
6.a=—l,b=_£
3 3
8. -3, 15
3
(b) 3472 units  (¢) @ @
1. () 2 (b) ‘”_ units
(b} 2.5 units 13,1 : 12
(b) 4y = —x + 42; P(6, 9); 2 S
(b) (1, 5) © 2.7



Exercise 7.7

PR R A i 23
L (@) y=-x+35 (h) y= 7 (¢) v = 2.1r+ =
. PRI s 1}
(d) v=-3v+7 (e) y = 3.t " ry= 3.r+ —a
2. x+3y-7=0, P(7, 0) 3.4, 00, 0, 1) 4.x-2y+3=0, P, 5), 10
5. () 4y = 1y — 45 M r+y=9 (©) (4% 4%]
6. 1 =2, D(1, 8) 7.0, 2
Exercise 7.8
L (4, 12), (-2, 0) 2.2 -4), (18, 12) 3. (-2.-3)
4, () (2, 7) (b) 6+/2 units 5, () 2410 units M x-3y+4=0
6. (1, 1), (_1, _3] 7. (i, -4) 8. [21. 41]
4 ] 3 202
Miscellancous Exercise 7 _
L (2.2). 06,0 3.a=5o0r 15, D7, -L1) or DG, -11)
&.a=2or 5-;- 5.x=3,y=4 6 (b %(aubz)
7. 6~/2 units, I8 sq. units, 3v2 units 8. P(-2, 0), O, 4)
9. @) a=6,F=7 () 240units  (c) 410 units (d) 40 sq. units
1. @ p=1,g=82r=-3  (b)25sq units 11 (1) 2 M) -3, 5
12. () 3x-2y+9=0, f=-5 M)3x-2y-11=0,a=-3 13. P(1,-1), _:1'- $q. units
1
14, y = m(x - 2) + 3 (a) A(L-’i”_:_%, 0), BO.3-2m) () -2, 4=
I e =
15. (a) Tx ~4v+ 25 =0 (h)3x-y-5=0 () (9, 22) (d) 25 sq. units
16. @ a=~ b=-3 ) (1, 4)
17. (@) v + 2x = 10 (h) 2y = x — 5. (5,
18. () 3y + 2x =5 (b) v=35; (-5, 5)
19. (a) Equation of BC is v = %.t ~ 4, Equation of AD is 4x + 3v - 18 =0
(b) (8, 2) (e) (16, 8) (d) 5 units {¢) 50 unit?
20. (a) 22 (h) x—2v+14=0 el v+2x+3=0
(d) (-4, 5) (e) 270 unit?
21. (a) (8, 4) ,
(b) Equation of AB is v = x + 4, Equation of BD is y = 3x — |0, Equation of CDis 2y = x
(e) B(7, 11), D(4.2) (d) 30 unit?®
22. (@) y=3x+2 (b) DX0. 2) () v=3r-8 (d) C(2, -2); 40 unit?
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23 ) AD 1y = L 2, CD:y=-3x+352

3
() (15, 7) ©(22)  ws:s ©9: 16
24, 3x + 2y = 22, B(O, 11), D(8, -1); Vr(-l—— units
25. 3y + 4x = 17, p = =2; D(6, 6); 50 sq. units
26, ) 2y =x-5,2y+x=13 {(b) CY, 2) (c) D{—— -—] (d) ;f_
2. ) (7, 5) (b) (8, 3) (¢) 20 sq. units
28, (a) (6, 4) (b) 15; T(9, 5)
29. () 1 (b) 3x + 4 —4'[1{)) ()D_l]-14:‘f_. it
29. (a) ) 3x + 4y =45 |3 c 5+ 0]; 14> sq. units
|
4= A2 pF 2212 5
2 1 2 2 2
3@ 0 w e
t i
BExcrcisc 8.1
L@ y=22+1 ) y=—+l @y= = @)y =23
. 4x - 1

2.a=-02,b=064 3.a=05b=-01 4 h=15 k=05

8.p=-15q9=42 6.a=32b=16

7. (a) Plot xy against y, b = gradient, —a = xy-intercept

_y_ 1 = aradi = y_, 2
(b) Plot i against 4fx, ¢ = gradient, p 07 intercept

(c) Plot (y — x*) against x, a = gradient, b = (y — x?)-intercept
(d) Plot (y* - x) against y, a = gradient, —b = (* — x)-intercept
(¢) Plot 1 against x, —— = gradient, L L-imerc:l:pt
X n n X
(f) Plot Ig y against lg x, b = gradient, ~lg a = (Ig y)-intercept
(g) Plot lg y against x, —lg ¢ = gradient, lg p = (lg y)-intercept
¥ WF

(h) Plot {; against x; p = gradient, —g = (LJ-imer{:epl
X

8. Plot 10’ against x, a = gradient, b = lOy-intercept

9, h=10k=-2 10.a=1.58,b=2.67
1. a=2,b=-04 12.C=12,D=1.5
13. Plot lg y against x, k = 12, b = 2.5

Miscellaneous Exercise 8

L@ys= -2 (b) y = 10002
2x 43

2h=4k=-16,r=4 3.a=3b=-4

4, Plot y* against x, ¢ = gradient, b = y*-intercept
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5.

7.
8.
9, (a) Plot ¥* against x%. If the graph is a straight line, then the equation is valid and

10. A = 21, b = 0.56

1. ) a=2,b=13 (b) £0.92 (¢) 0.28

12, k = 7.39, p 0.472

13. (8)a=2,b=05 (b) 1.90 s (c) 0.25 m

14. (a) 0.91, 1.{}() (b) 0.5 @&p=-l,g=05
15, (a) 2.83 (b)a=-04,5=-2

16. (mym=3, n=2 (b) 1.26

3x+ 8

(n) 4 byy= —=— 6.(p=-3,g=15 (b)x=34
«X

xy=ax + b (@) a = -0.67, b =747 (b y = 3.26

(a) 25.1; 17.78 (b) C =100, a = 1.78 (c)x =8

a ; 1 s
—— = pradient, — = y*-intercept.
b g b ¥ P

(b) Plot lg y against 1g x. If the graph is a straight line, then the equation is valid and

d = gradient, 1g ¢ = lg y-intercept.

glburum, 9.1
The relation in (b) is not a function as 2 — -3 and 2 + 1.

3. (a) {-2, 14, 22 (b) % 1 4. @) 1, -9, 27 (b) ;' 3
5.(Ma=3,b=-5 (b -2 4,10 B
6. @) a=2b=5 r=-i (h) %
s 2
T.@a=3b=1 (b)g (L)Z-;- -3
8. (a=1,b=-1 (b)-1,2 9. @)a=7,b=6 (b 13
10. (a) () 4 = i(x) < 14 ()0 <x= %
(h) (i) 3 = i(x) s: i) -1 sx=<2
(©) (i) 2 = f(x) io=x=<6
() @) 1 < f(x}-as Gyl =x=4
1. () 0 = f(x) = 8 h2=x=<=4
12. (a) 1 < x < 2 Mal=gx)=9 (iHh0=gx)=9
13. (@) | = fx) = M2=x= 2 +lorl- 2 =x=0
g =1 -2 500 =% B
27 s
T —
16. (a) 3a + 2 (b) 9a - 4 (c) 6a’ — 4 (@) :‘:iT,']'
[
17.a=1,b=-1:a=~1, b = -1
Exercise 9.2
. (a)ghx s 3-6x5fg x> 9-6x (W agf:x s 1 —4x—4x fmx s 5 -2¢°

2. (a) function (b) function

i : ; 1 ‘
(¢) Not a function, the vertical line x = S cuts the graph at two points.

-4, x#0

= |2

el
(©) gl: x X—jj. x#4; foix o
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) o
() gf: x :"x,.r#(];fg:xma" i,xﬁ]
2x x -1
2@y s dv 49 v Br+ 21
-2, 9x | L e 27x 1 1
(b)i.xH2x+].x¢|.—2'f--‘fl—> h—"—l-,.r¢1.-2.7 |
s ynr2hLihy b x—il—,x;ﬁl
. 32x — 1) 17 3(7 - 2x) 17 13
WErp ¥ty lsr T e
3ofgrx o 3+ 225 gft x5 9xF 4 240 + 22 () 1, 2 (b 0, -4
do@ M x s 9x+8for-1=x=2 -] = {3y =26
(b) % x p» ¥t for -1 = x = 16
5.9g=2p (a) -3 (h) -3
6. M x o 2L v 21 g 2] O e L 7.800) =2 + 4
XL T el s T X =3 gy =
8. Ma=3,0=2 (b) f* x  8lx + 80
2@ fP)y=x x=1 bya=3,b=-1
8
0. @) a=2,b=-3 (b) gf: x > W—B.x:3
x=-2 1 | 5
e P ] ")"]" — — — o
1. fg: x z[x_l),x:ﬁl.-,gf.xw o Y 1, 3 (h)(].z
X+ 1
12, P(x) = r_].x;tl;F"(.t}:x,x#l
13 () x5 x—4 () % v b x =10 ©)ghx s x,xz0
() g x s 2,00 Woa=1,b=2 15. 1,2
X
16. f3x) = T x=-l .'c;é—l .r;t-i' frix) = & x# -1 x#—l t#—l
r+ 1 : 2 8 v+ 1 ’ Rl 3’

1 ! 1
.r;t-»4,...,.r¢—(n_l}.x¢—;

Exercise 9.3

2.0 -1 < [(x) <3 h) -1 <x<3
@ty - %(x+2) _ ' x 3+x,x:&(]
2x x+ 3
5 L5 e =1 R
(€) il x x_z,xatZ )y £ x 2{x_l),x¢1
o7 p¥
4, (a) 5 3 (b) 6 5. (a) 5 (b) W=D
6. () = m 1 2 T@a=2b=1 @fF©=""1 a1
. 3 33 . =2, b= ¢ x)-—x_l,x
w— L 17 1 e SR x -3 B
8 1g X 1 ;+3..r¢0,5f..r+-> 2x+3,,\:¢—?f'.x|—~) S

alx s l,.r;(};;wf:‘-l
X 3
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9. fhx s 2XL ran () 4 ) =, -2
10 2 b) fi: 2 2 2
. (a) - ()g'x+—>2x+3,x¢—5 (c) 5
1. f(5) = 7.5 £(5) = 7.5 12. -5 B.@ s 7 xz0 (b) %
X
- . o 9 11 11
l4.f'.x|—>x_2,x;t2,a-—9 15.5,-:-2-,-2-
l .
16. S y X FE—— b) 1
() s o g #a (b)
17. (@) £ x “l”'.ml M) m=-3c=12 18. (b) 3
- X
19. (a) ff; x +» 4x + 3 Meghxpi-x (¢) fg: x o 1l - 2x
@ (o' x %(11 - ¥ © " x %(x-— 1) ) g'f x %(11 -3
2 2x + 1 _1 3 1-x 1
20.(a)f.x|->2x+3,x¢ 5 2,f.xr—> 2x,x¢0,x¢ >
== !
2 fgi x s - L x5 %;g":xH x-;
22.(n)fg:x;—>%+l,x¢0;(fg)":x+—> Gl,x;tl
g =
=l ..x_-_l. -1. E . =1f-1. 6
(b) f': x 3‘,g.xp—yx,:c:t(),gf.xwx_l,x;tl
: 5 - 3x PR S+ x g
23 () fom x _l.x¢l,(f},).x|—)x+3,x=& 3, x#1
3 1
) ' x %; ghx b i Lx#0;g'f x %g, x #-3; Yes
= 5 -x, 4=Ts Tx i et T-x :
2. flix R _x,xxl,gf.xwx_?),x;t&
vy s 7_x -
gy x x_3,x-,»3
Exercise 9.4
.24 -
L @7,5-% 3 1,3
2 4
2.(a) 1,3 (b} 3 4 (e) -1, 3 ) 3 6
J(@0=fx)<3 o=flx)=35 ©0=fx)=35
dOo=fx)<5 l=n=3 f)-2=fx)=3
4. (@) | =f(x)=3 b)) -4<{fx)<0 (©) 0=fx)=2 d 0<fx)=5
5 (a)l1,3 (b) f is not a one-one function
6. (1) 0= f(x)<3; 1 () [ < f(x) < 8; 2,0
'7.fﬁ}3‘5f“"-—- 3 Ty s Zory P d 8 -4=y=0 fd=x=3 N
9. x=1,y=1 .x=1,y=1
11.x=§ 12.0,2, 4 B.a=1,b=1
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Miscellaneous Exercise 9

L@p=34g=-1 (h) 8 (v) 3 2Zoa=3:x=~1,3
@ ihe-2-x (b) T x > x (€) gg: x> x, x # 0
{d)fg:xl—)zx—:;,x:t() (e)gfg:xr-—)?’—x,,r;(],}-
2x -3 2
4 () 1F x> T6x= 15 ) gf: x> 2211 03
dx - 3 4
() ' x> l().‘+3) g’ x> 2 )
4 2-x
(e) (fa)': x > il ,X#S
5-x
—1 J-x
5 @) 7, -5 2 big:x , X -1
x+ 1
Gi) fig v 2 o1 (i) gl v 22z
X+ 1 1 -3
6. (b) -2y Ll : ” s sl g e
(b) le—3.r'r¢I' S 7.0 g=5 8.p=24q 1
9. fo: x> 34 + b, x#2; pft x = 3 ,.x#'?_b;.:1=—-3-,b=E

x-2 ax+ b -2 a 2 2
1. () 0=fy=7 (b) -2-i— sgx)=4 @W0=hx)<6 d)-4 =kx)=3
R.)0=flxy<=9 H-3<=gx)<6 () 0 < hix) < 10 '

13. The graphs are reflective images of each other in the line v = x; 1%
l4.x=—;},y=%orr=—2,y=
15, () I v 2‘“1”.x¢1 (bym=3,c=-13
16a=4,b=33<y=<8§
17. (a) None (h) (i) 1.41 i) 0 =sx <= -58~
Revision Exercise 5
45 32 o (-1 2 15 5 2
b (R (26 18) (“) (-1 1.5) (i) [—3 —l)
112 2y, o _
& (7 Fe=2y=4
2. y=2x~-6 (h) (6, 6) (c) 15 sq. units; 15 sq. units
L (@y=x-3 (b) (9, 6) (c)(6,9) (d) 42 sq. units
4.a=95b=4 5. Plot xy — x against y; gradient = —g, (xy - x)-intercept = p
6. (a) (i) 2 (ii) 1
M) G) -2, 8 ) gf: x > -33. 20 gy 2 ‘12‘ x# -1, 1
X
TL@o0=<y<7 (h}x<lorx>%l_

Revision Exercise 6
1. (a) [[1) '{%) (all same answer)
592




(b) Giiya =6, | am L[ 2
y) (i) 0 =—6, o

4413 -3
2, (2, ), V13; (5, 1)

g8 5
J (@) 2v+x=6,y=x—| (h) D(;- 3] () £33, 1) (d)y -2
3r 4+ |
d(ya=4,0=-6;6 bg:x q_‘..ril
S.gftx o 48 + 1 fimx s 20 —dx + 55 he x o [Bx - Y
|
6. Ig v= ('2']}:' b),\' +lga @a=4,b=27 (b) 3.69
7.a=—£,b=6
2

Revision Exercise 7

(6 6 -4 (09 4y N

1 @) G (_5 . 2) (i) (*2 o 3)' a=20.b=-12¢= 10

(b) v =3 v=-1 2. (7, 6)
3 (@) f: LT b) gf: _ I—.

(a) gEXxm - +3x# (1)5..1:.-92_1‘4_3,,1#—2
4. (a) 4. 6 (by i v s rli"g, P @k>2o0rk=0

18 — 3¢

D =mpsd 6.y= 5=
% g =5 5 == (h) 1.64 (¢) 2.49

Revision Exercise 8
LaPQ=R
(b) The elements give the amounts Mary would spend by getting her supply from shop A

and shop B.
() [ 03 02
-04 0.6

(d) a = 3.80, b = 6.80; A box of diskettes costs $3.80 at shop B while a ream of paper costs
$6.80 at shop A.
2@ y=2mc —dm -1, v=mc+m+ |

(b) [2 + 5m' 6 + 3) (e) (?%. 7%)
e . i
3. (a) (6, 8) (b)y=x+2,3.656)
4. (a)0.11,0.26 (b)A=0.26,1n=3
5 3 b.—l <x<Zor3i<y<f 7. 16y —5v =y

Exercise 10.1

2 i i (h 2 “ﬁ "rs_ {1 12 3 5 ‘
i —"‘]l‘“mL?"S 3 3 2 AR & 12
15 15 201 47 i 3
2. (1) =, — by —, — ¢) —, — d) —, —
) 17" 8 (b) NN (©) 257 24 ) L1077 410
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I ol 1
3. 7 4. 43 5. (a) G (h) 2
6. (a) | (by 1
7. (a) 3rd, 70° (b) 1st, 30° (¢) 4th, 60° (d) 3rd, 80°
8. (a) 130° (b) 300° (c) 210° (d) —135°
9. (a) 20°, 160°, 2007, 340° () 70°, 110°, 250°, 290° (¢) 357, 145°, 215°, 325°
10 (a) —170°, —10°, 10°, 170°
11. (0) =260°, 100°, 460° () —100°, 260°, 620° () -280°, 80°, 440°
Exercise 10.2
1. (#) negative (b) negative (¢) positive (d) positive
(e) negative (f) positive (g} positive (h) positive
2. (a) Ist, 3rd (h) 4th (¢} lst, 2nd (d) 2nd, 3rd
3 1
(@) -3 () =~ (©) - (d) -1
1 V3 1
(e) _f () =5 (8 3 (h) E
422 B e 2 2
5 4 457" +f5 12 13
i V3 2 5
7. ——, 8. -3 9, =, -=
J5 2 & 13713
| 2
10. —— b = -2
() N (b) 2 (€) =42
1. () & M) 1 - & (©) *J_—k_a_‘ @ 1 -k
i~k
12, (a) 135.2°, 224.8°  (b) 60°, 240° (e) 60°, 120° (d) 116.6°, 296.6°
(e) 72.5°, 287.5° (F) 62.2°, 242.2° (@) 188.6°, 351.4°
(h) 45°, 135°, 225°, 315° (i) 35.3°, 144.7° (j) 63.0°, 297.0°
13. (a) -150°, =30° (b)y -330°, -30°, 3 (¢) —315°, —135° 45°
(d) =225°, -135°, 135° 14, x = 64.0°, v = 118.0°
Exercise 10.3
1. (a) 90°, 270° (b) 0°, 180°, 360°
{¢) 0°, 180°, 360° (d) 0°, 60°, 180°, 300°, 360°
(e) 0°, 104.0°, 180°, 284.0°, 360 (1) 19.5°, 135", 160.5°, 315°
2, (a) 10, 4 (b) -3, 7 1,7
J@{yv:-3=v=-1lyve R} ) {v:-5=y=5yve i}
©{y:-6=y=2ye R} (d{y:-1=y=3,ye R}
(@) {v:-6=v=0,ve R} MN[(y:0=v=35yve R}
@ y:vy=0ve R} (h) R (i) {v:y=0,ve R)
7.2 8. 4
9, () 2 (h) 180° < x < 270° 10, -5
Exercise 10.4
— 55 4 s — — - s — ! PITI
H —— T — Ty ko v T z!_ ‘3 —_ U! =il
1 3
7 e - .
2. (a) = (h) 7 (c) 45
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=t oL

1
. (o) =
. (@) 2
+ (a) 2nd, 4th (b) Ist, 2nd
. (a) 210°, 330° (b) 36.9°,

(e) 80°, 270°
(h) 45°, 135°

3 |
. ) 7 (c) 7
(h)y -3 (©) =43

(c) Ist, 3rd
2165%  (e) 54.2°, 305.8°
(f) 45°, 135°, 225°, 315°
() 907, 270°

(d) 3rd, 4th

(d) 136.0°, 316.0°
(g) 30°, 150°, 210°, 330°
(j) 65.2°, 294 8°

7. () 2 (b) -2 © | {2 (e) ~+3 () ~ =
. (a) 2 ) -2 c d) — == ¢ . e
3 ’ V3
8. () 3 (h) 5
Miscellaneous Exercise 10
1. (a) 97.5°, 277.5° (h) 210°, 330°
(c) 53.1°, 126,97, 233.1°, 306.9° (d) 26.6°, 39.87, 200.6°, 219.8°
3
2. (a) -%- by 343
() —= (h) i — ¢ © ! (d) |
NP ! !
4 () > by 2 (c) 3
5 4 3
S, max. y = 10, x = 180°, min, v = 4, x = (°, 360°
6. (a) {y:-7T=y=3 ve R} M) {y: -1 =v=3 ve R () [
) [y:~-1=y=3 yve R} (e) B
N (y:0=y=12,ve R} 7.3 8. 1367
12 5 V1 - & _ o & ene
9, 3 10. & — 1. 2 12, 13537 < 5 < 180}
13. —194.0°, —14.0°, 166.0°, 346.0° 4. a=55H=2
15. (a) 210°, 33 (h) 0° = v = 210° or 330° = v = 360°

Exercise 11.1

6.

NE 1

h) + —
3 e

(a) | (b} cos x

Exercise 11.2

1
2

3,

tn

. (a) 60°, 300°
. (1) 7.5°,97.5°, 187.5°, 277.5°
< (0).39.0° 141,00, 219.0°,.321.0°

« (a) 111.8°, 291.8°
. (a) 14.5°,90°, 165.5°, 270°

(c) 45°, 108.4°, 225°, 288.4°

(a) 30°, 150°, 210°, 330°

(c) 110.9° 159.1°, 290.9°, 339.1°
(e) 53.3° 143.3°, 233.37, 323.3°
(bh) 35

(e) 30°, 90°, 150°
(e) 120.5°, 159.5°, 300.5°, 339.5°
(g) 0°, 63.4°, 180°, 243.4°, 360°

T

{c) tan” x (d) cosec x

(k) 53.1°, 233.1°
(b) 0°, 120°, 240°, 360°
(d) 0°, 45°, 135°, 180°, 225°, 315°, 360°
(b) 90°, 270°
(d) 1.6°, 38.4°, 181.6°, 218.4°
(f) 52.8°, 157.2°,232.8°, 337.2°
3%, 144.7°, 215.3°, 324,7° (c) 14.0°,45°,194,0°, 225°
(b) 60°, 180°, 300°  (¢) 70.5°, 289.5°
(b} 70.5%, 96°,270°, 289:5°
(d) 0°, 131.8°, 1807, 228.2°, 360°
Iy 45°, 135°, 225°, 315°
(h} 176.9° 356.9°
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(i) 180° (j) 60°, 300° (k) 146.9° (H 71.6° 153.4°,251.6°, 333.4°

7. (a) 557, 125° (b) 32.8°, 100.5°, 152.8° () 35.3°, 144.7° () 1357, 153.4°

8.
14,

12

(cos x + 2)2 sin x — 1); =330°, -210°, 30°, 150° 9, — «t—{ﬁ

@ {yv:-2=y=0,ve K} () {y:0=y=3ye R}
(©){yv:-2=y=06,ye R} (M {y:-l=y=T7,yve R}

4 13. (a) 7 (b) 4 14. 3 15, (a) 3 (h) 5

Miscellaneous Exercise 11

L@ry¥+v=3 (h) v =4x + 4
2, (a1) t\ﬁ - .'.:'T (b) = il (c) :
5 A
3. (1) a° cos* B (h) cos’ B 4, 26.6°, 206.6°
5. (n) 30°, 150°, 210°, 330° (b) 0°, 60°, 120°, 180°, 240°, 300°, 360°
(e) 56.3°, 116.6° 236.3°, 296.6°
6. (1) 85.7°, 175.7°, 265.7° 355.7° (h)y 90°, 116.6°, 270°, 296.6° (¢) 90°
7. (1) 90°, 221.8°, 318.2° (y 0°, 38.9°, 180°, 321.1°, 360°
(¢) 5°, 65°, 185°, 245°
8. () 32.0°, 90°, 212.0°, 270° (h) 60°, 300° (e) 90°, 1707, 330°
9, ii;‘r-, +./3 10. 146.8°, 326.8° 12. 262.8°
13, -2, - i 1; 45°, 153.4°, 166.0° 15.26.6°, 153.4°
16. 22.5°, 112.5°, 202.5°, 292.5° 17. 69.4°, 290.6° 18. 307, 150°
19, (a) 21.1°, 338.9° (h) 22.5%,90°, 112.5°, 202.5%, 2925
(c) 30°, 90°, 150° (d) 68.2°, 135°, 248.2°, 315°
15 8
27 Al 2
21. «a 22, (a) = (b) T
23, 5=y<| 24. (a) | ) 2
. -1 2k
5] i - Jpyap— a - o o= 45° 2 L i . — -
26. x = 15° y = 135° or x = 105°%, y = 45 7 . T 1
28. -1 29, ! (x + 2y), l (v-2x), F+3y =35
5 5
30. P0O°, 4y, Q907 1}
31. () (0°, 0), (60° +3). (180° 0), (300°. ~4/3), (360°, 0)
(by 07 < x < 607 or 90" < x < 180° or 270° < x < 300°
Exercise 12.1
1. (a) 22.5° (bh) 120° (c) 135° (d) 150"
2, (o) i (b) 45 (©) i (d) 1z
6 3 4 4}
.@yv:3=y=lye R} M iy:1=y=2ve R) (e} {y:0=y=3 ve R}
@yv:2=v=4 ye K} (@) {y:-5=y=35ve R} )y R
5. () = by 2 5 -1 a -
. (a 7 ) = (e) ~ (a) )
6. () 2.49 (bh) 1.93 (c) 1.78
T lix T 5 i lr
7. (a . T (h)y =, — ¢ i
(a) Pl 1 4 (¢) - .
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@ = . 0.393, 275
oo In lx
W 56" 76
2 .{l 8’_’
8! 3! - 3l 3
Exercise 12.2
1. (0) 4 cm () 9.37 cm
2.0 1.4 (b} 6 cm (¢) 25 cm’
3.9 cm? 4, 4 rad.; 24 cm?®
3
6.(h 11,1 cm (¢) 17.3%
8. 14.6 cm” 9, 1.38 cm
11. (a) 1.29 rad. (b} 5.89 cm’
13. 47.7 cm?, 26.0 cm?

i5.

(d) 0.421, 2.72, 3.56, 5.86

T

(a) 105 em

(h) 9.1 cm®

Miscellaneous Exercise 12

)

sy

3.
6.

8.

9.
11.
13.
14.
L6.
17.
19.
20.

() 4
]
() 5

(a) 2.50

(a) 120 cm?

(a) 15.1 cm, 10.3 em’

(h) 66.4 cm
{(h) 38.7 cm
() 20 cm
12 cm

() 7.09 cm

(2) 96 co®

Exercise 13.1

(a)

(hy 2

4.3

g

by &, 5F
12 12

(h) 0.058 5

{c) 101 cm?
(c) 99.0 coy’
(b) 1.85 rad.
10.6 cm
(b) 1.26 rad.

{(h) 6443 em?

{b) 7.86 cm

(e) 0.464, 3.61

(h) 0.398, 2.74, 3.54, 5.89

(d) 6 cm
5. () 1.40 rad.

7. (a) 6 cm
10,
12. () 165 m

(1) 2.55, 5.70

(i) 1.09, 1.68, 4.23, 4.82

(¢) 40 cm? H 1
(h) 20.7 cm?

(b) 16 cny’

12.5 em?; 16.2 cm

(by 2.28 m?

14, 2.42 rad., 817 cm?

(© 17.1 cm?

() 4
5 1; 39
7. (n) 7.08

() 0, 242

(d) 5.32 cm

(d) 4

(h) 0.580
(@) T, 0.381
2

10, 0.644 rad., 32.7 cm’

(b) 259 cm, 153 cm?®

(d) 294 em?

(¢) 77.1 cm?
(c) 146 cm®
(e) 0.388 cm

21, 17.5 cmé®

1. 8 2. 1024 312 4. (0) 120
6. 30 7. 20 8. 120 9. 96
Exercise 13.2

1. (a) 720 {h) 362 8RO

2. 24 3. 24 4. 362 B8O 5. 120
7. (a) [ (b} 56

5

5 @ | )

™ nin—1){n-2)

9, (a) 210 {h) 90
10. 870 11. 1 663 200 12, 5304 13. 5040
15. 100 800 16. 120; 36 17. 336; 120 18. (a) 48
19. 5040 (a) 144

12. () 24 9.7
(e) 41.6%

18. 2.64 cm®
(d) 2.55 em’

(h) 720 5. 24

10. 40 320

6. 24

(c) 210

(c) nmin — 1}

(c) 120
14, 720
(h) 72

(b) 1440
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20, (a) 576 (b) 144 (¢} 1440

21, 120 22, 5040 (a) 720 (b) 1440
23, (2) 720 (b) 240 (t) 216
24. () 30 240 (b) 282 240 (e) 151 200
Exercise 13.3
1. 5, 84 2@ 1,1 (b) n, _'.fiiL_.,: 1) 3. 66
4, 2002 5. 15 6. 35 7. 28 8. 35 9. 700
10. 900 11. (a) 10 (b) 126; 1260
12. 2520 13. (a) 28 (b) 112 14. 5005; 1960; 315
15. (a) 330 (b) 315 (c) 215; 168  16. (n) 16 (b) 90; 112
17. 252 () 105 (b) 21 (¢} 231
18. (a) 462 (b) 210 (c) 200 (d) 281
Miscellaneous Exercise 13
1. 35 2. 6720 3. 210 4. 70 5. 27 000 6. 14 400
7. 15 504; 2730 8. 144 9. (n) 5040 () 1440 (c) 2880
10. (a) 126 (b) 2730 (c) 336
11. 3 628 800 (2) 40 320 (b) 241 920 (t) 2 903 040
12. (a) 462 (b) 81 13. 525; 225; 24
14. (a) 420 (b) 525 (v) 27 (d) 756
15. 840 (a) 72 (b) 13
17. 5005; 720; 72 18. 15 (a) 225 (h) 180
19. (a) (i) 144 (ii) 2160
(b) (i) 210 (i) 60 (i) 105 (iv) 100
Exercise 14.1
1. 0} 1 —8x+ 244 - 327 + 16+ (b) 1+ 15x+ 9047 + 270 + 405+ + 243¢°
(©) 1 - 6ax + 15¢°F - 202’ + 154°x" — 64°F + a'x’ 2. 5842
3@ 1+ 10x+452°0+ 12000 + .. . )1 -12x+ 66 -2208° + ...
(€)1 —16x+ 1126 - 448+ + . . . (d) 1+ 18x+ 1448 + 672 + . ..
(€) [ —24x+252¢ — 15126 + . .. (0 1+9 +36x" + 84x" + . ..
() | — 1407 + 84x* - 280x° 4, .. () 1—8x 4+ 305" - 70" + . ..
2 it
i1+ l_("_‘+ I_l?“;‘ + ﬂf‘T‘_
¥ ¥y ¥
4. 1 + 30x + 4055 + 32400° + . . .
(a) 1 —30x + 405 — 32407 + . . . (b) 1+ 30x*+ 405+ + 324045 + . . .
5.1+ 18x+ 144 + 672¢" + .. 2 1.195 072
6. (2) 1 + 24424007 + .., (D)1 -28x+364c + .. .01 —4r—68 +...
701 = 100 =365 +424%° + ., . B2+ 7x+ 10+ 7 + .., 2.807
9. 80x + 18 240x’ + 992 256x° + . . .; 0.818
10. (a) 8960+ (b) =77 520" (€} -8064x° () 1792x"
1. (a) 1512, 20 412 (b) 1760, 59 136  (c) O, —lg—
12. -6 13. (a) 5 : 156 (b) 253
4.1 - 6r+ 157 =200 + . . 5 b+ 120 9600+ 160+ . = T+ Gr+ 32 —406 + . . .
15.a= 2.b=-L  16.-360 17. | - dx + 62 - 40 + 1 1
1 F
18. (a) 1 + 11x+268° + . .. () I — X%+, ..
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Exercise 14.2
L. (a) 81 = 216x + 216x8° —

015
=2 B 20
X X

PETS
2. (2) 64 + 576 + 2160x" + 432007 + . ..

7
- — + —_
©) 567 ”56x g’ 4x°

3. (a) 128 — 224x 4+ 16827 — 70 + . .
2032 + BOx + 80 + .. g

5.1 — 18¢ + 144¢ +

96x" + lox!

3 L
ax” 6dx°

— L4y +

125.776 7

(b) 32 + 80X + 80x* + 40x°

(b) 1024 — 640x+ 160x" —

" 108 4 x0

2085+, ..

4. a=35b=136

32 — 496x + 3248x7 + . ..

7

6. (a) 3360x" (h) —489 8RBx" (c) 3360x* (d) 14Er“
7. (a) 3360« (h) —15 360 (c) 13 440

B - 3482204, .53 9, >

3208 8 8
Miscellaneous Exercise 14
Lo 164 15820045 =3+ Sate Svg
5

364 + 48c + 1547 + :;.r‘ + ... 63521 497 5 4. (n) 7 (h) -1 760
3.0 (a) 1+ 18x 4 13562 + 5400 + () I =200+ 1608 - 6408 + ., .; -65
6. 14047 Tox™— 1667 + 126" — 44817 + .. ;=240
8 1+dp+6p +4dp’ +ph | +4x+ 100+ 167+, 1.52

9, 64— 192p+ 240p° — 160p> + 60p* — 127 + p% 64 — O6x + 444 + . . .
10. (@) 1 + E X+ ﬁr (b) 32 — 80x + 80x™ 200
1. =2 12. 8§ 13. -1, 1|
14, 32 + 2400+ 720 + 1080 + . . .

(a) 34.473 08 (D) 64 + 448x + 1206 + . . .
| 3

15. 15, 13 e 69§ 16, 960 17. -564’

18. (a) 9405 (b) 280 (e) 4

19. 362 + 209+/3: 362 - 20943 25:°C.a" T O e
Ma=2i,A=1,8=4C=7 Poa=-2.n=8 23105
24, 1512 2o =i 2 hi=ed 20. 141
Revision Exercise 9

1. (a) 12 cm (b)y 60 cm’ (¢) 27.4 em®
2. (a) 180° (b) 60°, 120°, 240°, 300° (¢) 30°, 150°
3. (@) 4 (b) 4 (c) 7

£

4. (a) ",;]_@’ -3 (b) V1 -c*, Ji-¢ 5. 10; 8

6. (a) 362 880 (b) 80 640 {e) 282 240 (d) 161 280
7.1 - 16x + 112x% 913
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Revision Exercise 10

1 (b) (y:-l<y<5yeR) z.-l’;
3. () 90° (b) 9.4°, 99.4°, 189.4°, 279.4°
(¢) 0°, 70.5°, 109.5°, 180°, 250.5°, 289.5°, 360° (d) 164.1°, 344.1°
4, (a) 1.2 rad. (b) 52.8 cm’
5. (a) 252 (b) 30 240 (c) 195
6. (a) 14 784y h) a =-2, b= 1080

7. 16 = 32p+ 24p” — 8p’ + p'; 16 + 128x+ 368¢ + . . .

Revision Exercise 11

1. (a) 112.5°, 157.5°, 292.5°, 337.5° () 63.4°, 135° 243.4°, 315° = (¢) 11.3°, 45°
2 2 4 MP=88+8cosB+8sinb (¢) 0.644

5, (a) 1.5 rad. () 435.9 cm®

6. () 128 — 1344x + 6048x; 127 (h) -1760

7. 360 (a) 120 (h) 180
Revision Exercise 12

1. 70 (n) 35 (b) 15 (c) 55; 6720

2. 40 320 (a) 10 080 (hy 30 240 (c) 2880

3. (a) (i) 82.5°, 172.5°, 262.5°, 352.5° (ii) 60°, 300°
I
(h) 3% 1.91

4. (a) -if- () (i) —1+1° (ii) - Jle

5. {y:4=<y<4dyve R) (b) @) 1 (ii) 3
6.2 82 7. 2
16 3
1 5Exercise 15.1
1. (a) 6x + 4 () 4¢ ~ 14x + 6 () 67 + 10y — 4 wa- =
X
() 18 + & O3+ L o @) 10v -
X x g e
3 I
| " 1 A 3
: "y . . 1 2 iby® i
(|)3+J; (j) 16x + 3 s (k) 5x 6x
i 1 3 ! ;
(h 9x* - 3x ° (m) 10x* + 3¢ > (m) a +
2 () 2 m1- 4 © v+ — ) -+
X 2x” X
9 < 1 . 1 -2 | =
(e}u?r3+5x2+-2—.vc2 (i')3+:‘—x3—r3 2
3. (8) 4x + 1 b 24x -2 (© -1 () 24x - 10x°
" L gk g e
© 2+ 5 (I')*fwr:3+—:-.nc:+;Jr2
R [ S — W . I —
4. (a) 10 (h) 9 (©) 2 s
5. () 10 ) -1+ (© -4é () 5
6. (2) 0 (h) -5, 5 © 1 ) -8, 8
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—_—

l

7. (1) =5 (b) X (c) -8, 8 (d) -2, s
8. (1, 6) Dol it b=-% W.a=1,b=-6
Wa=9b=-2 2.a=2,b=2 13; 552, 4 &5
14. () 8-'} (b) (—% —6), (% 6) 15. () =2, 4 (b) (-1, 16), (3, —16)
lﬁ..ar=l,b=E 17.a= —; -2
> 1
Exercise 15.2
4
1. (1) 5(x + 2’ (b) 82 — 1 (c) 5(} R z)
4
(d) —40(1 — 4x)” (€) —24x(2 — 3y (1) 32x — 1)(1 — x + 232
36 8 12 =24y
: ) — b - o T,
POy P ey Oe-w Dy
3 (@) ——t (D — © 2
W = o <2
Ix 2y - 1 x+ 1
d p DO ... . S ¥ e e S e A e e
@) 45 - 3t © Wt - v+ 1 & o4 2+ 2
3(2—4'})5 . 3
4. (a) -3V L by 7 (¢) ————=
x .tz(l - 1:] (3x - 2)
* A R (1
@ 5 [ @3(x- (1 5) o2y +2)
5. (a) 96 (b) -% (¢) -2 () 108
5 s 2 sud ( _ b
6. (0, 1) 7. (1, 2) Boa= L or O N T

Exercise 15.3
1. (a) 3x(x+ 2)
(d)2(1 + )22+ 1+ 1)
() 2(2x + 1)(4x* - 5x + 3)

(D) 20+ D1 = 2041 + Tw)

(b) (2v — 1Y’(8x 1)
(e) 2x(1 — 4x)°(1 - 10x)
(h) 2(1 + 4x)%(6 — v — 104%)

() 2(3x + 2)'(4 — 15x)
(1) (1 = x)(1 - 52%)
(i) —12(1 — %)

(k) [ = %-.r)[—sz % g 7) (1) 285 + 3 + 23x + 6)

(1 - )1 - 5¢) 1+ 3y 4B+ 1)

2 o) Sf— b) S )~ -
® 2x ()J1+2.r (© JT = 4x
() 500+ 4y + 1 - o) 2.((] - 3{} . - 24 - 3x + 4
= 2'\1"1 + 1 Ay '\jl - 2:‘_2 b ‘\/3x2 + |

P S BB ; 217 - 10)

. X+ X 2 L S
(a) (x + 2P(5° + By + 2) (b) xaT
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1 ; 3x-35 2
5.3Z 6.0, 8 T =3
dy  x-4)0Ox-4) 4
s‘dx“—zﬁ—‘x'4‘5 10. -2, 2, -2
Exercise 15.4
5 5 1
Loy Oy STeap @iy
2+ 6x 6x — 125 2(«* - x - 1 263 - 2x)
(e) (x + 3) (1) —(l T ) (g) (2x — 1] (h) W
. 4x o 3+ 4x - 4x? 2x 2x* + 3x% - ax
@ (1 + x’)z @ (1 - 2x) ( (1 +x) L [1 = x’)'
l = x 2 -x 2x + 2
2. (a) 2Vx(l + 2 (b) 21 - xWI - x (€ (2x+ IWZx F T
3 — 2x 5 6x° — 18x
d N i i S —
() (1 — 4x)V1 - ax © (1 - x!),h il © (2% - 32x" - 3
3@ (b) 6
. 2
(1 - 4x) (1 + xz)x}I +x°
2 1
a. 3 5. -1 6.~ 7.-1, 3

Exercise 15.5

L@y=5c-75=17-x
2.(a) Bx + 12y =1

3 5
3 2x+2y=-1,y=x-2,| =, —=
X+ 2y y=x (4‘ 4]

5. 3x+ 13y +168=0

7. 6y=x+59,3y+2x=38,(
B.y=x-16,y=x+16

11

12. y = 3x -3, —

d 3

17 52
5" 5

13.a=6,b=15

My=-3x-1L3y=x+7 @y=-x+4, y=x+2

(b)) y=x+3

dx+d4y=-19,x-4y=19; (0. —%)

6.2y=7—x,8y=5¢c+13, (5 3)

33
) 8.2y=x+3,y+2x=4
M y=4x+2 1. 2y —x=4
4. a=2b=1 15.a=2,b=4 16, -2

319

1 y=(1+2ax-a*,a=5 -1;y=11x-25 y+x+1=0 18.a=2,b=6, (— )

Miscellaneous Exercise 15
3x

_ &
(2x + 1)

1. (a) -

2. (a) -

602

(b)

() (1 + 20)°(1 + 10x)

—_—
(1 - 3x)

42

© _4 - 3x_
242 — x



5(vx + 1
. 30 4.
Sca=1,b=5 6. (a) 57y = 27¢ - 62
dr
T.3y+5=2 By=4d-2(L6) 9. 4 =

10, (2, 1) 11. 156 sq. units 12, 32.5 sq. units

5
15,3+ 2px + 21 p=-3,qg=5 lo.a=1,b=-7
18 L -2 W.a=2b=-2

2" R

| Exercise 16.1

1. (a) 6 cm 57, increasing (b) -3 em 5!, decreasing

2.n)1r=3 (bytr=0

4. 363 cm? 5! 5. 2]% em? s}

7. A =w(2e* + 1), 1441 cm? 7' 8. () 6 cm? 5!

2l t Y oaft 2
[} jucirin JNCUSET —_ — + |
% 3[10 1)’ 5[10 lj LI
Exercise 16.2

1. (a) 24 units s
(d) 30 units s

(b) 6 units s
(e} 24 units ¢!

2. () % units s (h) % units ! (¢} 12 units 5!

3. (a) 16m cm? 57! (b) 127 em® 57! 4, % cm 5!

0. 3 m s 7. 727 em? 57! 8. (a) 1 cm s
2 4T

9. 2 cm st 10 0.000 em s* 11 0.05 e’ 7

12. (a) % units s~ (b) 10 cm s 13.
14. 9 cm® 5!

Exercise 16.3

15. 247 cm’® !

1. 0.1, decrease 2. 2, increase 3. -0.005
5. 960p (increase) 6. 0.127 cm’ 7. 0002 5 cm
| T pr
9. dmr® — 10, —; — s
L 180 “n 10X 3410 :

. 8
(a) *5[7

13. 0.367% cm?; 36.36m cm’
16. 3% 17. <1%

14. 31 cm’; 2131 em?®
18. -2, -200p%

(3 - 2x)
13. y = —x, (0, 0)

11

)[x +24x)" () x = 22

(b) (2, 3), (=2, -3)

1 s,y =Tv -4

k=2

17.a=1,b=-10

20. (-3, -5, (1, 3)

(¢)-9.75 cm 57!, decreasing

3.5 cm, —% cm §!

6. 84 cm” 7!

(b) 72 em’

(¢) —36 units s
(f) 2 units s

g |
d) = units s
(d) 3
5. 041 em® g

(b) e cm s
i

%(p’ + p%); 140 sq. units s
16. (2) 157 cm? 57!

(b) 2.4 cm s7!

A

© 60
8. 8v+ 3 —4.15 cm®
6 7

‘e ¥

{b} %p -

15. 10.01

19. 10 — 4
603




20, 6%, 4%

o m 2, Ly

3 : k:
2l ) 2Vx 2x 2

Miscellaneous Exercise 16

8
1. (a) — cm
2.V =4 A = 64, i
dx

3. (a) 204.87 em’

600

4. (a) —~, 0.075 cu. units
J'

5. (@) ——, p (b)

4
1. ;g'rr

8. (a) (i) Eﬁp

22 4 5t

b (a) :

Tl 3
2x 422 — x

m st

6
. (J} 7
12. (a) 15.6 unit* s
| 7luxuuse 17.1
(2, 2) min. pt.
3. (h) (0, 12), 3, -15)
Exercise 17.2

L. (a) (2:, —5}1-) min. pt.

(d) (0,2

=]

. (1) (1,-2) min. pt.

(v) (=3, -12) max. pt.,

(e) (1— l"‘) min. pt.,

1
3. (7, 6) min. pt.
7.a=9,b=-8, max.
Exercise 17.3

1. (a) 2, min,

604

) max. pt., (2,
(e) (2, 32) max. pt., (6, 0) min. pt.

cm 5!

(k) hll’_?

=37 =12y (a) 1.5 cm® 5! (b) 0.12 cm?

'ody

12
(h) = ¢m !

T

(b) decrease at 4.5 units per second

1
-25.6 6. W (a) 1.99 (b) 2.02
() 3.27 cm? (h) 3p%
(ii) 2p% (b) (i) 4 (i) 2 cm s

3
() —lﬁ— m st 10. (a) 471 cm 5! (b) 16w cm® 5!

20
(h) - m 5!
(b) 5.36 units 5! 13, % m s 14, 1287 cm? 57!

2, ()0, O;, 1, I, 2
(¢) max. pt., min. pt.

, 0) (¢) min, max, min

() (3, —4) min, pt. (¢) (2,-16) min, pt., (<2, 16) max. pt.

=14) min. pt., (<2, —14) min, pt.

(F) (-4, -8) max. pt., (4, 8) min. pt.
(b) (0, 0) max. pt., (2, —4) min. pt.

(3, 12) min. pt. (d) (2, 12) min. pt.

(-2,
2

5. (-1, -9) min. pt.

- l?_J max. pt. (f) (0, 0) min. pt., (-2, -4) max. pt.

6.(a) (1, 3) ba=25b=3

8.(@a=25=9 (b) (-1, -5) T

5

(b) :s-—’ min. (c) 0.144, max. (d) 5.14, max.




s 1 1 1
2. (a) 3 (b) ~6- ) Wil (d) ~5E 5
3. 125 e N S 6. 4
7. 400 m? 8. y=52-8x,x=52,y=104
9, %.r(l.(}S _ 4v), x =03 10, (b) 2 1L, x = 0451, y = 2.55
12, 3.99 13, 77 end? 14.h = ff, x=3h=2
15. 40.5 cm? 16. (a) 60 cm?® (b} 9 cm
17. (@) y = 22 (€ 24x - 290 (@) 900 18. 963 mem?

x° x”

Miscellaneous Exercise 17

1
1. (<2, 8) min., (2, 8) min. [ 3 27 ], min. pt., 27 Fo i
1
4 (@) as=—4,b=10 (h)(g ,,7] 5p=l3,q=4
6. = 90 - 3x; 24 000 cm? T 1-] , min,
8 y= ‘—5:’-{5 —x; 2, 30em® 9. 134, min 10. 11.2, min.
1. (a) r = %L, 0=2rad; max. 12.(@)r=35, =10 ) r =593, i = 7.11
13. (b) ? 15. 3, max.
16. (a) (i) 25 cm (ii) 114.6° {$)] %, 2
25
17. (@) h = 5r — r®, max. h = 7 (b) min. A = 1600 m*
3
18. y = 27_‘3" (a) 5 cm (b) A = 54 c¢cm?, (min), y = & cm
bin o 2 T
19. (a) (l, 3), min. ) 255 45 e
2 12
4 9 8 18 .
20, (n) - -, + (b) -25, max; -1, min.
Q-1 -3 @2-x (x-3) )
21, 22 2. (1, 1)
3 T
I Exercise 18.1
1. () 4 cos x {(b) 2x + 5 sin x (€)2cos x—3sinx (d) 8 + 3 sec’ x
2. () 2x cos x — x? sin x (b) x sec’ x + tan x
sin X - 2
(€ 2(x + 1) sin x + (x + 1)* cos x (d)
LK?‘» X
4. () 3(1 - cos x)* sin x (b) 6 cos x (3 sin x + 2)
(€) - “ci‘.:.f_ () cos x — 2 sin x

242 — tan x J2sinx+2cosx
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. (@) 3 cos 3x — 4 sin 4y (b) 2 cos %x

(e) 6 sec® 2x (N 3 sec® —x

| —

. (a) cos x cos 3v — 3 sin v sin 3y
(¢) sec 2x(1 + 2v tan 20

. () 6 sin” x cos x
(¢) —6 sin 3x cos 3y
(e} 40 tan 5x sec® Sy

(€2 cos (x=5) (d)-2 sin [Z.r + ;E}

)

v - 5
4

'

-

() 2 sin (4 (h) 6 cos (

(b) 2v tan 5x + 5(1 + »%) sec? 5y
() - sin v sin 3x + 3 cos v cos 3y

sin® 3x
(h) 2 cos 2y + 12 cos® x sin v
(d) 1 + 30 sin* 2xv cos 2v
(I (cos 2y — 14x sin 2x) cos® 2x
(h) — 2¢sin v cos x + cos” oy

(@) 41 — x)? sin® x cos v — 2(1 — x) sin* x 5
. T T X
8 1 —sinx, — Y. 3, —
60) 44
1. 0.012 8; 0.306 unit 5! 11, 0.756% (3 sig. fig.); 0.0192 unit 5!
2. x+ 2y =2+ E opeiteein 33 _® oz
v y J3 O+ =¥ v X - 13 -

. 0,983, max.

Miscellaneous Exercise 18
1. () 3+ 2sinx
{c) —4 sec* x{1 — 2 tan x)

(e} 6x sec® 3x + 2 tan 3x

2 cos 2x + sinx
(B} =
24/8in 2x - cos v
. (21) 2 cos 2v + sin 2x

(c) cos’® 3x - 3x sin Gy

15. 0, 0), (z, )

16. 0.927, 4,069

(D) 4 cos 4x + 6 sin 2v
(d) 2 cos 2v cos 3x — 3 sin 2v sin 3y
2y cos 2y ~ sin 2x
®) x*
4 sin 4y
() (1 + cos 4.'(}2
(b) 96 sin’ v cos 8y
(d) 2v — 24 tan 4v sec® 4v

3. (a) 2vcos (4 2) (b) 4x sin (I — x%) () (dx + 1) sec® (24 + x)
Lod s 5 2 3% : 2
4. (b) ~%5 rad. § 5. ¢ 3 6. 0.000 5; -1 unit s
'? [} l _l..!. l:r l 3 ks ] o]
L4 8. V3,43 9. () gm o (b) 57, 57, 0.253, 2.89
10. (0615, 0.385),(2_, ),(2.526, 0.385) 13. (3' 6 ) U3 Ty emax (3
15. 0.848 (max) 16.ase” 02sin -1, a2 +43) 1755
Exercise 19.1
L @) © 1) (b) (0, ve) (©) (0, ¢)
2. 0.65 3. -0.59 4. (a) 0.280 (b) ~0.053
5. (@) (0. 1) (B) (©, 1) (© (0, 3) @ (0. 1)
I I
6. (a) 2 (b) 2 TG (b) 23
|
B () Lot (b) e (€) 2¢™ () Te*




(e) 3e™
(i) et — e~
9- (u) e-h - l. 4641-!
10. () 6e*(e™ + 1)°

(d) e (sin x + cos x)

(f) 10e’

(j) 3e’ + 3e

(b) cx+3’ c,z+3

(g) 4¢'
1
(k) 2e" + 3e™

(h) -25¢* **

{]} U
3 3,
W e, Je?

=

(c) e* &, 2>
(b) 5(1 + e)x + e (¢} (3 + 2x)e™

2 iz "
() 3¢ + 2)e' 7 (N —e (cos 2x + 2 sin 2x)

xe* l+e* +xe 5 18— E)
11. (a) 0+ x);g (b) W (c) m
e¢*(cos x ~ sin x) — cosx (3 cos x + sin x)e’ ol =+ e
d : ¢ 5 | =
(@) v (o) SIS M =
1 1 ej(l + 2"
12, () y = ¢¥(2x - 3), ¥ = s R e (b) 7
2 e -
13. y=20Gr-2),y=- 3 + ﬁLj +2¢  Mox=In2,y=-0386
1+
15. (a) 3 () 2e, —¢ 16. -%e'“, —%e"zp
12¢ 8 4 o
17. (a) (h) — (c) 13.5% 18.-0.33 unit §
e
Exercise 19.2
I
1. (a) [’3'- U) (b) (O, O) (c) (2, 0) 2.(0, 0y 3. 0.829 4. L.16
5 8 3x2
5. 57 (h) () 7%
2x (r - 1) cos x — sin x
(@ 2¢-5 1 Q-2 © (x + 1)(x - 3) i sin & + cos x
* ln x . 1
@ — h ) -
4 T { } ) ﬁ
6. (3,0),y=%x+ln2-2,({},ln2—2) B.k=53v+x=2 9. 1.07

{13 (ﬂ)x> (3,0

n &

- 12, (a) 20e”!

Miscellaneous Exercise 19
(b) —xe™

1. (a) 23 + 9

(e)2 ln(vc+1)+-2-[_;(—3-;:-;l
X

eQx-1)
& (2x + 1)

Mx< 2,01,0

()_.rln_r X

(In 2x)

(©)x >3, (4, 0) (mx>§mnm

3
2¢ + |

(b) —4e! (c) 2% 13. -

(d) 3x(1 + 2 In x)

(1 4
{f) c- (:?‘— In (5 = 41) - ‘S—-T-E;x)

(¢) e*(cos x + 2 sin x)

=x
€2 (cos 2x + 4 sin 2x)
a
2 cos” 2x

{c)
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Ed

) — (©) 3 cot x iy SO
eI X + sinx
r"-"x ﬁ
@ e TGBF-2) (e “mreosx () —2e9 sin 2x W
: ‘L"n- : sec’ x et D
(t) e —= () Pprerm (h) 2 cot 2x
21Inx . ] 14 xe® 2t oy
i - - k) ———— | £
) X 0 a(In x)” i 2xyflnx+e’ o e+t
i 3 ; 12 .
4, (a) = (h) v - 0+ ) (v) — (d) tan x
1
(c) ol 2 cot 2x (1) *(6 In (cos x) — 2x tan x)
e 2 (1)) pp &I
X+ 1 cs:n.r 1
5. (0, 1) 6. (a) 1+ (b) 3 7. () 3 (b) 0.549,
5l 1 |
8. (25,0 SInr=-cx+ 124, a=--,b=124
. 2 2
10, -0.31

. (x+ e, 4 12. (1) (% In 2, 8) i, ) 08, ~8)

13, y=e@x~1), y = -+
e

15, (a) 8O (h) 26.4
16, (a) m =132 (b))t = 34.7

Revision Exercise 13

14, 10e'(x + 3), (-3, -0.498), (-2, 0, (0, 20)

(¢) 5.81 (d) —1.05°C/min; 8
(¢) 0.177 g/day 17. (a) 770 (b) 1841

_1 4
L (a) a= 3 b=3

2. () 5y +4dr =13

3. (a) 9p (h) 0.4 cm s
(Qr+1)e™ . 4

COO Ty Wrsm

Revision Exercise 14

1. (a) (-1, 3), (2, -13)

2. (@) (i) 3sec?(3x-1)
(b)) y=—x

3. (@) 30ecmts!

dy

5, = =-2,y=3-2
e =

608

(h) (i)

) ) =

|
(b) AyETE) 2

= i) 1 -
1,‘2—3:2 a *ﬁ-

) y=-dr -1, y=4x-9

() 3x -4y =2

(ya=-1,b=-3

do (2) -1, 001 (M 2cems! 5. 108
(by -0.5 7. (1.25, 3.16) max. pt.
| 8 —
- rj:i Al (© 1

(ii) 2x cos 2y —
(¢) 2.62,5.76

r

T

4w 2L

2(x*— 1) sin 2x

)7/ —

6, vy =40 - 5x - 2nx, 3.01, maximum



e"(,rz +x+ 1) cos 2x

PR ] T LR s A

ar (1 +x) ) AT + sin 2%
Revision Exercise 15
L. (a) (-1,-2) ) (2, 12), -3, 3
2, ()y=x+1,y=8t—31, {32 39 . Y S

() y=x+1,y=8 (?,7) (b) o
3. (@) (i) y = 20(sin @ + cos 0) (i) 103 - 1)p

2-2)
(l+x)

(w}'_+r

(b) (1, 0)

4, (h) 9.71 m’ 5. (a)

6. (a) (i) 3 + cos el +siny (ii) -

% (u)( _) max. pt.

Revision Exercise 16

1. (1) % 3 :

(b) 2y = x + 4 (_3, 2_)

2. (a) dy =1 - cos %, —p
3. (0) (1) 0.6 cm? g!

(h) 2} units s

(i) -0.06 cm 57!

4. (a) (1, 3), min. pt.; (1 3— 4?) max. pL

5. A-.rr’l;m + 12h, = 324, min,

6. (1) 4 tan (2x + 1) sec® (2v + 1), 4x cos (202 — 1)

7. (a) (i) 2, 0) (ii) 4
|0Exercise 20.1
I l.(u}y=%r‘+c M) y = 5+ ¢
(d)y=é+c (©) y = 4vx + ¢
2. (@ y=3"+3v+¢ by y=4r+¢

d) y= %r’+ ql,\?‘—-2r+r: @Wy=v+x+c

| 1 2
30 (n) 5’-\:‘1 = T +C

Lo L 3 B T4 S
(h) 3+ 2'1_+c (c) 3x 3.r +c¢ (d)

(b) (0.955, 0.385), (2.186, -.385)

1\(\

"SI

(b) x =3, 2p%

(R

(b) 0

(b) (ii) 3p em
() ! =12v + 2y, 3

(b) 18 units per second
(b) (4, 1)

5 2
(c}y:;x? + ¢

1
Oy=-775+c
@Wy=xr+3r+c

(f)y=2x—i+c
X

3

1"
~P 4+ 2x 4

[

4.y %ax" +hrar

ajte

5 (@) 2v+ 20— +¢  (b) éxs+—i+c © 3

(a3 e

r3—~'c + iJr:-+u:
5

)
() %.rz 4 e
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6. y=x— x =2 7.y=lx‘—x-‘+2 8.y=x2+£+l
A > 4 X
9, y=x' -3+ 5 10, 14 1. y=x-3x+4
12. 19 1Box=0r+2t+1 4. A=2-FP+1+3
15 () LEr+1) +c ) -1 - v+ e (€) ~+(2x + 5) + ¢
15 4 4
| El
() E(ﬁx—])z +c (e)_zx—‘! +c N -y3-2x +¢
1 4 Ho_ 8
1 P E— . = 6' =3 5
(%) TT +c () 9J v—1+¢ B =7 W
I : ! g B g l 5 s
16. (a) —7(1 —x) +c (h) E(Zx—SP e (0) ek (d) 6(41 -2 +c
17. 1.625 18.)!:%(4x—1)3+ql 19.A=(— 142 20.s=(— 1) 4142
Exercise 20.2
| 1 1 ] : 9
. (e 1 SR d) — ) 2 i
L ()3 5 (b) 1?3 (c) 24 (d) = (e) (1 :
2 | |
2. (1) - 1 - £ ) < 28~
(n) -8 (bh) 7 (c) 31 (d) 3 (e) 3 (ry 84
3 @0 m-1l @1l -2 (@2 =i
6 4 3 21
4 @3 21 @71 @ 0 © - (-3
v ) 33 &g 3 Y=g )33
2 51 a1t 3 - 2
5. (a) 8—3~ Fh) 22 (c) 1 3 (d) = 6. -5 F. 1 3
26 | 4 16
8. Fn 9. 78 10. 36 (A
13. 6 14. () 3 (h) 8 15, () 24 (b) O %
6
16. {a) 9 (b -1, k=3 17. 52
Exercise 20.3
1. (a) —cos v + 2x + ¢ h) x -3 sinx+c¢ (¢) sin x + cos x + ¢
(d)tan x + 4 cos x + ¢ (@)3siny+2cosx+c¢ (F) 4 sinx+ 3 tn x 4+ ¢
2. (n) % sin 2v + c (h) —% cos 3x + ¢ (©) % sin dx + ¢
(d) 2 sin %x +c (e) -2 cos ix +c () % sin 3y + ¢
(8) 6 cos —x + ¢ (h) -2 sin (1 = x) + ¢ (i) -2 cos (Bx + 2) + ¢
() = sin (1= 20 4. ¢ () 2 cos Qe Dite M 3es 20
(m) i sin (’Zx + E] + ¢ (n) -4 cos (x - E) + ¢
2 4 4
610




3w g (b 1 (©) 242 (@ 1
© I -2 w37 ® 3 ) 3
s | o1 . 1 1
M = B-z (k) 2 1 = %
4, 1
Exercise 20.4
L{@ae+r+c (h) -,l}—ez’ + (c) %eh + ¢ dy —e* —e' + ¢
Iy
(e) —_Jla'”r +c (N d4e? +¢ () -;-ez“' +c (h) 3¢' *+¢
) l -x)
] Loz | ¢ 1)) —852“ +c

6

2. et -1

Jy=x-3e'+7
6. Y cos x, e 4 ¢

Miscellaneous Exercise 20

|
® 3@ -0 ©1-1) @i~

7
(e) 5 B2

4. y=-2e" + 1| S.y= %(::3’r +3)

2

&
7. 2", e~ 1)

1 (a) %x*-—xuc By 23 =347 4 ¢ 2.8%
9 2/ -
3. 41 m 4. 4E 5.-1, 4 6. 4
7. (a) -12 (b) y = & — 12v - 10, (0, —10)
B.oa=-l,y=r-1+5 9.@3  (y=2¢- 5046  10.5
| 22 1
22 Flx) = —F — =42 =
11. 15.22, F(x) 3.'. 3.{ 3 12. 1 13. 74
14, (a) O (h) -6 (c) 16
15. (a) 242 - 3 W F-1) 16 V3 17, 5
19. (@) 4x + de* + 2> + ¢ ) Lo+ 20+ ¢ 20, £ 2e - 1)
' ' 2 2 e T
2 22 22 23.1n 2 L T : L
"'2"“ 2.In 2 'HE 24, 6 sin” 2y cos 2x {n}g {IJ}3
|1 Exercise 21.1
n
1. (a) l()% 5¢. units (b} 6 sq. units (c) 3-2- 8q. units (d) 0.5 sq. units
- — ——— —
(e) e + | sq. units (f) 2'3 sq. units ~ (g) %(ez — 1) sq. units (h) 0.5 sq. units

2 (w) 4% $¢. units

(b) 6 sq. units
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3. (») I(:—J{ S units

4
5. 7 54 units

7. (a) 1 — e 5q. units
tI"
8. a+ 3 sq. units; ¢ = 1.73

1, (a) 9 sq. units

Exercise 21.2

L. (a) 2, % S(. units

[

2 i
. l()_? Sq. units
5. (a) AL, O), B4, 3)
6. (a) A(2, 12), B(6, 12)

=1

ta

9. k> 1,5+

s¢. units

== —
19| W

Miscellancous Exercise 21

1. (a) PO, 2), O3, 5)

(&

. (n) 8 - g Q. units
P
4. 12 sq. units

6. () é 5. Units

8. (a) 2 —+/2 sq. units
9. 10 sq. units
10. 1.2

12, 3, y=2x, y = -2x + §,

w2

15. (a) .59 sq. units

) Exercise 22.1
™ &

1. (n) 15 m s
*#¥2, (a) —12 m 5+

3. (8) 60 m

4. () 81
S.(a) 7ms!

612

(h) ll:II sq. units (¢} 2

. (@) P(7,0), 0(-1, 0, RO, 7, (6, )

5¢. units

2 ; 1 ;
() 25 Sq. units 4. 45 sq. units

T 3 ;
6. (a) 3 (h) 7 54 units

(h) 0.69

9. ?% 5. units

5q. units (d) ]% 5. units

Wi

(hy 1, —l(z (. units (c) 2, 9% s(. units
1 =

3. % s(. units 4, 1.05 sq. units
(b) 9 sq. units
(b) 21 % §(. units 7. 2% sg. units; 9 5q. units
1 2 s s .

(b) 4 3 54 units, 33 sq. units, 36 sq. units

12, 24/2 - 2 sq. units

1 i
(h) 6 sq. units (c) 4‘5 §q. units

| .
(h) L_% 3. 4-,_; 5¢. umnits

!
5. (a) A(4, 8), B(6, 0) (b) 25 sq. units

7. = sg. units

|
(b) 2 — 1 sq. units
11. () (1, O)

14, (a) A(g. ()) (b) 0.57 sq. units

3 .
%v_ 5. units

(b) 0.32 sq. units 16.

2,6 (¢ 6 ms-
(b} 24 m s! (c) 23 m

(b6 ms=, 6 ms?

{(h) 25 m
(h)3Im

I
¢) 10— ms’!
(c) 4

(c) 40 m 5!
(¢) 4 ms*




G, (0) 6 ms! (b) 48 m (c) 8 s
7. (a) 47 m, 15 m (b) 1.5, 4.5 (¢) 6 ms! (d) 46 m
*, () 9 m s (b) 18 m s {c) 27 m (d) 8.5 m/s (ms™")
#*Q, ()24 ms', -18 m s7? (2,4 (c) 24 m
(d) 5.6 ms™'
10. (a) 2 --l-2~ m (b) ll m 72 m
"3 2 76

11, (a) 8 — 6t m 572 (b) =1 + 4¢° + 5¢ (c) 3 (d) 5
12, (a) 3 (h) 343, 18 m s (c) 36 m

13. (a) 6 (b) 78 m from 0O

14. (2) O m s (b) 2 m, 84 m (¢) 41 m 5!

15. (a) 12.5 s (b) ?8% m 16. () p=-4,4=73 (h) 4% m st
17.p=4,¢g=-34m 18. (a) 4 5 (h) 2[% m (¢) 8 m s
19. (1) 42 m s (b) 6 s ' (¢) 198 m

20, (n) 3.6 m §! (b)y 2.30 (¢) 0.4 m s?
21. () 1.2 m s {b) 9.69 m; No
Exercise 22.2

.(a)) Oms', 4 ms’! (b) 10 m, 2.5 m s!

2.(a) 18 m (byv=6-2 (¢) Decelerating; Yes
3. (a) —(v) (h) - () (e) — (d)

4. (b) area of A + area of B = area of C

5, (a) % ms? (b) 850 m (©) 950 m () 750 m

6. (a) 3 m s7 (b) 1850 m (¢) 37 m 5! (d) 2300 m (e) 1400 m
7.(0) 7.2 m (b) 0.6 ms? . (¢) 3.6 ms'! (d) 3.6 m (e) 10,9

8. (a) 4 (b) 125 ms? (¢) 10m

9. (M) 3 (c) 12 (d) 4 m s

1. 120; 20 11. % m s 40 s 12.v=4rv=81=2

13. (© 33 s () 1%

14. (b) 125 s {c) 12-5 m (B m; T=52AC=9m, BC=23m

15. (b) 30 {c) 50

Exercise 22.3
1. 7ms?% 80m

2,40 m; 50 m

3.7 119 m

4, 1200 km h?2, 56 km h! 5. () 0.1 (b) 395 m

6. (9) 1.5 m s? (bh) 300 m (¢} 7.5 m 5!
7.35 30 ms! 8. (a) 16.2 m (b) =18 m s

9 (1) 2s (b) 10 m 5! (e) 8 s

M 12 ms' 2295 m

11. (a) 25 (b) 6125 m, 25 s (¢} -35 m s™! (d) 6s
12. () S0 m ¢! (hy 125 m {e) 2 s

13. 40m, 405205, -8 m s 14.5,=5v;8,= 202 V8.8 3214
15. (a) (i) 933. m s (ii) 78 m M23ms I5ms! 4 m
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Miscellaneous Exercise 22

1. (1) -18 cm 57 (b) 54 cm s! (¢) 10 cm (d) 64 cm
2. (@) 35 mg! (b) 36 m
3. (@) | M) 2 (€ -9 ms? 4 m
4 (1) 103 m s! (b) 2.26 m
5. ()9 m (b) 7 m {¢) 10 m (M 8msht=35
6. () x = %P _4 4T (b) 36 m (¢) 54 m; Nearer to O
Tov=4d-10t-3f,a=-10-664ms!, -10ms? ¢t = 2%, same direction
8.6 ms, 443 m 9. (@) 146 5, 447 ms* () x = 24 - 24 cos s
10, (a) v =24 cos 2, a = — 48 sin 2t (b) ]% 5 (¢) 18 m (d) 6+/7 m 5!
11. (b) -0.893 () x = 16(1 —e?* )
12. (b) | m s* (¢) 36 5 (d) 288.5 m (¢) 207.5 m
13. (a) 468 m M 11.7ms' (©15ms* (d)9ms! (e) 4, 37
“15. (a) 20 (b) 45.75; 1.5 m 5*
16, (a) s =120,¢t=15 (b) (i} T =50, § =750
(ilv.=10mshy =30ms! (iv) 255
17, (1) 235 m, 6 s {(b) 200 m {c) -68.6 m 5!
18. (a) B8 m 5! (b) 88 s (c) 387.2 m (d) 164 s
19, () 20 s (b) -1 ms', No
20, () 4 (24 m (c) 8 (d) 40 m
(©)v,=7ms" Vo = 8.2 ms!
2L (@8 msh 2ms? (b) 16 ms! (¢) 20 (d) 48 m s!
22, (a) (i) 6 (ii) 3 (b) (i) 1.875 (ii)20s; 15ms!, 225 m s
23, ) () 12 (ii) % ms- (b) (i) 55 m (ii) 24 m
230 mshe=1, 0 =40 25. (ii)) 229 m, 99 m
26. 18 {¢) 20 m
,3 Exercise 23.1
L () AP (b) AB (¢} AD
2. (a) 2a, 3a (b) 3b (¢) 2a + 5h
4. ) L(oB-04), Loi+08) @) 104 + (m-1\oB
- @ 5(06-07). 3(08+0B) ) ~50% + (m-
E Tl = 20dih DR = 20+ 5} 6. OE=—Ega4n ﬁ——l(lﬂc)mlh
O = EJ 3 f = Sil 3 H (N = 5 i = 5 : >
7o 16 L= 1P ic the midpoint ol AB.—(h) 1k =1, P s the point £,
(¢) It k=2, Pis at adistance 2AB from A.
|
B.(a)p+q () p-q (¢) q — 5p; /2 units
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9. (a) (I —A)a+ ql}Lh () -i—,u a+ (1 + b
10, (2) =24 + (1 + A)b () ~2a + (1 + @b
Exercise 23.2
1. —,,!-(n+h),h—%n.h~%u 2p+q,2p+q.p+2q.q-p 3.5:%.r=—%
4. -1 5. (n) [I —%k)u+kc Mne,n=2,k=2
6. (2) (1~ Ky + kb (b) na + 2ub: 0 = % k= %
7. AB = b —a, ?’?j =2h - %—u () %(l —njr+ 2ub (b)) (1 —ba+ kb n = %, k= %
Exercise 23.3
1. @) %(2:. + b), %{n +£2b) () a+ Kb a)
2oma+ b 3. 2m—-Dh), 5(a - b)
4. () AB =2p-3q, AC =5p+ (k- I)q (h)k=.'§,,1=%
6. A-Dp+A+ Dy, A+ Dy, A=1
7. (a) %{p +qq) h)gq-p (c) %p -1q
1 n—2
8. () (1 — mka + '-T"b {b) 2(”_1]
9. (a) (m+ 1)g — mp () B+myq -9p;m=9n=7 104 - Yp
0. A0 —2h —a, BP =3a-b
2 1 3 4
= o) - o o = o 5l
(@) (1 = An + 24b () 3ua + (1 - A S H S04 5ll
2 2 4 TN i _ l
11. -5~(l - Da + -S—Ih, E(h — kay, k= 3 [ = 5
12 — | | — 1 | —s — 3 1
. 0G = St Ed‘ OC=~§n+h+ Ed’ OFE =a-b+d, OF = 5n4b+ Ed
13. OD = 3(p - 2q), A = -4 4. 0D =a+c-b, Of = 2@+ o)
15. () (1 - Aa + Ab (b) 2un + 3ub; A = % i = %
Exercise 23.4
Loa) 5i+j (h) 13i + 4j {c) —3j (d) j
3 4 12 -5
¥ .
2 @) (4J by (1) (© [_J @ [12)
3@ s, -égi + 4j), 1330 - 4j) by 13, -Lsi - 12, 560 - 12))
4 () m = E. n= % (b)ym=3 n=-2
_ =1 ' 2 3% 7
A 1 - e
? (a)( 8] M (3/1—1};L 15
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6. (a) VAT (h) ﬁ@ @onp= 3,0 = |
T.q=2p,p=+3,q=2/5 8(a)3q—p 12 M pP+g-2p=3
5 =5 -1 4p—1
9, (a) [ ] (h) 6 10. ) (a) 4p+2
4q o 1 1 3+4 9
(h) [2+4) p_z,q—z 11.: 12. [5_2/1}1, 5
Miscellaneous Exercise 23
Lk=-23:8 ) Lea - 3m)
3 3
2.1:2, 0D =5q -2p, OP =20k - p + (5 - kg, k = %
3. AB=b-a, AC =3b-a; OX = a0 B = a+3kb;k= 2
3 1+k 3
& 1"‘n+-hk_l rl 5, “]
2% 6 3
6) o _ (445K — _
6. OP = U oy ( 2} (Z_Sk}k=2 7. OM =Ma—2h), A =3;8
1
8. (a) (D) 1 (i) 5
(b) (i) 2kp — 3kq i) Cm+ Dp+ (3 - 5Smyy; k = %, m = %, OX = %p - 3—3(]
1 3 15 NEARE
9. () 3[4), 10n (b (36) (c) (_3 L
4 1 1
il i TF = = -
10. 5 i, 6(_51 +bh),m=1,n 5
1. OP =3a -1, 00 =2(a —b), OX = 3a + 4b, OY = 4a + 3b
12. —;-(a + 2h), %(Ln + 6b) (@) 3 m 2
I8 3 1
13. @) | 4 (b) pa + b, —n + --h g="5p="3
4. (a)a=8,n=2 hbH=8 15. r=2,2:1
6. ) (Ha+c-Db (ila+e=2b (h) 3p - 3q
) Exercise 24.1
L@y, =2ms'—> (b)v, =8m ste- (©v, =8ms'— (v, =2m 57—
2.mv, =55ms'— (b)20s550m 3@ I13ms! - (b)25ms' —

ki
4, 2 m s (upstream); 3 m s (upstream) 5. (1) 2 m s (b) 0.5 ms'; 30 m

6. 5.0 ms' 3395 T.dmste; 30s

Exercise 24.2
1. 5m s, in the direction 143.1° 2.4.36 m s, on the bearing 006.6°
3, 6.5 m s, makes an angle 67.4° (downstream) with the bank
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4. () 1.79 m ' makes an angle 39.1° (downstream) with the bank (b) 17.7 s

5. () 45.4° () 433 m 5" (¢) 7 s; makes an angle 64.3° (upstream) with the bank
6. 250 km h'! on the bearing 053.1° 7. 0 =80.0° 45 min

8. (a) (i) 50.3° (ii) 310 km h' () (i) 2.8 m &' (iiy 21.8°

9. (a) 73.1° or 73.2° (b)) 6.70 m s! () 298 5: 3.82 m 5!
Exercise 24.3

1. (n) 6.24 m s, in the direction 166° (b)5s

2. (a) 17.1 km h™', makes an angle 13° with the initial P_Q {(b) 1153 m

3. (a) 2.05 m s, in the direction 013.1° () 464 m

4. (a) 943 m s in the direction 122° (b) 2.72 km

5. (1) 725.5 km 'Y, in the direction 281.9° (b) 1204 14

6. (a) 23.6° (b) 3107 s 7. (a) 0 = 300° () 48.1 5
8. () (i) 17.3 m s, 345° (i) 2.99 s (b (i) 37.3 m 5! (ii) 1.49 g
Miscellaneous Exercise 24

L. (a) 38.5 km h'', 113.5° (b) 3.16 km

2. (a) 38.6 km h', 165° (b) 1.73 km

3. 43.6 km h!, 203.4°, 48.4 km h*', 258.1°

4. (a) 63° upstream with the bank (b) 17 5 {¢) 155 (d) 45 m
3. (a) 006° (b} I b 52 min (c) 176.6° (d) 1 h 35 min

6. (1) 10.6 cm s in the direction 289.1° (b) 16 s (c) 58.2 cm

7. (1) 302° 22 min (b) 332° or 028°

8. (a) 41.4°, 91 s (b} (i) 12 cm s, 090° (ii) 26.8, 63.4° {¢) 21.8° or 158.2°
9. (a) (i) 175 km h', 078.5° (ii) 3.5 min (b} 50.4 km h" at 217.5°
1. (a) (D) 072.5° (ii) 33.5 min (b) 13,9 km h*, 229,1°
1. () () 117° (i} 45 min (b) 40.4 km h*
12. (a) (i) 36.9° (ii) 30 s (b) (i) 076.7° (ii) 08 31 h
13. (a) 40 m 5!, 4.5 s (b} (i) 059.2° (ii) 1 h 19 min, 109.2 km h'
14, (a) (i) 17.0 (ii) 97.2 m (iii) 39.4° (b) 83.0 km h'!, 218.9°
15. (a) 5.1 ms’, 339 s (b) (i) 28.1° (ii) 10.5 m 5! (iii) 4 s
16. (a) 28.6 km h', 114.8° (b) 16 00 h, 48.0 km (c) 65.3 km
17. (a) 13.0 km b, 067.6° (b) 20.6 km, 61 km h'!, 280.4°
18. (a) 64 km h! (b) 252 km h'' (c) 014.7°, 036.9°, 26 min
Revision Exercise 17

g . | o k]

L (@) y=2+x — ¥+ 10 () () 2x - 1)+ c (i) ~ (4 - )+

e S 1, i | | .
(e) (i) Ec-‘+ -2~.r~ + ¢ (ii) — 5 cos 2y + 3 sin 3x + ¢
2, (a) (i) 39 (ii) 8 (h) L 3. (a) 7 8q. units (b) < §q. units
NG 6 6
4 ) p*+¢*-2p-2¢-18=0 Wp'+ g -2p-2¢-18=0
5. 2b - a, %u —b (a) (I — A)a + 2Ab
(b) %,uu + (1 — b A = ?} U= 2'» ~a+ %h

6. (1) 3 3 (b 0, 2 (c) ~12 m s (d) 24 m (¢) 3ms’

7. (a) (i) 5s (ifi) 18 (iv) 1.8 m s (b) 45 40 m 5!
8.07ms" 50s 14 m
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Revision Exercise 18

- 3
642,22 T )
1. (a) () 5x + = +c (ii) -2 +c (b) 28
2. (a) () -8 (if) 9 (iii) 3, m =3 (b) %
3 @635, Qs (i) % 5q. units M 1:1
4. @)@ 2x+ 1% sin 6+ & (i) %cm e (b)()-14 (i) 84 m
5 (@m=3n=-1 (b) 4% (©) 7 (-1, 5
6 1;1:1
7. @) ()5 (ii) 6 m s (b) (i) 10 m (ii) 160 m
8. () 255 50m (b) 53.1°, 31.25 s; P crosses first.
Revision Exercise 19
L@@k=2 {ii)y=%x/§(x—3)+4%
(B) () 2x - 2 cos +x + ¢ (i) %xﬁ-x+c 2w1-%
3. (a) 2.55 sq. units (b) 3 4. (@) pur-p () 1 +1 1 r-p
5. (a) 2% m s (b) 1.84 m 52 (©) 8.77 m
6. (a) Sms!, 4dms? (b) 2l m s! (c) 65 ()29 m g!
7. () (i) 004.1° (ii) 1 h 55 min  (b) 27.8 km h'!, 085.9°
Revision Exercise 20
- z Jr i x ___l . TV E] .
L (a)y= 3e + = (b) () 5 cos [._x 5 +c¢ (i) 2323 +c
2. (a) (D) 1.79 (ii) 2.66
(b) -6 cos®* 2x sin 2x (i) —% cos® 2x + ¢ - (i) —% cos 2x + % cos’ 2x + ¢
3. () 6.36 ' (b) 3 cos 3x - sin 3x ) 2xmny+x-1,2In2 - %
4. (a) 2E $q. units () 11”i 5(. units
6 15
2 A= 3 433
5. (@) SAa + Ab ) (1 -+ h= 2op= 2 3
6. (1) 2 ms! (b) 16 m s+ (¢) 33 m
7. (@) 16 ms! (b) 9.8 s () 0.8 ms™ 105
8. (a) 16.6 km h!, 015.7° (b) 13 15 h, 5.64 km (c) 7.84 km
ASSESSMENT PAPERS
Paper 1 - .
1 A=-2
Ly=-Z,y=6orx=3.y=1 2.M(3,—,,-],A=4.6
3.1 — 21x + 189 — 945x%; 504 4. 5040; 15
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5. (i) 109 cm (i) 2.02 cm?®

G.(a) y =1 -3¢ + 5 (b) (-1, -2)
T.@ir:x<-lorx>1,ve R} (b= ”-—;rgti

8. (ii) 10 (i) x=1r

9. (a) Yp (b) 0.4 ¢m s

A,
0. @@a=2b=1  (@f%xa —pcx-l h)2<x< %
11. (b) (i) 10°, 30°, 190°, 210° (ii) 63.4°, 161.67, 243.4°, 341.6°
12, () (i} 8] m 5! (ii) 26 ms' (iii) 1395 m
M) ) y= 2 g (i) ¥ = 20, y = 30
X+

Paper 2

LO=gx)=35

-7 15
2. (a) ( 5 -lﬁ]

No, A is not a square matrix; Yes, AB is a non-singular square matrix

hrx=2y=—
322 % units 4. () -6 iy L, -6
{] 2
5. (a) -%. 3 (b) 1.83 6. 1.28, 2.85
7.A= (4,812, 16}, B= (6,8 10) () {4 6,8, 10, 16}, (8}, (4. 12, 16} (i) 6 (ii) 8
8. ()65 (i) 4 ms', 29 m 5!
9. (@) A lnx+x-1,21In2- % (h) (i) 2.32 (i) %
10. (a) 3.87, 3.67
I1. (a) (i) 25 m s on the bearing 97° (i) 60 s, 184 m (iif) 22°
(l})ﬁ@:Zu—l);m':a—%h (i)?)’ﬁ:(l+ma~%ph

(ii) OP =2Aa+ (1 - A)b; A=2,4=3, OP =dn-b, 00 =b-a
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Absolute value 219
Acceleration 473

constant 482, 489

due to gravity 493

negative 482
Amplitude 252, 407, 413
Angle

basic (reference) 239

of inclination of a line 150
Apparent

path 351

velocity, 536
Approximate value 364
Arc length 284
Area

between a curve and an axis

between two curves 460

function 451

of a sector 285

of a segment 288

of a triangle 145, 288
Arrangements 299
Asymptote 254
Axis of a curve 251

451, 455

Base 36
change of 47
Basic counting principle 297
Binomial theorem 315
Binomials, binomial coefficients 314

Cartesian equation 153
Cartesian plane 144
Chain rule 338
Change of base formula 47
Coefficient 83

matrix 134
Collinear points 152, 520
Combinations 3035
Complete square 62, 64
Composite function 206

its inverse 216
Constant

acceleration 482

arbitrary 428

rate 353

term 83

620

velocity 482
Cubic equation 90

Deceleration 482
Degree of a polynomial 83
Definite integral 435
Derivative 333
Second 378
Derived function 333
Determinant - 129
Differential coefficient 333
Differentiation 333
from the first principle 332
ol composite functions 338
of exponential functions 406
of logarithmic functions 415
of product of functions 342
of quotient of functions 344
of trigonometric functions 393
Discriminant 71
Displacement 472
-time graph 481
Distance between two points
Distance travelled 472
Dividend 84
Divisor 85
Domain 197

144, 526

Elimination 30

Equal
matrices 104
roots 70
vectors 509

Equations
cartesian 153
cubic 90
exponential 39, 46
logarithmic 53
matrix 104, 130
of motion 489
of non-parallel lines 156
of parallel lines 156
of perpendicular lines 158, '
of tangent and normal 346
quadratic 69
relative velocity 537
simultaneous 303, 134



trigonometric
Exponent 36

equation 39, 46

function 406

Factor theorem 89
Factorial 299
Foot of perpendicular 160
Function 196
absolute valued 220
composite 206
exponential 406
inverse 211, 216
natural exponential 407
natural logarithmic 413
one-one 211, 239
trigonometric 237
General angles 239
Gradient 150
function 332
of a curve 330
of a line 150
of a tangent 330
Graph
displacement-time 481
velocity-time 481
Graph of
a function 200
cosine function 249
exponential function 407
inverse function 253
logarithmic function 413
sine function 248
tangent function 254
Graphical solution 256, 291

[dentity
matrix 127
polynomial 83
trigonometric 265
Index 36
Index form 43
Indicial equation 39
Inequality
quadratic 75
Image 197
Image set 197
Indefinite integral 428
Integration 428
of exponential functions

246, 2609, 283

44

ol trigonometric functions 441
Intercept 154, 181
Insersection of a line and a curve 72
Inverse function 206, 216

Kinematics 471

Length of an arc 284
Linear law 176
Lines
equation 153
parallel 156
perpendicular 158
Logarithmic
equation 53
form 43
function 413
Logarithms 42
common 45
laws of 47
natural (Naperian) 46

Mapping 196, 198, 206

Matrix 102
addition 106
column 103
coefficient 134
determinant 129
dimension 102
element of 103
equation 104, 130
identity 127
inverse 129
method 134
multiplication 116
non-singular 130
null 109
order 102
row 103
scalar multiplication 111
singular 130
square 127
subtraction 19
zero 109

Maximum
point 63, 375, 379
value 61, 382
Midpoint

, 165

of diagonals of a parallelogram 148

ol two points 147
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Minimum
point 63, 375, 379
value 61, 382

Natural exponential function 407

Natural (or Naperian) logarithms

Natural logarithmic function 413

Negative vectors 509
Normal to a curve 346

Parabola 63
Parallelogram law 511
Pascal’s triangle 313
Percentage change 365
Permutations 299
Period 249
Perpendicular bisector 163
Perpendicular distance 160
Point
of intersection 33, 137, 165
stationary 374
turning 63
Polynomial 83
Position vector 319
Product rule 342

Quadrant 239
Quadratic
curve 63, 65, 374
equation 69
expression 61
formula 69
inequality 75
Quotient 85
Quotient rule 344

Radian 280
Range 197
Rates of change 355
Rationalise surd depominator 38
Real

line 16

numbers 16, 61

roots 70
Related rates of change 358
Relative path 531
Relations 196
Ramaindar 25
Remainder theorem 86
Reverse of differentiation 428
Rule

622

chain 338

product 342

quotient 344
Scalar

multiplication of a matrix 108

multiplication of a vector 510

quantities 508
Set-builder notation
Sets

belongs 1o |

compliment of 6. 8

disjoint 10

dummy variable 3

empty (null) 3,4, 13

finite |

infinite |

intersection of 9

is & member of |

is an element of |

member (element) |

union of 12

universal 6, 8, 12, 13

Venn diagram 8, 9, 12
Sets of

points 16

real numbers 16
Simultaneous equations 30, 31

by o matrix method 134
Small changes 363
Solution of

at=b 39, 46

cubic equations 90

logarithmic equations 53

quadratic equations 69

trigonometric equations 246
Speed 472

average 473

ground 535

in still water 539

in still air 546
Stationary points 374
Subset 3

proper 6
Substitution 30, 41
Subtraction of vectors 312
Surd 38

conjugate- 38

Tangent to a curve 73, 330
Triangle law of addition 511, 537



Trigonometric
curves 248, 272, 282
equations 246, 269
functions 237
Turning point 63, 375

Unit vectors 510

Vector
addition 511
column 527
in the cartesian plane 525
quantities 508
subtraction 512
unit 510
zero 509
Velocity 472
apparent 536
components of 543
dingram 537, 543
relative 535
resultant 543
-time graph 481
true {(actualy 535
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